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GLOBAL ATTRACTOR AND ¢ SOLUTIONS TO INITIAL
VALUE PROBLEMS OF DISCRETE NONLINEAR
SCHRODINGER EQUATIONS COMPLEX POTENTIAL

GUOPING ZHANG, GHDER ABURAMYAH

ABSTRACT. In this article, we investigate the global well-posedness of initial
value problems of the time-dependent discrete nonlinear Schrodinger equation
with a complex potential and sufficiently general nonlinearity on a multidimen-
sional lattice in weighted ¢P spaces for 1 < p < co. Thanks to our improved
estimates we are able to prove the existence of global attractor for ¢P solutions
to the initial value problem.

1. INTRODUCTION

The discrete nonlinear Schrodinger equation (DNLS) describes the evolution of
complex-valued wave amplitudes at discrete sites, capturing the interplay between
discreteness and nonlinearity. This discreteness can arise in systems where wave
propagation is confined to a lattice or network, as observed in optical waveguide
arrays and certain crystalline structures.

The presence of a complex potential in the DNLS equation introduces additional
complexities and nonlinearity, leading to rich dynamics and novel phenomena. The
complex potential can arise from various sources, such as an external field or a
spatially varying refractive index in optics. It can significantly influence the propa-
gation characteristics of waves, including wave localization, soliton formation, and
wave scattering.

Understanding the properties and dynamics of the DNLS equation is crucial for
gaining insights into the behavior of discrete wave systems and exploring nonlinear
effects in different physical systems. For instance, we mention nonlinear wave trans-
mission in discrete media, propagation of localized pulses in coupled waveguides
and optical fibers, and modeling Bose-Einstein condensates (see, e.g., [8, 01} 12]
and references therein).

Research activity in this area mainly focuses on the so-called “breathers” which
are standing waves. The profile function of such a wave solves an appropriate
stationary DNLS equation. Most works in this area deal with (discrete) translation-
invariant DNLS on a one-dimensional lattice and employ perturbation techniques,
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two-dimensional discrete-time dynamical systems, and numerical simulation (see,
e.g., [6l [7, 8] and references therein).

On the other hand, the series of papers [3], [15] [16] 17, 18, 19, 25| 26| 29] 30}, B1]
applies the theory of critical points of smooth functionals to the study of breathers
for DNLS with various types of nontrivial potentials. In this context, we also
mention the remarkable paper [24].

The initial value problem (IVP) associated with the DNLS equation with a
complex potential deals with determining the evolution of the wave function over
time when its initial configuration is known. In other words, given the initial
values of the wave function and its derivative at a specific time, the IVP seeks to
find a solution that satisfies the DNLS equation with the given complex potential.
The DNLS equation with a complex potential on a one-dimensional lattice can be
written as

Z(d¢n/dt) + Anwn + Bn|wn‘2¢n + Cn¢n+1 + Dn"bnfl =0,

where 1, is the complex-valued wave function at the discrete lattice site n, and
Ay, By, C,, and D,, represent the coefficients associated with the linear and non-
linear interactions between adjacent lattice sites.

In [20] we investigated the weighted 2 solution of the following initial value prob-
lem for the time-dependent d-dimensional discrete nonlinear Schrodinger equation

it =—Au+Wu— f(n,u) +b(t,n), (1.1)
uw(0,n) = u’(n), (1.2)
where the potential W =V + 44 is a complex function of
n = (ny,ng,...,ng) € 2%,

where 4 stands for the time derivative and —A is the d-dimensional discrete Lapla-
cian defined by

d
Au(n) = Z[u(n +e;) +u(n —e;)] — 2du(n), n ez, (1.3)

Jj=1

where e; € Z% has 1 at the j-th component and 0 elsewhere.

Note that if §(n) is negative for all n € Z%, the part § of the potential represents
dissipation effects. Additionally, our Assumption (iii) below allows the nonlinearity
to contain a dissipative term. This DNLS is the space discretization of the
nonlinear Schrédinger equation in continuous media.

Ounly a few papers [9], 10 13, [14] are devoted to equations of the form .
The paper [I4] focuses on the initial value problem for the DNLS with a zero
potential and power nonlinearity on a one-dimensional lattice with weighted ¢2
initial value. The main result provides global well-posedness in weighted ¢? spaces
with power weights. In [9] and [10], the authors consider the DNLS with V' = 0 and
0 = const. The main results are global well-posedness in the conservative (§ = 0)
and dissipative (§ < 0) cases, as well as the existence of attractors in weighted ¢2
spaces in the conservative case, on one-dimensional and multidimensional lattices,
respectively. In the paper [I3], the well-posedness in weighted spaces is studied for
the DNLS on a one-dimensional lattice in the case when W = V is a general real
potential and b = 0.



EJDE-2024/12 GLOBAL ATTRACTOR AND ¢ SOLUTIONS TO DNLS 3

In [20], we extended those results to the multidimensional case, allowing a suffi-
ciently general, not necessarily bounded potential W with weighted ¢2 initial value.
In [27], we used the integral equation defining the mild solution of the DNLS in [20]
to prove the existence of global solution for the DNLS with a weighted #P initial
value when 1 < p < 2 by leveraging the existing ¢2 global solutions obtained in
[20]. In [28], we investigated the global solutions in the weighted ¢” space when
2 <p<oo.

Note that the study of attractors for spatially discrete systems goes back to the
paper [I] and has been continued in [32] [33] [34] [35] 20].

We observe that, in contrast to [20, Theorem 3.1], the proof of [27, Theorem 4.1]
necessitates the inclusion of following additional assumptions

§(n) <0, forallneZ? and be LY(]0,00),¢*(Z)). (1.4)

In this paper, we aim to enhance the existing results regarding the global solu-
tion for DNLS with a weighted ¢P initial value, where 1 < p < co. Our approach
involves optimal estimates and minimal assumptions, contributing to a substan-
tial improvement in results. Specifically, we obtain the global weighted ¢P solution
without relying on the aforementioned assumption . Additionally, we rigor-
ously establish the existence of a global attractor for solutions in the weighted ¢
space to the initial value problem.

The organization of this paper is as follows: For readers’ convenience, we provide
a reminder of some preliminaries on the semigroup theory of abstract differential
equations in Section [2| The previous results in [27] and [28] will be reviewed in
Section [3] Section [ is devoted to the existence of weighted ¢? global solutions for
1 < p < oo. We prove the existence of the global attractor in the last section

2. SEMIGROUP THEORY AND ABSTRACT INITIAL VALUE PROBLEM

The content of this section can be found in [20]. For reader’s convenience, we
include it here. We treat (1.1]) as an abstract differential equation of the form

4= Au+ N(t,u) (2.1)

in a complex Banach space. We always assume that A is a closed operator in a
Banach space E with the domain D(A), and N : [0,00) x E — E is continuous.
Let us provide a reminder of some elementary facts related to such equations.
A family U(¢), t € [0,00), of bounded linear operators in FE is a strongly contin-
uous semigroup of operators if
(1) U(t)v is a continuous function on [0, co) with values in E for every v € E;
(2) U(0) =1 is the identity operator in E;
(3) U(t+s) =U(t)U(s) for all t, s € [0,00).
If the family U(t) is defined for all ¢ € R and satisfies (1)—(3) above on the whole
real line, we say that U(t) is a strongly continuous group of operators.

If U(t) is a strongly continuous semigroup of operators, then its generator A is
defined by

Av = lim t~Y(U(t) — I)v, (2.2)

where the domain D(A) consists of those v € E for which the limit in (2.2)) exists.
The following result is well known (see [5l 21]).
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Proposition 2.1. If A is a generator of a strongly continuous semigroup in a
Banach space E and B is a bounded linear operator in E, then A+ B is a generator
of a strongly continuous semigroup.

If A is a bounded linear operator, then it generates a one-parameter group e*4.

In general, if A is a generator of a strongly continuous semigroup, we still use the
same exponential notation e*4 for the semigroup generated by A.
Now we discuss the abstract initial value problem for equation , with initial
data
u(0) = u’ € E. (2.3)
If A is a bounded operator, then it is sufficient to consider classical solutions, i.e.
continuously differentiable functions with values in E that satisfy and ([2.3)).
In general, when the operator A is unbounded, we consider mild solutions to (2.1))

and .

A continuous function v on [0, 7] with values in F is a mild solution of the initial

value problem ([2.1)) and (2.3) if it satisfies the integral equation

t

u(t) = e’ —|—/ eIAN (s, u(s))ds. (2.4)
0

In the case when the operator A is bounded, these are classical solutions. We need

the following well-known result (see [2} 21]).

Proposition 2.2. Let A be a generator of a strongly continuous semigroup in a
Banach space E, and N(t,u) : [0,00) x E — E be continuous in t and locally
Lipschitz continuous in u with the Lipschitz constant being bounded on bounded
intervals of t. That is, for any T > 0 and R > 0, there exists C = C(T,R) > 0
such that

. NI < o )
s [N(tw) ~ N (&) < Clw— w| (2.5
whenever ||w|| < R and ||w'| < R.

(a) For every u® € E, there exists a unique local mild solution of the initial

value problem and defined on the mazimal interval [0, Tmax)-

(b) If Tmax < 00, then limy . |lu(t)| = oo.

(c) The solution u(t) depends continuously on u° in the topology of uniform
convergence on bounded closed subintervals of [0, Tmax)-

(d) Assume, in addition, that the map N : [0,00) X E — E is locally Lipschitz
continuous, i.e., for any T > 0 and R > 0, there exists C = C(T,R) > 0
such that

IN(t,w) = N, w)|| < C(jt = '] + [lw — w']]) (2.6)

whenever t € [0,T], t' € [0,T], |w|]| < R and |w'|| < R. Ifu® € D(A), then
the mild solution of the initial value problem (2.1) and (2.3)) is a classical

solution.
Note that (2.5 implies automatically that N is bounded on bounded sets.

Remark 2.3. If N(t,u) is globally Lipschitz continuous in wu, i.e. there exists a
constant C'= C(T") > 0 such that

max |N(t,w) — N(t,w')|| < Cllw—w'|], Yw,w' € E, (2.7)
0<t<T
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then the initial value problem (2.1]) and ([2.3)) possesses a unique global mild solution
defined on [0,00). Moreover, the solution u(t) depends continuously on u° in the
topology of uniform convergence on bounded closed subintervals of [0, 00).

Remark 2.4. Let
N(t,u) = M(u)+ f(t).

Then assumption (2.6) holds if and only if M and f are locally Lipschitz continuous
on E and [0, 00), respectively.

3. ASSUMPTIONS AND REVIEW

We review local solution to the equation (1.1]) under the following assumptions:
(i) The complex potential W = V +4¢ is such that both V and 4 are real-valued
functions on Z¢, and

§ = sup{d(n)|n € 2%} < .

he nonlinearity f : Z% x C — C satisfies the following conditions:

T
(1) f(n,0) =0,
(
(

e
)

2) f(n,z) = o(z) as z — 0 uniformly with respect to n € Z,
) f

(i)

3 is uniformly locally Lipschitz continuous, that is, for every R > 0,
there exists a constant C' = C(R) independent of n € Z¢ such that

[f(n,2) = f(n,2')| < C|z = 2|

for all n € Z? whenever |z| < R and |2/| < R.
(iii) The nonlinearity f(n,z) is of the form f(n,z) = g(n, |z|)z, where g(n,r) is
a function and its imaginary part is nonnegative.

Let © = (0,,),ez4 be a sequence of positive numbers (weights). The space ¢4 (Z?)
consists of all two-sided sequences of complex numbers such that the norm

fulle, = (3t )"

nezd
is finite, where 1 < p < co. We notice that u € ¢2(Z?) if and only if u® € (?(Z4)
and
l[ulle, = [[u®||¢r-
Therefore for 1 < p < ¢ < oo we have
lulleg, < llulley, and  €5(27) C €4(27).

We always assume that the weight © is regular in the sense that

(iv) The sequence O is bounded below by a positive constant, and there exists
a constant ¢g > 1 such that
1 _ e
' < =g <a
n
for all n € Z% and i = 1,...,d, where e; € Z¢ has 1 at the i-th component
and 0 elsewhere.
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From Assumption (iv), we obtain
[ullirzay < Collulli, (3.1)

which implies that ¢4 (Z?) is densely and continuously embedded into ¢P(Z?). Set-
ting ©g as the constant weight with unit components, we have that
lo, (27) = (27
From the perspective of functional analysis, Assumption (iv) means that the space
E%(Zd) is translation invariant. More precisely, let S; and T; be the operators
defined by
(Siw)(n) =w(n —e;), (Tyw)n)=wn+e), i=1,...,d.

To understand the equation (1.1)) in the framework of evolution equations, we
interpret it as an evolution equation of the form (2.1]), where A = —iH and H is
the Schrodinger operator defined as

H=-A+W (3.2)
and the operator N is defined as

To establish a precise interpretation, we need to analyze certain properties of the
Schrédinger operator H in the space ¢2(Z%). First, we observe that the operator
(of multiplication by) —iW = —iV + ¢ is a diagonal operator. Since V is real
and 6(n) < 6 for all n € Z?, the operator —iW/ generates a strongly continuous
semigroup in ¢4 (Z?) given by

(e" ™) (n) = e_iv(")te‘s(")tu(n), nelZzs.
The domain of this operator in ¢§(Z%) is defined as
De = {u € (4 (Z%) : Wu € ¢2(2%)}. (3.4)

where we use the notation D to represent the domain of the operator W in £P(Z%).
It is clear that Dg C D.
Based on Proposition we derived the following lemma in [27].

Lemma 3.1. The operator A = —iH is a generator of strongly continuous group
et in the space E%(Zd), where 1 < p < 0co. Moreover, there exist two constants
M > 1 and w such that for all t > 0

et < Me“t. (3.5)
We define the operator
N(t,u)(n) = if (n, u(n)) — ib(t, m).

Then equation (1.1) can be expressed in the form of equation (2.1]). The following

local well-posedness result is proved in [27].
Theorem 3.2. (1) Under Assumptions (i), (ii), (), if b € C([0,00), 05 (Z%)),
where 1 < p < oo, then for every u® € (4 (Z%), problem (L.1) and (1.2)) has
a unique local mild solution u € C([0, Tmax), {5 (Z%)) which is defined on the

mazximal interval [0, Tmax)-

(2) If Tmax < 00, then limy » . ||u(t)|| = co. The solution u(t) depends con-

tinuously on u® in the topology of uniform convergence on bounded closed
subintervals of [0, Tmax)-
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(3) The mild solution u(t) € C([0,Tmax), {(Z%)) of problem and
obtained in part (1) is a classical solution if one of the following conditions
holds
(a) u® € 2(Z) and W is bounded;

(b) u® € D(A) = Dg and b : [0,00) — (% (Z?) is locally Lipschitz continu-

ous.

4. GLOBAL SOLUTIONS FOR 1 < p < 00

In [27] we utilized the fact (% (Z4) C €%(Z?) for the case 1 < p < 2, and we relied
on the established global existence of ¢ solutions in [20] to prove the following
theorem.

Theorem 4.1. (1) Let assumptions (i)-(iv) be satisfied, and 1 < p < 2, if
5 <0 and b € C([0,00), £5,(Z%) N L'([0,00), £*(Z)), then for every u® €
2 (7 roblem (1.1)) and (1.2)) has a unique global mild solution u €
[¢) ,» P q g
C([0, 00), (5 (Z4)) which continuously depends on u® in the topology of umni-
form convergence on bounded closed subintervals of [0,00). Moreover, for
anyt >0

lu(®)llez, < (lu’llez, + B(w + CM, t))el M0t (4.1)
where .
Blo+ OM,t) = [ e H O] ds,
0

C' is the Lipschitz constant independent of t, w and M are the constants in
Lemma [31).

(2) The global mild solution u(t) € C([0,00), (% (Z%)) of problem and
obtained in (1) is a classical solution if one of the following conditions holds

(a) u® € 2(Z%) and W is bounded;
(b) u® € D(A) = Dg and b : [0,00) — (& (Z4) is locally Lipschitz continu-
ous.
We observed that, when comparing with Theorem 3.1 in [20], the proof of The-
orem [£.1] required the following additional assumption:
§<0, and be LY([0,00), (*(Z%)).

However, using a different method, we proved the following theorem in the case
2 < p < oo without the aforementioned additional assumption (refer to [28§]).

Theorem 4.2. (1) Assume that assumptions (i)—(iv) are satisfied and 2 < p < oo,
if b € C([0,00), 05 (Z%)), then for every u® € (% (Z%), problem (L1)) and (L.2) has
a unique global mild solution u € C([0, 00), £ (Z%)) which continuously depends on
u® in the topology of uniform convergence on bounded closed subintervals of [0,00).
Moreover, for any t > 0,

[u(®)lleg, < ([uller, + B + 2de, )0 2400t (4.2)
where

t _
B+ 2dc0,t) = [ e B () s,

0 and co are constants in assumption (i) and (iv) respectively.

(2) The global mild solution u(t) € C([0,00), % (Z%)) of problem (1.1)) and (L.2)
obtained in (1) is a classical solution if one of the following conditions holds
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(a) u® € 2(Z%) and W is bounded;
(b) u® € D(A) = Dg and b : [0,00) — (% (Z%) is locally Lipschitz continuous.

In this section, we reconsider about the global solution in the case of 1 < p < 2
without those additional assumptions. To do so, we need some preparations.

Lemma 4.3. If u € CY([0,7],15(Z%)), 1 < p < oo, then for each n € Z* and
t € 10,77,

Clu(t,m)l? =Re Biglplu(t,m)?~a(t,n) Su(t,n)) (43)

Proof. Fix tg € (0,T). If u(to,n) # 0, then there exists § > 0 such that

lu(to,n)|

t
jult, n)] > 42

>0, whenever |t — o] <,
by the chain rule, we obtain

%[u(t, n)i(t,n)]P/?

= plulto, n)|P~2 Re (ﬂ(to, n)%u(tm n)).

%|u(t,n)|p|t=to = |t —to

If u(tg,n) = 0, by definition

—lu(t,n)?| — lim |u(t, n) P — [u(to, n)[” — lim |u(t, n)[?
dat' t=to -t t—to t—to t—to
u(t — u(t
— | lim My lim (£ — £o)?~!
t—to t—to t—to
d
— | D 1; _ p—1 _
|dtu(t,n)‘t7t | tlgglg(?f to) 0

Notice that
p—2 T d p—1 d
[plu(to, )~ Re (a(to, n) 5 ulto,n) )| < plulto, mIP~"| Zulto, )],

we obtain (4.3) for 0 < ¢t < T. Similarly we can prove (4.3) for t = 0 or T if we
replace two-sided limit by one-sided limit. O

For each positive integer k we define

(n) 1, when |n| <k
n)=
Xk 0, otherwise.

Lemma 4.4. Ifu € C'([0,T),15(Z%), 1 < p < oo, then
w(t) = Ju(®)f, = =) fu(t,n)0n|”
nezd
is differentiable and

d
W= S bl = Y St e

nezd nezd

= Re ( 3 p95|u(t,n)|P—2a(t,n)%u(t,n)).

nezd
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Proof. For each k > 1 we define the partial sum sequence

Z|utnn|p Z|utnx;.c )0, |P.

[n|<k nezd
By Lemma we obtain
d d
el P =25 -
Swi(t) = Re(%penw(t,nn a(t,n) Zult,m) )
— D p—25 d
Re (3 pohfu(t,n)xe(n)"~2a(tn)xu(n) Zult.n)).
nezad

u € CY([0,T),15(Z%)) implies wy(t) converges uniformly to w(t) on [0,7], and
supg<;<r [[0/(t)[l1z, < 00. We denote

s(t) =Re (> peg|u(t,n)|p*2a(t,n)%u(t,n))

nezd

nezd

By Holder’s inequality,

sup [s(t) — s(0] < sup S pBBfult, m)(1 — x(m))P | Su(r,m)

0<t<T 0<t<T nezd
<p sup |u(®)(1- Xk)pr_l sup ||U/<t)||l’éa
0<t<T ©  0Zt<T

which implies that sj,(t) = 4wy (t) converges uniformly to s(t) on [0,7] and s(t) €
C(]0,T],R). By [22, Theorem 316] we obtain

4
dt

Lemma 4.5. Let 1 < p < 0o and u € (2(Z%)). If © satisfies the assumption (iv),
then

s(t) = lim 4 wi(t) = d lim wyg(t) =

k—oo dt dt k—o0 w(t). .

> m[=Au(n)u(n)]fu(n)[P~265 < 2deo|ulff, .

nezd

Proof. Since for all n € Z¢ we have
d
— Au(n == [u(t,n+e;) + ult,n — ¢;)]ult, n) + 2du(n)|? (4.4)

Jj=1

which implies

> Im[=Au(n)u(n)]|u(n)[~>6%

nezd
= fZ > Im[[u(t,n+ e;) +ult,n — e;)|u(n)]|u(n)|"~26%
J=1nezd
On
<Z > Ju(n)0n P fut, n+e)0nre, |5 —
j=1nezd nte;
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d
- On
+ 30 Dl ultn — ), |

Jj=1nezd nTe
Since © is a regular weight by assumption (iv), then by Hoélder’s inequality we
obtain
Z Im[—Au(n)u(n)]|u(n)[P~267 < 2dcol|ull}s - O
nezd °
For 1 < p < oo and O satisfying assumption (iv), we define
po(p) = S > Tm[—Au(n)u(n)]fu(n)[P~265. (4.5)
u p:l
g~ meZd

By Lemma we know that pg(p) < 2dcy.
Let

N(t,u)(n) =if(n,u(t,n)) —ib(t,n), A=—iH =—i(-A+W).

For u° € %, 1 < p < oo, by Theorem there is a unique mild solution w(t)
defined on the maximal interval [0, Tmax) and if u® € D(A) and b(t) is locally
Lipschitz in [0, Tmax), then u € C1([0, Timax), £5) is a classical solution satisfying

%u(t, n) = Au(t,n) + N(t,u)(n), Vn € 2. (4.6)
Lemma 4.6. Let assumptions (i)-(iv) be satisfied and b € C’(_[O,oo),ﬂé(Zd)) with
1 <p<oo. Ifu € (B (Z%), then there exists a constant C = & + pe(p), such that
the mild solution u € C([0, Tmax), {5 (Z%)) satisfies

Ju®lley, < e (Ilulleg, + BC,1)) (4.7)
for all 0 <t < Tnax-

Proof. First of all we assume that u’ € D(A) and b(t) is locally Lipschitz in
[0, Tmax), then u € C([0, Tmax),[5) is a classical solution by Theorem [3.2] By
Lemma [£.3] we obtain

% lu(t,n)|” = Re [p|u(t, n) |p72u(t, n) d—u(t, n)]

Multiplying (4.6]) by p|u(t, n)|p72u(t, n), and taking the real part we obtain

d
t

Slutt P
dt
= Re[plu(t, n) [P~ *u(t, n)[(—iH)u(t,n)] + plu(t, n) P~ >u(t, n) N (t, u)(n)]
= Re[plu(t, n)[P~2u(t,n)[(iAu(t,n) — iWu(t,n)]
+ plu(t, n)|p72u(t, n) (zf(n, u(t, n)) — plu(t, n)|p72Wib(t, n)}
From assumption (i) we have —iWW = —iV +¢ and from assumption (iii) we have

f(n,u) = g(n, |u‘)u(tvn) = (Re g +ilmg)u(t,n),

,n)[(EAu(t,n) — iV (n)u(t,n) + d(n)u(t,n)]
n)*(iReg — Img))
— plu(t,n) [P~ 2ult, n) ib(t, ).

d -
lu(t,m)|” = Re[plutt )~ ult

+plu(t, n) [P~ u(t
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u(t,n+ej) +u(t,n —e;)] — 2du(t,n),

pj&

Au(t,n) =
j=1

iAu(t,n)u(t,n) = ’LZ (t,n+ej) +u(t,n —e;)]ut,n) —i2du(t,n)*>, (4.8)

S(n)u(t,n)u(t,n) = é(n)lu(t,n)|*. (4.9)
Using (4.4) and ( . we have
d
jt| (6P = p()ult, )P = pla(t, )P~ Tng 3" [u(t,n -+ e;ult, )

Tult,n - ejyulhm)] - plult, )P (Tmg)

+ plu(t,n)|P~? Im(u(t, n)b).]
Multiplying both sides by 6%, then by assumption (iii), Img > 0 implies that
—plu(t,n)|P(Im g) < 0. Thus by assumption (i) we have

d
@ ut,m) 08, < pb (e, P05 — plu(t, )P Tm S [u(t, n +e;)05u(t,n)
j=1

+u(t,n — e;)0Pu(t,n)] + plu(t,n)[P~* Im(u(t, n)b)ox.

Taking summation over n € Z¢, by Lemma we obtain

(X e, mole)

nezd
d
<ps Y fult, )0, P —pIm > > fult,n) P 2ult, n) [ult, n + e;)08
nezd j=1nezd

+u(t,n — e;)0%] + plu(t,n)[P~ Im(u(t, n)b(t,n)6%).
Since
Im (u(t,n)b(t,n)) < [u(t,n)b(t,n)| = |u(t, n)|[b(t,n)],
by Lemma .5 we have

d - _
Sl < w0, + ppo)u(t) g +p S Jult )P b(t, 1)]16,

nezd

Then by Holder’s inequality we obtain
< ~1
||U( iz < PO+ po(P) )z + pllu®llz " 16(E) e -

Let C =0+ p@(p) and o = ijl € (0,1), and by the definition of w(t) = |[u(t)||7
[S]
we obtain p
D ow(t) < pOw(t) + plb(t) oy wlt)°. (4.10)
Since the inequality (4.7) holds if w(t) = 0, we only need to consider the case
w(t) > 0. Then Z(t) = w(t)! = is differentiable and by the chain rule we obtain

9 2(t) = (1 — 0)wlt) ™ Sw(t) < (1 - a)p0Z() + (1 - a)plb(D)ly.

dt
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Notice that (1 —a)p =1 and Z(t) = [lu(t)||¢, and by using Grénwall’s inequality
we obtain -
lu®)lle, < e (I[u’ller, + B(C,1)).

Now we assume that u® € ¢%(Z%) and b is a continuous function with values in
£%,(Z%). Let u be a solution of problem (T.I))-(1.2) with maximal interval of existence
[0, Tmax). Choose u%* € D(A) and b* € C([0, Tuax), (5 (Z4)) such that u®*F — u°
in ¢2(Z%) and b* — b uniformly on compact intervals. Let u” be a solution of

problem (1.1)- (1.2). By Theorem for any T € (0, Tmax) the solution u” is
defined on [0, T for all k large enough and u* — u uniformly on [0,7]. Applying

inequality (4.7)) to u* and passing to the limit, we extend these inequalities to the
general case. ([

Now, we are ready to prove the following theorem regarding the existence of
global weighted ¢P solution to the initial value problem(|1.1]) and ([1.2]) for 1 < p < oc.

Theorem 4.7. (1) Assume that assumptions (i)—(iv) are satisfied and 1 < p < oo,
if b € C([0,00), 5 (Z%)), then for every u® € (4 (Z%), problem and has
a unique global mild solution u € C([0, 00), £ (Z%)) which continuously depends on
u® in the topology of uniform convergence on bounded closed subintervals of [0, 0).
Moreover, for any t > 0

lu(®)llez, < ([u°lez, + BO + po(p), ))eHee®it, (4.11)
where pe(p) < 2dcy defined in (4.5)) and

t _
BG+ pelp).t) = [ 00 b(s) oy ds,
0

& and cy are constants in assumption (i) and (iv) respectively.

(2) The global mild solution u(t) € C([0,00), (% (Z%)) of problem (1.1)) and (L.2)
obtained in (1) is a classical solution if one of the following conditions holds

(a) u® € 2(Z%) and W is bounded;
(b) u® € D(A) = Dg and b : [0,00) — (& (Z%) is locally Lipschitz continuous.

Proof of Theorem[{.7] (1) From Theorem [3.2]we know u is the unique mild solution
to initial value problem(l.1)) and (1.2)) on [0, Tmax). By Lemma forall 0 <t <
Tmax W€ have

lu() e, < (Ju° Lz, + BG + po (p), t))e oD,

If Tmax < 00, the limit of the right-hand side of the inequality is finite as ¢t — Tmax
since all functions of ¢ involved are continuous on [0, c0) which implies

lim [u®)llg < (1]l + B+ po (). T P 0@ m0x < oo,

which contradicts with Theorem [3.2] (2). Therefore we must have T, = 0o and
the mild solution u(t) is global.
(2) The proof follows from a similar reasoning in [20]. O

Remark 4.8. (1) Theorem holds for all 1 < p < oo, which represents an
improvement over Theorem [£.1] and [£:2] However, its proof is not valid for the case
p = 1, which was covered in Theorem [£.1]

(2) There are no results concerning global solutions in £3.
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(3) When p = 2, the constant pg(p) is similar to pe defined in [20]. We can
easily prove that pg,(p) = 0 if and only if p = 2. Therefore, with a slight different
definition of the weighted P space, our results generalize the theorems in [20].

If we set f = b =0 in equation (|1.1)), we obtain the following corollary, which is
an enhanced version of Lemma for the case 1 < p < oo.

Corollary 4.9. Let W satisfy assumption (i) and © satisfy assumption (iv) and
H = —-A+ W, then the operator —iH generates a strongly continuous semigroup
e~ "H in the space E%(Zd) for 1 < p < oco. Moreover if 1 < p < oo, then for each
u® € (% (Z) we have the following estimate for all t > 0

He—itHuolléIé < 6(g+p®(p))t|\U0Hegv (4.12)

where pe(p) < 2dcy defined in [.5) and § and cy are constants in assumption (i)
and (iv) respectively.

5. GLOBAL ATTRACTOR FOR 1 < p < o0

Now, we investigate the long-term behavior of global solutions to the initial value
problem for the autonomous DNLS equation. In equation , we introduce the
additional assumption that

(v) The forcing term b(t,n) = b(n) is independent of ¢.
Let us denote by S(t) = Se(t) the solution operator to

oz 2z (5.1)

u® = St)ul =u(t)
where ¢t — u(t) represents the solution to the initial value problem (L.1)), (1.2]). It
is important to note that under assumptions (i)—(v), Theorem is applicable,
and u(t) is a globally defined classical solution. In this scenario, the path ¢t — S(t)

constitutes a nonlinear semigroup of operators as described in [21], operating within
the space 5 (Z%).

Theorem 5.1. Assume that assumptions (i)—(v) hold, and that 1 < p < oco. If
0+ po(p) < 0 and b € (B(Z%), then the semigroup of operators S(t) in
has a compact, and connected, global attractor set Ao that is mazimal among all
functional invariant sets in (2(Z%).

For the proof of the existence of this global attractor in (% (Z%) we follow the
strategy outlined in [20], which is in turn quite similar to that in [23] Theorem
1.1.1] (see also [4 Chapter 2, Theorem 3.1]). We proceed in steps, starting with
the following Lemma on the existence of an absorbing set for S(t).

Lemma 5.2. Assume that assumptions (i)—(v) hold, and that 1 < p < oco. If
0+ po(p) < 0 and b € 12, then the solution operator S(t) in possesses a
bounded absorbing set By in E%(Zd), that is to say, for every bounded set B C
(% (Z%) there exists to(B) such that S(t)B C By for all t > to(B).

Prgof. If w0 € 0%, then u(t) € (% satisfies ([4.2). For convenience, we set k =
—(0 4+ po(p)), which is positive by hypothesis. Since (v) holds, we obtain that

e, 1Pl
K k

[u)lle, < lu®llme™" + (1 —e™) (5.2)
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and so

|6 ||z

i < —= =
Jim sup ju(t)]e r,

where we use the expression on the right side to deﬁne r.

Let B be any bounded subset in ¢2(Z%). Then, B is contained within a ball with
its center at the origin of radius 2r+1[. To demonstrate its absorption in finite time,
we can assume, without loss of generality, that B is the ball of radius R > 2r + 1
centered at the origin.

We choose Ry in the interval (r,2r + 1) and let By be the ball of radius Ry
centered at (0,0). Then, for all u € B, the solution u(t) = S(t)u® satisfies

1— —Kt

lu)lle, < lu®lleme™" + [Bller, < (u’ller, = r)e™ +7 < (R—r)e™ + 7.

It follows that if

1. R-—r7r
tg =to(B) = —1
0 =to(B) K Ro—r1’
for each t > to we have that [u(t)||; < Ro and so u(t) C By. Thus, By is an
absorbing set. O

As in [20], we introduce the following piecewise line Lipschitz continuous function

0 ifo<r<i,
pr)=<¢r—1 if1<r<2,
1 ifr>2,

with Lipschitz constant 1. When R > 0, we use the notation ¢(n) = ¢(|n|/R) for
all n € Z%. We suppress the explicit dependency of ¢ on R in the notation for
convenience. It is worth noting that for any n € Z?, we have

0<o(n) <1, |¢(niej)—¢(n>|s%, 1<j<d.

We continue our study of the semigroup S(t) by establishing the following lemma,
which provides a tail estimate.

Lemma 5.3. Assume that assumptions (i)-(v) hold, and that 1 < p < oco. If
5+ po(p) <0,bel, and B is a bounded subset of (% (Z%), then for any e > 0,
there exist positive constants Ry = Ro( ), and T = T(e) such that for all u® € B

the solution u(t) = S(t)u’ of (LI)-(1.2) is such that
€ p
fu(t s < (=), (5.3)
,néR 0+ po(p)|
forallt >T and R > Ry.
Proof. By Theorem[d.2] if u® € u® € DN B, then u(t) = S(t)u’ is a global classical

solution of the initial value problem (1.1)-(1.2]). With the help of Lemma we
can then obtain

||¢ Zp:dtz‘utn 6';0

nezd

= %\u(t, n)e(n) PO,

nezd
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d
_ P p—2 25 -
Re (Y po2lu(t.m)e(m)P~2o(n)*a(t n) Zultn))
nezd
and if we multiply both sides of (1.1)) by pf2¢(n)P|u(t,n)|P~2%(t,n), and then use
assumptions (i) and (iii) to find the real parts of both sides both sides of the
resulting expression, we obtain that

d
Zllou®)l,
<ps > |(u)(n)P65 +p Y Im[—Au(n)u(n)]ju(n)P~265¢(n)”
nezd nezd
+p Y |(@w)(n)[P~> Tm(Gu(n)b(n)d(n))65,
nezad
< p8llullyy, +pliduly bl +p D Tm[=Au(n)u(n)]ju(n)|"~>65d(n)".

nezd

By the Lipschitz property of ¢, condition (iv), Lemma and Hoélder’s inequality,
we obtain that

p Y Im[=Au(n)u(n))u(n)[~>05¢(n)?

nezd

= —pz D 1(0du) ()P~ T [(u(n + €5)¢(n)0, + uln — e;)$(n)0n)0du(n)]

1=1 nezd

= —pz Z |(0du)(n) [P~ Im [u(n + e;)d(n + €;)0,0¢u(n)]

1=1 nezd

—pZ > 1(0¢u)(n) P~ Im [u(n — e;)¢(n — €;)0,00u(n)]

=1 nezd

+pz > 1(86u) ()P~ Im [u(n + ;) (é(n + e;) — $(n))8,0du(n)]

i=1 nezd

+p2 > 1(0gu) ()P~ Im [u(n — ¢;)(d(n — €;) — ¢(n))0,08u(n)]

=1 nezd

=p y Im[- n)pu(n)]|(¢u) (n)[P~*07

nEZd

+pz > 1(8du) ()P~ Im [u(n + ¢;)(@(n + ¢;) — $(n))8,06u(n)]

=1 nezd

+pz D 10guw) ()P~ Tm [u(n — e;)(¢(n — €;) — $(n))8,0u(n)]

i=1 nezd
< poe(®)lou(®)lljy +p(2d/R)collu(®) e l¢u®)f;
which implies that

d ~ _
S 10u®llzz < (6 + po (@) | dullyy +p(2d/R)collu(t)lley I $u()llz, K
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Since k = 0 + pe(p) < 0, by (5.2) we obtain

[[b] ¢z
t p < 0 D, 77@ = M 54
iglg”u( Mlez, < max]|u”| e |5+pe(p)|} (5.4)
Therefore,
d » — p 2pdC(]M p—1
Z19u®llz < (6 + po (@) dullyy + —F—Illgully +P||¢U|\gg [[¢bl]ez,
2dC(]M

= p( + po () llou(d)]%, +
By Gronwall’s inequality, we conclude that

|5+P@( )|

If we now consider an initial condition such that ug € B, we take any sequence
u) € DoNB such that u) — u® in ¢4 (Z4). Then, as functions with values in ¢ (Z<),
the solutions ug(t) = S(t)ul converge to u( ) = S(t)u® uniformly on bounded
intervals, and applying inequality to ug(t) and passing to the limit, we can
see holds also if u(#) is the solution corresponding to the initial condition u®
also.

Let us set

p—1
o+ ||¢b||eg)||¢u||gzé .

lou(®)lle, < llgu’||e@re@Dt + — 0Pty - (5.5)

r = sup {||u0||@€_J :u’ € BY.
Given any € > 0, we define
In 2r|é+po(p)]
T(e) = max {0, ——=——1.
10+ pe(p)
Then for all ¢ > T'(¢), we readily obtain that

lpu® || o eCHre@Nt « € .
° 216 + pe (p)]
On the other hand, since ¢(n) is supported on n > R, we see easily that

2dCOM .
Jim (Jlgbllgy + =) = lim [[éb]le, =0,

and so each £ > 0, there exists Ry > 0 such that, for any R > Ry and t > 0, we
have

(||¢b” N 2dcoM> (1 — e(@tre(®) ) [0l 2, + + 2doM €

o2 = = )

° R 16+ po(p)l 0+ pe(p )I 2|6 + pe (p)|

and the estimate ([5.3)) follows. d

Lemma 5.4. Let © = {0,,} be a sequence of positive terms, and p and q conjugate
numbers such that 1 <p < oo, 1 < q<oo. Then

(65(Zh))" = t&(27),
and if 1 < p < oo then Z]”@(Zd) is a reflexive Banach space, that is to say,

(e (Z) = 5 (Z) .
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Proof. The identification (¢7(Z%))* = ¢9(Z?) is well known. Let v € (% (Z%). By the
definition of £ (Z%), the multiplier operator © : £ (Z4) — ¢4(Z%) is an isomorphism.
Therefore, Qv € ¢4(Z%), and this element induces the linear functional

(2% 5 u— (u, Ov) = > up(Bvn),
nezd

associated with the quadratic form

2(ZY x LL(ZY) 3 u,v — (u, v)e = (Qu, Ov) = Z (Onun) (Onvn) -
nezd
This proves that the dual of ¢4 (Z%) is ¢&(Z?), which addresses the first part of the

statement. The second part, regarding the double dual, follows by applying the
first part to the dual of £§(Z). O

Since bounded sets in a reflexive Banach space are precompact in the weak*
topology, we now obtain the following.

Lemma 5.5. Assume that assumptions (i)—(v) hold, and that 1 < p < oo. If
6+ po(p) <0 andb € K‘Z)(Zd), then the semigroup S(t) is asymptotically compact
in 0% (Z%), that is, if the sequence vy, is bounded in (2(Z%), and t;, — oo as k — oo,
then S(ty )y is precompact in €2 (Z%).

Proof. Let ¢y, € (3 (Z?) be a bounded sequence. According to Lemma there
exist an absorbing set By and a T > 0 such that S(¢t)¢, C By for all ¢ > T.
Therefore, if ¢ is a sequence converging to infinity, the sequence wy = S(tx )Yy has
only finitely many terms outside of By and is bounded in the reflexive Banach space
E’é(Zd) (as shown in Lemma . Consequently, we can pass to a subsequence, if
necessary, and assume that for some wg, wy — wg in the weak* topology of (g, (Z%).

For any R > 0, we consider the characteristic function of the R ball in Z?
centered at the origin,

(n) 1 ianZd,|n\§R,
n)=
XR 0 otherwise.

According to Lemma for any € > 0 there exist constants R = R(e) and N =
N (e) such that

1A = xr)wkller, <e,
for all kK > N, and enlarging R if necessary, we also have that
(1 = XxRr)woller, <.

Therefore,

lwi —wollez, < l[XR(wE —wo)llez, + [[(1 — Xr) (W — wo) |l
< lIxr(wk —wo)ller + [1(1 = xr)wkller, + [I(1 = xR)woller,
< [Ixr(wr = wo)llez, + 2,
for k> N.
Since all functions y g (wx—wo) belong to a finite-dimensional subspace of ¢4 (Z%),

and on a finite-dimensional subspace of a reflexive Banach space, the weak® con-
vergence implies the strong convergence. Therefore, we can conclude that x g (wg —
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wo) — 0 strongly in ¢§ (Z?). Consequently, we can find N such that
X R(wk —wo)ller, <€,
which, when used in the previous estimate, yields:
Jwy — wolly, < 3

for any k > max{N, N}. Since ¢ is an arbitrary positive number, this proves that
wy, — wo strongly in ¢4 (Z%). O

Proof of Theorem[5.1. Under the stated hypothesis, the initial value problem has
a global classical solution (1.1]),(1.2)) in £ (Z%). We let By = By.e be the absorbing
set produced by Lemma [5.2] and set Ag to be its w-limit,

Ao = w(Boe) = NizoUr=:S (D Boe

where S(t) is the semigroup of operators in (% (Z?) in (5.I), and the closure is
taken with respect to the £§-norm. According to [23, Theorem 1.1.1] (see also [4,
Chapter 2, Theorem 3.1]), this set is compact and connected, and by definition, it
is maximal among all invariant sets in ¢5(Z%). O

When © = ©q, we have /g, (%) = ¢r(Z%). Theorem then demonstrates the
existence of a global attractor in ¢7(Z%) space.
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