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STABILITY AND INSTABILITY OF KIRCHHOFF PLATE
EQUATIONS WITH DELAY ON THE BOUNDARY CONTROL

HAIDAR BADAWI, MOHAMMAD AKIL, ZAYD HAJJEJ

ABSTRACT. In this article, we consider the Kirchhoff plate equation with delay
terms on the boundary control. We give instability examples of systems for
some choices of delays. Finally, we prove its well-posedness, strong stability,
and exponential stability under a multiplier geometric control condition.

1. INTRODUCTION

Let Q C R? be a bounded open set with boundary T' of class ¢ C* consisting of a
clamped part T'g # () and a rimmed part I'; # () such that Ty T’y = (). We consider
the Kirchhoff plate equation with delay terms on the boundary controls,

ou(z,t) + A%p(z,t) =0 in Q x (0, 00),
o(z,t) = dpp(x,t) =0 on Iy x (0,00),
Bip(z,t) = —=B10,pi(w,t) — B20upi(,t — 1) on 'y x (0,00),
Bap(x,t) = yiot(x,t) + yopi(x,t —172) on 'y x (0,00), (1.1)
e(2,0) = po(z), ¢i(2,0)=¢1(z) inQ,
oi(z,t) = fo(z,t) onl'y x (—71,0),
vpi(@,t) = go(x,t) on Ty x (=72,0).

Here and below, 1, 71, 71, and 72 are positive real numbers, 85 and 7, are non-
zero real numbers, v = (v1,v9) is the unit outward normal vector along T', and
T = (—v2,v1) is the unit tangent vector along I'. The constant 0 < p < 1/2 is the
Poisson coefficient and the boundary operators 1 and By are defined, respectively,

by
Bip =Ap+ (1 - p)Cie,
Bap = 0,Ap + (1 — p)0-Cap,
where
C1 = 211200105 — Vi Pagrs — V3 Parans

CQSD = (V12 - V%)(p1112 — Wil (90301301 - 50302302) .
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Moreover, easy computations shows that
Crp = =020 — Or2py, + OrV1Quy, Cop = Dprp — Orv19Py, — Ortapy,. (1.2)
To reformulate system (L.1), as in [I5], we introduce the auxiliary variables
nt(x, p,t) := Opus(w,t — pr1), x €D, pe(0,1), t>0,
n(x, p,t) == us(z,t — pr2), x €Ty, p€(0,1), t>0.
Then, system becomes

i+ A% =0 in Q x (0, 00), (1.4)
p=0,p=0 onTqx(0,00), (1.5)

Bip + B10u¢1 + Ban* (-,1,) =0 on Ty x (0,00), (1.6)
Bao — y19: — Yon*(-,1,t) =0 on T'y x (0, 00), (1.7)
0t (-, p,t) +77F1)(~,p,t) =0 onIy x(0,1) x (0,00), (1.8)
om; (0, ) + 15 (- p,t) =0 on Ty x (0,1) x (0,00), (1.9)

with the following initial conditions
©(,0) =¢o(), @(-,0) =¢1() inQ,
0 (p,0) = fo, —pm1) on Ty x (0,1), (1.10)
1% (-, p,0) = go(-, —pr2) on Ty x (0,1).

The energy of system — is

1 1
B) = 3{ate.o) + [ loiPdatnlsal [ [ ipoP dpar
Q 140

1 (1.11)
nbal [ [ 1o dpar,
. Jo
where the sesquilinear form a : H?(Q) x H?(Q) + C is defined by
a(p,¥) = / (o101 Parar + PasasPrasa + 1 (Pores Pugey + Praesbiys)
o (1.12)
+ 2(1 - 1“)@3011’21#1112} dr.
We first recall the following Green’s formula (see [12]),
a(p, ) = / AQ%’@CM"'/ (B1pd,t) — Bowt)) T, (1.13)
Q r

for all p € H*(Q), v € H?(Q). For further purposes, we need a weaker version of
it. As D(Q) is dense in E(A2, L*(Q)) := {¢ € H?(Q) : A%p € L?(Q)} equipped
with its natural norm, we deduce that ¢ € E(AZ% L?(Q)) (see [14, Theorem 5.6])
satisfies Byp € H~Y/2(T) and Bap € H~3/2(T) with

a(%w)=/QA2¢W$+<Bl<p,8u¢>H—1/2<r>,H1/z(r>

— (B2, ¥) r-s/2(ry w2 (rys VY € H?(Q).

(1.14)
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Similar to [I], for any regular solution ® = (¢, ¢, n',7n?) of system (1.4))-(1.10)), the
energy F(t) satisfies the estimate

d
FEO <G 13D [ 10l ar—n i) [ lelar 1s)

Let us recall some previous works that are related to our problem. Recently, in
[6], the authors considered a Kirchhoff-type parabolic problem on a geodesic ball
of hyperbolic space, they derived the growth rate of the blow-up solution and the
decay rate of the global solution. The stabilization of the Kirchhoff plate equation
with non-linear boundary controls was addressed by Rao in [18] (in the linear case,
it corresponds to the system with 8y = 79 = 0). He proved that the energy of
solutions decays exponentially if the multiplier geometric control condition is met.

Time delays can appea in a variety of applications, including physics, chemistry,
biology, and thermal phenomena, and they might depend both on the current state
and on past occurrences (see [8, [I1]). Since time delays frequently cause instabil-
ities, scientists have recently become interested in controlling partial differential
equations with time delays (see [3] [4, 5L [7]).

Nicaise and Pignotti [15] examined the multidimensional wave equation with
boundary feedback and a delay term at the boundary, by considering the system

zi(x,t) — Az(z,t) =0 in Q x (0, 00),
z(xz,t) =0 onTp x (0,00),
%(x,t) = —pr1ze(x,t) — poze(xz,t —7) on I'y x (0,00), (1.16)
Z(]},O) = ZO(J:)7 Zt(xao) = Zl(x) in Qv
zi(x,t) = folz,t) on 'y x (—7,0),

where 1 and ps are positive real numbers, and € is an open bounded domain of
R™ with a boundary I' of class C? with I' = I'p UT'y, such that Tp NIy = 0.
An exponential decay is established when po < p1. If this later is false, they found
a sequence of delays {7x}r, 7+ — 0, for which the corresponding solutions have
increased energy.

To the best of our knowledge, there are no results concerning the case of the
Kirchhoff plate equation with boundary controls and time delay. We fill this gap,
by examining both instability and stability of system .

The outline of this article is as follows. In section 2, we give some instability
examples of system for some particular choices of delays, when |B| > 5, and
|72] > 1. In subsection 3.1 , we prove the well-posedness of our system. The
subsection 3.2 is devoted to establish the strong stability of our system by following
a general criteria of Arendt and Batty. Finally, in subsection 3.3, under condition
(MGC), we show that system is exponentially stable.

We complete the introduction by introducing some notation. The usual norm
and semi-norm of the Sobolev space H*(€2) (s > 0) are denoted by || - || g=() and
| - |s(), respectively. By A < B, we mean that there exists a constant C' > 0
independent of A and B such that A < CB.

2. INSTABILITY RESULTS

In this section, we give some instability examples of system (1.1} in the cases
|B2] > B1 and || > ~1. This is achieved by distinguishing between the following
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cases:
|B2| = B1 and |y2| = 71, (2.1)
|B2| > B1 and |y2| > 71 and [Ba| — B1 + |y2| — 71 > 0. (2.2)

Theorem 2.1. If (2.1) or (2.2) hold, then there exist sequences of delays and
solutions of (1.1) corresponding to these delays such that their standard energy is
constant.

Proof. We seek for a solution of system of the form
o(x,t) = eMu(z), with A # 0. (2.3)
Inserting in , we obtain
~Nu+A%u=0 inQ,
u=0,u=0 on Iy,
Biu = —i\(f1 + Bge*i’\”)&,u on I'y,
—iAT2)

Bou = iX\(y1 + yee uw on Y.

Let g € HE (Q). Multiplying the first equation in (2.4) by g, then using Green’s

formula, we obtain

— )\2/ ugdx + a(u, g) +iA(B1 + Bge_M”) O,ud,gdll
Q T, (2.5)

+iX(n + 726_“‘72)/ ugdl =0,
11
for all g € HE (€2). Now, since |82] > 81 and |y2| > 71, then we assume that

b and COS()\TQ):fﬂ.

cos(A1y) = ——
() B2 V2

Thus, we choose

Basin(At1) = /B3 — 7 and 2sin(Ara) =4/73 — 3. (2.7)
Inserting (2.6) and (2.7) in , we obtain

—)\2/u§dx+a u,g) + /B85 —pB% | O,ud,gdl
A (u, 9) + M/ B3 — Bi .

(2.8)
+ /72 — 7%/ ugdl =0,
Iy
2 . _ . .
for all g € Hy (2). Now, taking g = u in (2.8), we obtain
- )\2/ lul?dz + a(u,u) + X/ B3 — 612/ |0, u|? dT
e i (2.9)

+M/3 =7 [ |ufdl =0.
I

Without loss of generality, we can assume that
ullL2() = 1. (2.10)
Thus, from (2.9) and (2.10)), we obtain

)‘2 - a(u’u) - /\\/ ﬂ% - ﬂ%qu(u) - /\\/ 722 - '712(](“) = Oa (211>
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where
o) :/ w?dl and g (u) :/ |8, ul? dT. (2.12)
Iy I
We define
Z:={z€ HE (Q):|zl|r2@) =1}

Now, we distinguish two cases.

Case 1: If (2.1)), then from (2.11)), we have

a(u,u) = \2. (2.13)
Let us define
2.
A= rzrélga(z,z). (2.14)

Now, if u satisfies a(u,u) = min,cz a(z, z). Then it easy to see that u is a solution

of (2.5) and consequently (2.3) is a solution of (1.1)). Moreover, from (2.3) and
(L.11

.11]), we obtain
E(t) = E(0) > a(u,u) + )\2/ lul?de = 2)? >0, Vt>0.
Q

Thus, the energy of (|1.1)) is constant and positive. Further from our assumptions
cos(Ary) = —1, sin(Ar) =0, cos(Az) =—1, sin(Arz) =0,
system ([2.4)) becomes
“Nu+ A% =0 inQ,
u=0,u=0 on D[y,
Biu=0 on Iy,
Bou=0 onTI}y.

(2.15)

So, we can take a sequence (A, ), of positive real numbers defined by
M =A2, neN,
where A2, n € N, are the eigenvalues for the bi-Laplacian operator with the bound-
ary conditions 2—4. Then, setting
ATt =2k+ D), k€N and Ay =204+ 1w, [ €N,
we obtain the sequences of delays

(2k+ D) 2+ D)
An An

which becomes arbitrarily small (or large) for suitable choices of the indices n, k, 1 €
N. Therefore, we have found sets of time delays for which system (1.1) is not
asymptotically stable.

Case 2: If (2.2)) holds, then from (2.11f), we have

3= 5 [V/8 - Bra(w) + yhg — ke
+ J (V83— Brau(w) + 3 —2taw) + da(u, )]

Tink = s k,nEN and T2,n,l = s Z,HGN,

(2.16)
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Let us define

+\/(\/ﬂqu mq )+4azz)}

Let us prove that if the minimum in the right-hand side of (2.17)) is attained at wu,

that is
\/ B3 — Biau(u) + /75 —viq(u)
- \/(\/55 ~ Ban(u) + /23 —1a(u) ) +4a(u,u)

(2.17)

(2.18)
= min {\/ﬂg Ba(2) + /73 —1ialz
+\/(\/5§—B%qu +4/75 —ialz ) +4a(z,2) },
then w is a solution of . For this aim, take for € € R as
z=u+eg (2.19)
with g € HE (Q) such that [, ugde = 0. Thus, we have
121220y = lullZ2 () + €% ll9ll720) = 1 + €% [lgll72(0)- (2.20)

Now, if we define

1
fle):= 1+€”g”LZ(Q)(\/ B3 — Biav(u+eg) + \/7% —yiq(u+eg)
2
+\/(\/6§6%qy(u+sg)+\/v§V%q(u%g)) +4a(u+eg,u+sg));

thus, from (2.18]), we obtain

£€) 2 F(0) = /83 - Bau(w) + /23 — ~Paw)
N \/(mqv(“) + \/7:?—77?(1(11))2 + 4a(u, u),

which gives f/(0) = 0. Consequently, after an easy computation, we obtain

a(u,g) + M/ B3 — B%/F 0,ud,gdl + M\ /73 — wf/r ugdl = 0. (2.21)

Since any function § € HI%O(Q) can be decomposed as

g=autg

with @ € R and g € HE (Q) such that [, ugdz = 0, from and (2.9), we
obtain that u satisfies (2.8). Thus, for such A > 0,

AT1 = arccos ( — %) 4+ 2kw, ke N and A1y = arccos ( —

ﬂ) 492, L €N,
2

V2

define a sequences of time delays for which (1.1 is not asymptotically stable. O
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3. STABILITY RESULTS

In this section, we will prove the wellposedness, strong stability and exponential
stability of system (|1.4)-(1.10]). For this aim, we make the following assumptions

B, >0, Bo,v2 €R*, B <fB1, |yl <m. (3.1)

3.1. Wellposedness of system (|1.4])-(1.10). Under hypothesis (3.1]), (1.15)), sys-
tem (1.4)-(1.10]) is dissipative in the sense that its energy is non-increasing with
respect to time (i.e. E'(t) < 0). Let us define the Hilbert space

H = HE, () x L2(Q) x (IA(T) % (0,1))%,

where
HE (Q) ={f € H*(Q):f=0,f=0o0n T}
This Hilbert space equipped with the inner product

1 PR
<¢,¢1>H=a<w,w1>+/ww1 dw+ﬁ\62|/ / 0oL dpdr
Q Iy JO

1 JR—
+Tz|72|/ / n*n? dpdr,
'y JO

where ® = (¢,v,n',n*)", ®' = (¢1,71,1m1,n7?)" € H. We define the linear un-
bounded operator A : D(A) C H — H by

D(A) = {® = (o, 0,0",1)T € D, (A%) x HE, (Q) x (LA(T1; H'(0,1)))?
:Bip = =£19,0 = Ban' (-, 1), Bap = 19 +72n°(-, 1),
7'(0) = 9,6, 1*(0) =Y on It }

(3.2)

where
Dr,(A?) = {¢ € HE (Q) : A%p € L*(Q), Bip € L*(I'1), Bap € L*(I'1)}

and
@ wz
_AQO
ali| =230 ve =ttt e D) (33)
TP
U =

Remark 3.1. From the fact that 2R (0e, 0, Paya,) = [Prrer + Paswsl? — [Parar [* —
|0ps |, We have

|30w1w1 ‘2 + ‘<p$2$2|2 +2uR (‘Pmm@;czwz) + 2(1 - M)|‘Pw1w2‘2

= (1= p)|peias |2 +(1— /‘)|<Pzzz2|2 + (P2, + 90962I2|2 +2(1— /“)|90m112|2 >0;
(3.4)

consequently, from (1.12)), we obtain
alp, @) = (1= p)lela2()-

Hence the sesquilinear form a is coercive on le‘o (€2), since Iy is non empty. On the
other hand, from (1.14) (see also [I8, Lemma 3.1 and Remark 3.1]), we have

ali, ) = / A2gda + / (Bugpd, & — Bagh) T, (3.5)

for all ¢ € Dp,(A?) and all ¢ € HE ().
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Now, if ® = (¢, 0¢,n',n%) " is solution of (1.4)-(1.10) and is sufficiently regular,
then system (|1.4)-(1.10) can be written as the first order evolution equation
D, = AD, B(0) = Dy, (3.6)
where (pO = (9003 ®1, fO('a 7p7_1)790('7 7;07—2))T € H.

Proposition 3.2. Under hypothesis (3.1)), the unbounded linear operator A is m-
dissipative in the energy space H.

Proof. For all ® = (¢,v,n',n?)" € D(A), from (3.2) and (3.3), we have
R(AD, D)y

1 1
ZR{G(%@)—/N@W%—I&I/ / ninldde—IVQ\/ / nﬁndedF}-
Q I, Jo ry Jo

Using (3.5) and that ® € D(A), we obtain
R(AD, D)y

— [ JouPdr - w{s / P (10, BdT} — 1 [ P dr
Iy

Fl 1—‘1

_ 3.7
~wp [ pcpary -2 [penpae 2 e O0

Iy

2 2
B ppeoopar+ 2 e,
2 Jr, 2 Jr,

Now, by using Young’s inequality, we obtain

“w{sa [ w'cnogary < 2 [ e opars B[ jpepar,

I'y
—R 2 Ll < @ 2 24 @ 24
{72 n (’1)1/} F} = "9 |77 (al)| '+ 2 |1/J| T
Ty I 11
Inserting the above inequalities into (3.7) and using hypothesis (3.1)), we obtain
R(A®, B < ~(5 ~ 52]) | 0,0~ (n—al) [ Pdr <0, (38)
Iy Iy

which implies that A is dissipative. Now, let us prove that A is maximal. For this

aima if "= (f17f27f33f4)T € H7 we look for ® = (%d’ﬂ?laﬁz)T € D(A) unique
solution of

— AP =F. (3.9)
Equivalently, we have the system

A%p = fo, 3.11)
Ly

il 3.12
7_1 Up f37 ( )
1

—n, = [1, (3.13)
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with the boundary conditions
w=0,p=0 on Ty,
Bip = —p10,4) — fon' (1),  Bap =119 +727°(-,1) on Ty, (3.14)
n'(,0) =0, 7*(,0)=7 only.
From and that F' € H, we obtain

b= —fi e B2, (Q). (3.15)
In light of (3.12), (3.13)), (3.14) and since F' € H, we obtain
P
MEMx O, o't =n [ hlods+on.  (316)
P
vt € L3Iy x (0,1)), n%wm:naﬁ Fa(5)ds + . (3.17)

Consequently, owing to (3.15)),(3.16), (3.17), taking into account that f3, fy €
L?(T'y x (0,1)), we deduce that

nt,n* € L*(T1; H(0,1)).
It follows from (3.11)), (3.14)), (3.16) and (3.17) that
A’p=f, inQ,
p=0,0=0 only,

1
Bip = (B1+ B2)0uf1 — 7'152/ fa(-,s)ds on T4, (3.18)
0

1
Bop = —(71 +72)f1 + T2’Y2/ fa(-,s)ds onTy.
0

Let u € H%O(Q) Multiplying the first equation in (3.18)) by w and integrating over
Q, then using Green’s formula, we obtain

a(p,u) =l(u), Vue HE (), (3.19)

where

Mm:AhWMfL(@+&mﬁ—nmAﬁw@@pwﬁ

—i—/F ((71 +72) f1 — 22 /01f4("3)d8>UdF'

It is easy to see that, a is a sesquilinear, continuous and coercive form on ngo (Q) x
HZ (9) and [ is an antilinear and continuous form on HE (€2). Then, thanks to
Lax-Milgram theorem, admits a unique solution u € HE (Q). By taking
the test function ¢ € D(Q), we see that the first identity of (3.18]) holds in the
distributional sense, hence A%y € L?(£2). Going back to (3.19), and again applying
Greens’s formula , we find that

1
&wz%+&ﬂﬁ—ﬁ&/ﬂ%@%(mﬂ,
0

1
Bap = —(y1 +72)f1 + 7’2’Y2/ fa(-,8)ds onTy.
0
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Furthermore, since F' € H, we deduce that ¢ € Dp,(A?). Consequently, if we define
O = (p,,n",n?) " with ¢ € H%O(Q) the unique solution of , 1 = —f1, and
nt (resp. n?) defined by (resp. (B.17)), ® belongs to D(A) is the unique
solution of (3.9). Then, A is an isomorphism and since p (A) is open set of C (see
[10, Theorem 6.7 (Chapter III)]), we easily obtain R(AI — A) = H for a sufficiently
small A > 0. This, together with the dissipativeness of A, imply that D (A) is dense
in H and that A is m-dissipative in H (see [16, Theorems 4.5, 4.6]). O

Based on Lumer-Phillips theorem (see [16]), Proposition implies that the
operator A generates a Cy-semigroup of contractions e** in H which gives the well-
posedness of (3.6). Then, we have the following result.

Theorem 3.3. For all &y € H, system (3.6) admits a unique weak solution ®(t) =
ethdy € CO(Ry,H). Moreover, if ®y € D(A), then system (3.6) admits a unique
strong solution ®(t) = e*®y € CO(Ry, D(A)) N CH(R, H).

3.2. Strong stability of system (1.4])-(1.10). The following theorem is the main
result of this subsection.

Theorem 3.4. Under hypotheses (3.1)), the Co-semigroup of contraction (e**);>¢
is strongly stable in H; i.e., for all &g € H, the solution of (3.6) satisfies

lim || @y = 0.
t—o0

According to Arendt-Batty [2], to prove T heorem we need to prove that the
operator A has no pure imaginary eigenvalues and o(A) N iR is countable. The
proof of these results is not reduced to the analysis of the point spectrum of A on
the imaginary axis since its resolvent is not compact. Hence the proof of Theorem
has been divided into the following two Lemmas.

Lemma 3.5. For all A € R, i\l — A is injective i.e., ker(iA] — A) = {0}

Proof. In accordance with Proposition we have 0 € p(A). We still need to
show the result for A € R*. For the sake of this, suppose that A # 0 and let
® = (p,0,n*,n*)T € D(A) be such that

AD = i\D. (3.20)
Equivalently, we have the system

Y =i, (3.21)
~A%p =i\, (3.22)

1
——n, = iAn', (3.23)

1

1
——n =i\’ (3.24)

T2

From (3.8)), (3.20) and (3.1)), we obtain
0= R (A%, ®); < ~(31 — |Bal) [ 1000~ (n — al) [ ofPar <o,
T Iy
Thus, we have
oy =1v=0 only, (3.25)
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which gives, from (3.21)) and since A # 0, that

p=0,p=0 onl}y. (3.26)
Using (3.23)), (3.24)), (3.25) and that ® € D(A), we obtain
n'(,p) = e AP =0 on Ty x (0,1), (3.27)
(-, p) = he"™2P =0 on Ty x (0,1). (3.28)
Now, from equations (3.25)), (3.27), (3.28) and seeing that ® € D(A), we obtain
Bio=Ap+(1—pn)Cip=0 only, (3.29)
Bop =0,Ap+ (1 — 1)0;Cop =0 onTy. (3.30)
Using and considering Vi = 0,97 4+ 0,pv on I'1, we obtain
oy = Yo, =0 onTy. (3.31)
Now, (L.2), and (3.31)), yield
Cip=Cop=0 onTly, (3.32)
consequently, from and , we infer
Ap=0,Ap=0 onTy. (3.33)

Inserting in , we obtain
Mo —A%0=0 inQ,
p=0,0=0 onTy, (3.34)
p=0,p=Ap=0,Ap=0 onl}j.

Holmgren uniqueness theorem (see [13]) yields

=0 inQ. (3.35)
Finally, from (3.21)), (3.27)), (3.28)), and (3.35)), we obtain & = 0. ([l

Lemma 3.6. Under hypothesis (3.1), we have R(iA — A) =H for all X € R.

Proof. From Proposition we have 0 € p(A). We still need to show the result for
A € R*. For this aim, for F' = (f1, f2, f3, f1) T € H, we look for ® = (¢,v,n*,n?)" €
D(A) solution of

(iIA] — A)D =F. (3.36)
Correspondingly, we have the system

iAo — ¢ = fi, (3.37)
XY+ Ao = fo, (3.38)

1
ixn' + —n, = fs, (3.39)

T1

1
ixg? + = = fa, (3.40)

T2

with the boundary conditions
w=0,p=0 on /Ty,
Bip = —410,¢ — Ban' (-, 1), Baw =19 +72n°(-,1) on Ty, (3.41)
771('70):6Vwa 772('7()):"/} on I'y.
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From (3.39), (3.40) and (3.41]), we deduce that

. p .
nt(-, p) = Qe TP 4 7'1/ fa(x, )€ =P ds on Ty x (0,1), (3.42)
0

. p .
(-, p) = e 2P 4 TQ/ fa(z, 5)e?=6=P) ds on Ty x (0,1). (3.43)
0

It follows from (3.37), (3.38), (3.41)), (3-42) and that
N+ A%p=i\fi+ fo inQ,
¢=0,p=0 only,
Bio = —Cix(Opp +iN 10, f1) — F;x on Ty,
Bop = Dix(p +iX " fi) + Gin on Ty,

(3.44)

where

1
Cin = iX(B1+ Bae™ ™), Fip = 5271/ fa(a, s)er = s,
0

1
Dy =X + ’}/2677;)”2), G = 727'2/ falz, 5)6”‘72(571) ds.
0

Let u € H%O(Q) Multiplying the first equation in (3.44) by @, integrating over £,
then using Green’s formula, we obtain

b(p,u) =1(u), YueV:=HE (), (3.45)
where b((pa u) = bl (()07 U) + b2(<p7 U), with
by (Qav U) = a(cp, U),

4
ba(p,u) = —/\2/ wudr + Ciy O, pd,udl’ + Di,\/ pudl (346)
Q Fl Fl
and
l(u) = / (Z)\fl + fg)ﬂdl‘ —/ (i)\_lCi,\(')yfl =+ Fi,\)ayﬂdF
¢ i (3.47)

—/ (’i)\_lDi)\ +GM)EdF.
I
Let V' be the dual space of V. We define the operators B : V — V' as ¢ — By and
the operators B; : V— V' as ¢ — B, for i = 1,2, such that
(Bo)(u) = b(p,u), VueV,
(IBZQO)(U) - bi(@au% Vu eV, i€ {17 2}

We need to prove that the operator B is an isomorphism. So, we divide the proof
into two steps:

(3.48)

Step 1. In this step, we prove that the operator Bs is compact. For this purpose,
let us define the Hilbert space

3
Hp (Q):={uec H*(Q):u=0,u=0 onlg} withsc (572).
Now, from ([3.46)) and a trace theorem, we obtain
b2 (0, u)| S ||<P||L2(Q)||U||H2(Q) + HauSOHL?(Fl)HauUHm(Fl) + ||<P||L2(r1)|\u||L2(F1)

< ||90||HS(Q)||UHH2(Q)7
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for all s € (2,2). As V is compactly embedded in Hf, (Q) for any s € (3,2), B, is
indeed a compact operator.

This compactness property and the fact that By is an isomorphism imply that
the operator B = B; + B is a Fredholm operator of index zero. Now, following
Fredholm alternative, we simply need to prove that the operator B is injective to
obtain that it is an isomorphism.

Step 2. In this step, we prove that the operator B is injective (i.e. ker(B) = {0}).
To this end, let ¢ € ker(B) which gives

b(¢p,u) =0, YueV.
Likewise, we have

a(é,u) — >\2/ pudr + Cyn | 0,00,udl + D;y | ¢udl =0, YueV.
Q

Iy ry
Thus, we find that
Mo+ A% =0 inD(Q),
¢=0,6=0 onTy
Bip = —=Cix0y¢ on Ty,

Ba¢p = Ding onT'.

Therefore, the vector ¢ defined by
® = (p,irp,iNe"PT1PY, p,ide PP ) T
belongs to D(A) and satisfies
AP — AP =0,
and consequently ® € ker(iAl — A). Hence Lemma yields ® = 0 and conse-
quently ¢ = 0 and ker(B) = {0}.
Steps 1 and 2 guarantee that the operator B is isomorphism. Furthermore it

is easy to see that the operator [ is an antilinear and continuous form on V. As

a consequence, (3.45) admits a unique solution ¢ € V. In (3.45), by taking test

functions u € D(2), we see that the first identity of (3.44) holds in the distributional
sense, hence A%2p € L?(Q). Coming back to (3.45), and again applying Green’s

formula ([1.14)), we find that
Bip = —Cix(Ovp +iX '8, f1) — Fix on Ty,
Bop = Dix(p+iX"' f1) + Gin onTy.

Further, since o, d,p, fi1, O,f1, Fix and G;) belong to L?(T';), we deduce that
¢ € Dr,(A?). As a result, if ¢ € V is the unique solution of (3.45)) and if we define
nt (resp. n?) by (3.42) (resp. (3.43)), we deduce that

® = (p,idp — fr,n' )"
belongs to D(A) and is the unique solution of ([3.36)). O

Proof of Theorem[3.4. From Lemma the operator A has no pure imaginary
eigenvalues (i.e. o,(A) NiR = (). Moreover, from Lemma and Lemma
iAl — A is bijective for all A € R and since A is closed, we conclude, with the help
of the closed graph theorem, that i\l — A is an isomorphism for all A € R, hence
that o(A) NiR = 0. O
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3.3. Exponential stability. In this subsection, we will prove the strong stability
of system ([1.4)-(1.10)). We start this subsection with the definition of our multiplier
geometric control condition.

Definition 3.7. We say that the partition (I'p,T'1) of the boundary I' satisfies the
multiplier geometric control condition (MGC) if there exists a point xo € R? and a
positive constant ¢ such that

h-v>6"1 onIy and h-v<0 onTy, (3.49)
where h(z) = z — .

Theorem 3.8. Under hypotheses (3.1) and (3.49)), the Cyp-semigroup e is expo-
nentially stable; i.e. there exists constants M > 1 and € > 0 independent of &3 € H

such that
e @y < Me™|| Do, Vt > 0.

Since iR C p(A) (see the previous subsection), according to [9] and [I7], to prove

Theorem |3.8] it remains to prove that

limsup || (AT — A) ™ ||z < oo (3.50)
AER,|A | =00

We will prove condition (3.50)) by a contradiction argument. For this purpose,

suppose that (3.50) is false, then there exists {(An, @y := (@0, ¥n,m5,02) ") n>1 C
R* x D(A) with

[An] > c0asn — oo and |||y =1, ¥n >1, (3.51)
such that
(iMd — A)®,, = Fy = (fins fons fams fam) — 0 inH, asn—oo. (3.52)
For simplicity, we drop the index n. Equivalently, from , we have

iXp—1p=f1—0 in Hf (), (3.53)
iNp+ A% = fo =0 in L*(Q), (3.54)
1
it + T—n,ﬁ = f3—=0 in L} x (0,1)), (3.55)
1
1
iXzn? + T—nf, =f1—0 in L*(Ty x (0,1)). (3.56)
2

Taking the inner product of (3.52)) with ® in H and using (3.8), we obtain

(61 — 18a) / 0,02 dT + (11 — ) / W2 dT < ~R(AD, B)x = R(F, D)
< 1Pl ®lls,

From the above estimation, (3.1)) and the fact that || F||g = o(1) and ||®||m = 1, we
obtain
10,92 dT" = o(1) and |2 dT" = o(1). (3.57)
r Iy
Lemma 3.9. Under hypothesis (3.1)), the solution ® = (p,v,n',n*)T € D(A) of
(13.53)-(3.56|) satisfies the following estimates

[ [ wedpar=ot. [ w'c.nPar=o), (3.58)
I't JO I
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1
/ / P2 dpdr = o(1), [ ()P dr = o(1), (3.50)
r Jo r
/ |Bip|? dl = o(1), / |Bap|? dl' = o(1). (3.60)
T Iy
Proof. By (3.42), the Cauchy-Schwarz inequality, and that p € (0,1), we obtain
1 1 P 2
[ [ wedpar<z [ oot [ ([ iats)ids) dpar
Iy Jo Iy ry Jo 0

1 P
<9 |8V¢|2dr+275/ / p/ \f3(-, ) 2ds dpdT
F1 Fl 0 0

1 1
<2 [ Jouar+ant( / pdp) / / \fs(-.)[2ds dT
I 0 I't JO

1
=2 |ay¢|2dr+712/ / |f3(-,5)[*ds dr.
l—‘1 Fl 0

The above inequality, (3.57) and since f3 — 0 in L?(T'; x (0,1)) lead to the first
estimation in (3.58]). Now, from (3.42), we deduce that

1
(-, 1) = dyape P 4 71/ f3( s)ei’\Tl(S’l)ds on I'y,
0

consequently, by using Cauchy-Schwarz inequality, we infer that

1 2
a2 [Jouparsa [ ([ 1nc.lds)
I‘1 Fl 0

1]
1

<2 |8V1/J|2d1"+2712/ / |f3(-,5)[*ds dr.
I I'y Jo

Therefore, from the above inequality, (3.57) and as f3 — 0 in L*(T'; x (0,1)), we
obtain the second estimation in (3.58). The same argument as before yields (3.59)).
Since ® € D(A), we have

Big = 10,4 — fan' (1) on Ty,
Bop =) +721%(-, 1) on T,
Finally, from the above equations, (3.57), (3.58)), (3.59), we deduce (3.60). O

Lemma 3.10. Under hypothesis (3.1)), the solution ® = (p,v,n*,n*)T € D(A) of
(13.53)-(3.56)) satisfies the estimates

10,0 dl = o(A"?)  and lo|? dT = o(A72). (3.61)
Ty Iy

Proof. Equation (3.53)) yields
iNDyp =0, +0,f1 on Ty,
=9+ f1 onTjy.

From the above equations, we deduce that

[ pospar s [ ot [ o, (3.62)
I I I
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Apf? dT < /F wl2dr+ [ |2 dr. (3.63)

Fl 1_‘1

Using the trace theorem and that a(fi, fi) = o(1), we obtain

g 100 f12 AT S [ fillr2 () S alf, f1) = o(1),

/F AP AT S gy < alfis f1) = o1).

Inserting the above estimations into (3.62]) and (3.63)), then using (3.57)), we obtain
the desired result. O

Lemma 3.11. Under hypotheses [3.1)) and (3.49)), the solution ® = (¢,v,n*,n?)"
in D(A) of (3.53)-(3.56|) satisfies the following estimates

/Q |)\go|2dw =o0(1) and a(p,p)=o0(1). (3.64)

Proof. Inserting (3.53)) in (3.54)), we obtain
N+ A%p=i)f1+f inQ.

Multiplying the above equation by (h - V), integrating over €, then taking the
real part, we obtain

8‘%{/(—)\2@+A2<p)(h~V¢) dr} = afe{/(ufl +R)h-VE)dr)  (3.65)
Q Q
Now, by using Green’s formula and that ¢ = 0 on T'g, then using (3.61]), we have

1 1
§R{—)\2/<p(h~V¢)dx} :f/ |/\<p|2dx—f/ (h - V)| Ag|? dT
Q 2 Q 2 Iy

! (3.66)
- 7/ |)\Lp|2dx + o(1).
2 Ja
Now that a(p, ¢) = O(1) and a(f1, f1) = o(1), we obtain
IVellzzo) < llellmz@) S Vale,¢) = 0(1), (3.67)
[fillz2 @), IV Allez@) < Ifilla2@) S Valfi, fr) = o(1). (3.68)

Consequently, by using Green’s formula, (3.61), (3.3), and fo — 0 in L?(Q), we
deduce that

R{ [+ f)0- VP o)
Q
:9%{fi)\/(h~Vf1)¢dx72i/\/fladx—i)\ fig(h-v)dl
Q Q Iy
+/ folh - VD) dx} = o(1).
Q
Inserting (3.66|) into (3.65)) and using the above estimation, we acquire

! /Q Apl2de = —f /Q A%p(h- V) dr} + o(1). (3.69)
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According to [I, Lemma 5.4], for all ¢ € Dr,(A?), we have

1 e1R2
w{ [ A% V)dz} < —Za(p.0) + 2 / |Bygf? dT
Q 2 Iy

2

1/2 1/2
+(/ |31<p|2dr) (/ |8V<p|2dr) (3.70)
Fl F1
R2%¢
22 [ B,
ry

where R = ||h| (o) and &1, €2 are positive constants. Consequently, using (3.61])
and (3.60]), we obtain

1
- 3%{ A2p(h - V) dx} < —5alp. ) +o(1). (3.71)
Q
Finally, inserting (3.71)) into (3.69)), we obtain
1 1
5 [ WePds + ate.0) = o(0) O
2 Jq 2

Proof of Theorem[3.8 From Lemmas [3.9] and we deduce that ||®||g = o(1),
which contradicts (3.51]). O

4. CONCLUSION

In this article, we considered the Kirchhoff plate equation with delay terms on
the boundary control. We gave some instability examples in the cases |82| > 51
and |y2] > 1. Thanks to the general criteria of Arendt and Batty, which helped
to establish the strong stability of our system without using any geometric control
condition. Finally, under the multiplier geometric control condition (MGC), we
showed that system is exponentially stable.
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