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A SECOND ORDER CONVERGENT DIFFERENCE SCHEME
FOR THE INITIAL-BOUNDARY VALUE PROBLEM OF
ROSENAU-BURGERS EQUATION

SITONG DONG, XIN ZHANG, YUANFENG JIN

ABSTRACT. We construct a two-level implicit nonlinear finite difference scheme
for the initial boundary value problem of Rosenau-Burgers equation based on
the method of order reduction. We discuss conservation, unique solvability,
and convergence for the difference scheme. The new scheme is shown to be
second-order convergent in time and space. Finally, numerical simulations
illustrate our theoretical analysis.

1. INTRODUCTION

In the study of the dynamics of dense discrete systems, the case of wave-wave
and wave-wall interactions cannot be described using the well-known KDV equation
which was suggested by Korteweg and de Vries in 1895 [I]. To overcome this
shortcoming, Rosenau [2| [3] proposed an equation in the form

The theoretical results on the existence, uniqueness and regularity of the solutions
to have been investigated by Park [4]. But it is difficult to find the analytical
solution for . Much attention has devoted to numerical solutions of by
various numerical methods [B] @] [7, []].

On the other hand, for the further consideration of dissipation in space for dy-
namic systems, such as the phenomenon of bore propagation and water waves, the
viscous term —u,, needs to be included

Ut + Upgzrt — Ugz + Ugp + Uty = 0. (12)

This equation is usually called the Rosenau-Burgers equation. Many scholars had
proposed difference schemes for the Rosenau-Burgers Equation. Hu et al [9] consid-
ered a nonlinear Crank-Nicolson difference scheme for the Rosenau-Burgers equa-
tion by the Newton iterative algorithm. Pan and Zhang [10] discussed a three-level
linear implicit difference scheme for the Rosenau-Burgers equation which is un-
conditionally stable. Ahmat and Abduwali [I1] investigated two class of modified
local Crank- Nicolson schemes for the Rosenau-Burgers equation,which has simple

2020 Mathematics Subject Classification. 65M06, 65M12.

Key words and phrases. Rosenau-Burgers equation; nonlinearized difference scheme;
conservation law; convergence.

(©2024. This work is licensed under a CC BY 4.0 license.

Submitted December 2, 2023. Published July 4, 2024.

1



2 S. DONG, X. ZHANG, Y. JIN EJDE-2024/38

structure and high accuracy. Omrani [12] explored the Galerkin—Crank—Nicolson
discrete method. Guo et al [I3] considered a two-level implicit nonlinear discrete
scheme, which preserves the energy decline property of the Rosenau—Burgers equa-
tion. Luo et al [I4] used a three-level linear implicit finite difference scheme with
energy dissipation which has second-order and fourth-order in time and space. For
the two-dimensional case, Rouatbi et al [I5] presented a linearized Crank-Nicolson
difference scheme.

In this article, we consider the initial-boundary value problem of the Rosenau-
Burgers equation by the finite difference method.

Up + Uggzrt — Uge + Uz Fuu, =0, O<x <L, 0<t<T, (1.3)
u(z,0) = p(z), 0<z<1L, (1.4)
w(0,t) =0, w(L,t) =0,uz,(0,8) =0, wuz(L,t)=0, 0<t<T, (1.5)

where ¢(z) is a given function. The initial-boundary value problem of the Rose-
nau-Burgers equation contains at least one derivative boundary condition. There-
fore, a difference scheme must be established at the node adjacent to this boundary
point that is consistent with the difference schemes on the other nodes. To achieve
this, we employ the method of order reduction to get a difference scheme with con-
vergence order two in both space and time. Additionally, we rigorously prove the
convergence of this particular difference.

This article is structured as follows. In Section 2, we introduce some useful
notation and lemmas. In Section 3, we describe a conservative two-level implicit
nonlinear finite difference scheme for the Rosenau—Burgers equation. The scheme
has second-order accuracy in space and time. In Section 4, we analize the unique
solvability is analyzed. In Section 5, we prove the convergence and stability for the
difference schem. Finally, a numerical example illustrates our theoretical results.

2. PRELIMINARIES

In this section, we introduce notation and lemmas that will be used throughout
this article. To partition the domain [0, L] x [0,7T], we use positive integers M
and N. Let h = L/M and 7 = T/N. Denote x; = ih, 0 < i < M; t = kr,
OSkSN;Qh:{xi:0§i§M}7QT:{tkZOSkSN},QhT:QhXQT. For
each grid function v = {vf :0<i< M,0<k< N} defined on Qp,,, we denote

1 1 1
53”? = *(Ufﬂ - vf),&ivf = *(5;7’5 - 5:%}11)7sz5 = *(Ufﬂ - ’Uzl'zl)v
h h 2h
k41 1 1 k+% 1
v, 2= §(Uf +vf+1),vf+% = i(vf +vf+1),5tvi 2 = ;(vf“ — k),
Let Vp, = {v:v = (vo,v1,...,0m-1,0pn)} and V), = {v:v € Vpvg=0vy =0}

be the spaces of grid functions on 2. For any grid functions u,v € Vj, we define
the discrete inner product

M-1
(u,v) =h Z UiVs,
i=1
and the corresponding norms (seminorm)

||U|| =V (U’a U), |U|1 = (5;“,5;’&), ||u||00 = max |uz‘

1<i<M
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In addition, we define the function

P(u,v); = %[uiAmvi + Ay (ww);], 1<i< M.
Lemma 2.1 ([I6]). For each grid function u,v € Vi, we have

VL 2 L
llleo = —=lol, ol < Slloll, ol < %Ivlh
(62u,v) = —(6;]u, 0} v).
And for an arbitrary € > 0, we have
1
2 2 22,
vl < elvly + vl

Lemma 2.2 ([I7]). For each grid functions u € Vi, and v € Vy, we have
(Y(u,v),v) =0, (Ayu,u)=0.

Lemma 2.3 (Gronwall inequality [17]). Let {F*}2, and {g*}2, be two non-
negative sequences and satisfy

FRS (L en) PR 4 g, k=012,
then

k—1
FFk §exp(ck‘7')(F0+TZgl), k=0,1,2,...
1=0

3. NNONLINEAR CONSERVATIVE DIFFERENCE SCHEME

In this section, we use the method of reduction of order to establish a difference
scheme for the problem ([1.3))-(1.5), and illustrate the truncation errors in detail,
then we analyze the conservation of the difference scheme.

3.1. Construction of difference scheme. Let v = u,,, then problem ([1.3))—(1.5)
is equivalent to

Up +Vpap —V+ Uy +uu, =0, 0<z<L,0<t<T, (3.1)
V=1lUpy, O0<z<L,0<t<T, (3.2)
u(z,0) =p(x), 0<z<L, (3.3)
w(0,t) =0, wu(L,t) =0, ug(0,8) =0, wuz(L,t)=0, 0<t<T. (34)
According to and (3.4),
v(0,t) =0, v(L,t)=0, 0<t<T. (3.5)
We define the grid functions
U={UF:0<i<M,0<k<N} and V={V":0<i<M0<k<N},
where UF = u(z;,t1.) and VF = v(x;, ;).
Considering at the point (xi7tk+%) and at the point (z;,t),
u (2, tk+%) + Voot (i, tk+%) — (i, tk+%) + Uz (2, tk+%) (3.6)

+u(xi,tk+%)um(xi,tk+%):0, 1<i<M-1,1<k<N-—-1,
(@, ) = Uge (ziyt), 1<i<M-—-1,1<k<N. (3.7)
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By using the Taylor expansion,

SUSTE 462V VI L AU et v = B
1<i<M-1,0<k<N-1,
VFE=02UF+QF, 1<i<M-1,0<Ek<N, (3.9)
there exist constants ¢; and ¢z such that
IRE <o +h%), 1<i<M-1,0<k<N-1,
|QF| < coh?, 1<i<M—-1,0<Ek<N, (3.10)

6,05 < ea(r? +h?), 1<i<M-1,0<k<N—1.
Notice that the initial-boundary conditions f become
UP =op(z;), 1<i<M-—1,
Ur=0, Ut =0 0<Ek<N, (3.11)
ViE=0, V=0, 0<k<N.

Omitting the small terms in (3.8) and (3.9) and combining with (3.11)), we can
derive the difference scheme for ([3.1))-(3.4)),

1

5tuf+% + 5t(5@2@f+% - vf+% + Axuer% +p(uFtE Ukt
1<i<M-1, 0<k<N-1,
oF =6%uf, 1<i<M-1,0<k<N, (
ud =op(z;), 1<i<M-—1, (
ub =0, uk, =0, 0<EkE<N, (3.15
(

vb =0, o§, =0, 0<Ek<N.

)i =0, (3.12)

3.2. Conservation law.

Theorem 3.1. Let {uf, vF:0<i< M,0<k < N} be the solutions of (3.12)(3.16)).

7 1
Denote
k—1

BF = b2 + 052 + 20 S [t 2, 0< k< N,
1=0
Then we have
EF=E 1<k<N.

Proof. Take the inner product of (3.12) with ukts,
(5tuk+é’uk+%> + (5t6ivk+%7uk+%) _ (Uk+%,uk+%) + (Awuk+%,uk+%)

+ é(w(u“%,uk*%),uk*%) =0, 0<k<N-1
From Lemma it follows that

1 1 1
g(llukﬂll2 = [lu¥)1?) + g(llvkﬂ\\2 — [W*I1?) + [tz ]} =0.

This equation can be written as

a2 (oM 272 R = ) o
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Therefore, replacing the superscript k with 1 and summing for 1 from 0 to k& — 1

yields
k-1

BY = [uf|? + loF|? + 27 Y [t iR = BF = = B 0
=0

4. SOLVABILITY

In this section, we analyze the unique solvability of the difference scheme estab-
lished in (3.12)-(3.16).

Theorem 4.1 (Browder theorem [16]). Let (H, (-,-)) be a finite dimensional inner
product space, || -|| be the associated norm, and 11 : H — H be continuous operator,

Ja>0, VzeH, |z]=«, Re(l(z),z)>0.
Then there exists a z* € H satisfying ||z*|| < a such that TI(z*) = 0.
Theorem 4.2. The difference scheme (3.12)-(3.16)) has at least one solution.

Proof. Let
ub = (ug,uf, . uhy), 0 = (o5, 0t V).
It is easy to obtain u® from (3.13)) and (3.14)). From (3.13)-(3.16]), v° can be found

by computing an associated system of linear equations. Suppose that {u*,v*} have
been determined, then we may regard {u**2,v¥+2} as unknowns and

k+1 k41 .
bt =20 T~k WFT =207 —0F 0<i< M.

u17
‘We denote " "
wi=u;, >, z=v, >, 0<i<M,
Then
uf+1:2wi—uf, fo:Zzi—vf, 0<i< M.

From (3.12)), (3.13)), (3.15) and (3.16]), the system of equations can be considered
with respect to {w; }M, and {z;}M,:

2 2
= (wi = uf) + 2072 — 07vf) — 2 + Aawi + Y(w,w)i =0, (41)
1<i<M-1,
2= 0%w;, 1<i<M-—1, (4.2)
wo =0,wpr =0,
z0=0,zp =0.
We define II(w) : V,, — V, by

2 (w; — uk —1—253321-—5361)@ —zi+ Ay +Y(w,w);, 1<i<M-—1,
H(w)i_{< B+ 2( 5 blww), 1<i<

0, i=0,M.
where (v, v1,...,vp) is determined by (3.13)) and (3.15)). Then IT(w) is a contin-
uous function in V},. Taking the inner product of II(w) with w, using Lemma
yields

(M(w),w) = =[llw]* = (u*,w)] + %[IIZII2 — (034", 530)] + |wl

v
VRS

[(lleol® = [l Hlewll) + (N2l = [*1=11)]
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2 6
> = [(llwll* = il + (=07 = 10" - 7z llwl)]
_ 2 k 6 k

= —(lloll = k™Il = £ I Dl

Thus, when [|w|| = [[u®|| + 2 [|o* ], ( (w),w) > 0. By Theorem there exists
an w* € V), satisfying ||w|| < |[u*| + 25 ||[v¥|| such that (II(w*)) = 0. Consequently,
the difference scheme [B-12), (3.13), (3-15) and (3.16) has at least one solution

uktl = 9%

Observmg and (4.4)), When whwz, oo, why_q) is known, (27,25,...,25_1)
can be determmed by 1 ) and ( umquely Thus

vf+1:22i—vi71§Z§M—l. U

Theorem 4.3. When T < 4/c4, the solution of the difference scheme (3.12))—(3.16))
1S unique.

Proof. Suppose that both {u("), v ¢ Vh} and {u® v ¢ Vh} are two solutions

of — . Then

2 2
Z(uf? —ub) + 20200 — 8208y — ol + Agul) + (D, u®); = 0,
T T

(4.5)
1<i<M-—1,
oM =s2ul 1<i<m -1, (4.6)
uél) =0, ug\? =0, (4.7
o =0, o) =o. (4.8)
and
2 2
;(Uz@) - U?) + ;(532;“52) - 5925715) - %(2) + Awugz) + ¢(U(2)’U(2))i =0, (4.9)
1<i<M-1,
D=2 1<i<M -1, (4.10)
u? = 0,43 =0, (4.11)
> = 0,02 =0. (4.12)
Let
u; (1) u(?) v = (1) (2) 0<i< M.
Subtracting (4.9 - ) from (4.5] . leadb to
2
—ui + ;55’01‘ — v+ Agu; + [, u®); — (@ )] =0, (4.13)
1<i<M-—1,
v =62u;, 1<i<M-—1, (4.14)
up =0, wup =0, (4.15)
Vo = 0, Un = 0. (416)

Taking the inner product of (4.13) with u yields

7” ”2 (521} u) ( 7u) + (A”Eua u) = 7(@[)(“(1)3 u(l)) - 1/}(“(2)7’“(2))7“) (417>
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In view of the definition of v and Lemma [2.2] we have

—(1/}(’&(1)7 u(l)) - 1/’(“(2), u(2))a U) = —(1/)(% u(l))7 ’LL)

< egllullcofuly -

Then it follows from (4.17)) that
2

2
llull® + =lloll® + [ult < esflulloluls

—|
-

Using Lemma [2.7] gives

2 2 2 1
—lu||® + < + —lull)|u
|| || |u\1 = 03(5|U|1 25” ||)‘ |1

1 C3
< 2 2 o 2 2
< cselult + cselult + 74636(25) [
C3
= 2cse|ul? + @”UH .
Let & = & Then 2[[ul* < %-[jul]?. When < A, we obtain |[u| = 0. -

5. CONVERGENCE

In this section, we analyze the convergence of the difference scheme ([3.12))-(3.16)).
Let

{lu(z, )], [ua (2, )]}

Co = max
(z,t)€[0,L]x[0,T]

The convergent result is summarized as follows.

Theorem 5.1. Let {u(z,t),v(z,t)} be the solutions of (3.1)-(3.5) and {uk vF :

0<i< MO0<k< N} be the solutions of the difference scheme (3.12])-(3.16)).

Also let
ek =Uk—uF, fE=VF_0F 0<i<M 0<Ek<N,

) [

and

2[?2 3L
0423002+ 602 —‘rI, C5:€%MT\/6TM1,
]\4:(044-1)7 M1 2022+012.
If 7 and h satisfy 72 + h% < 1/es and 2¢4m < 1/3, then the error estimate is

le¥]y <es(t?+h%), 0<E<N.
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Proof. Subtracting (3.12)-(3.16) from (3.8), (3.9) and (3.11)), a system of error
equations is

1 1 1 1
Sret T2 4 0,02 f 1 fITE ALl TR L (U UM R, — (ub T b))

3

k+1 .
=R, % 1<i<M-1,0<k<N-1,
(5.1)
fE=02b+QF, 1<i<M-1,0<k<N, (5.2)
=0, 1<i<M-—1, (5.3)
ek =0, e, =0, 0<E<N, (5.4)
f5=0, fir=0, 0<k<N (5.5)

It follows from (5.2)) that
K+

fi
1
Taking the inner product of (5.1)) with 5tef+§ yields
1021 4 (887173, 86 2) — (FFF2, 0,68 3) 4 (Ageh R Gt E)
+ (U2, URE) — (bt uhTE), i) = (RM2,5,eM3),

for1<k<N-1.
From Lemma [2]] it follows that

—(BBEfE Qe E) = (B fH R i8R E) = —(0u MR (SR - QM)
= (O fFE O, 5T E) + (0,72, 6,QMF %)
< |8 fEER ) (|8 R | 86,5 E

1 1 1
2= 62T QM 1<i<M-1,0<k<N-1L

(fk+%’§tek+%) — (592£ek+% + Qk+%75t€k+%)
<~ = M) + 1@ ek,
and
—(AgetE, et E) < [|AgeF TR Gt TR,
From the definition of ¢ (u, v); and applying Lemma [2.2] we obtain
_ (,(/}(Uk-i-%,Uk-&-%) _ w(uk-i-%’uk-i-%),étek-i-%)
= (WU FFR) 4 (e UME) —ap(eFTE ) Gt ).
Note that
(¢(6k+%a€k+%),5t6k+%) = (w(e“%,el’C + %&ek*%),&ek*%)

ST 5, et

= ((eF 2, ek, 6,eh ) +
= (b3, ek), 6,k 3).
Thus we obtain
— (UFTE UM (R ) 5, )

= —(@(UFE, R (e URTE) (et k) et )
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M-1
h 1
=32 U2 ALl T2 4 20, (U3 b8, 4 el T2 AU 25,00 T2
i=1
B .
3 D[l R Al + Ag(F ) o T
=1
R S S k k k k k
=-3 BUFT A2 4 eF s, U, +2 + eS8, UNTE 4 TN UM )5,
i=1
hiN= o ktd o o, 1 ktl K+l ket
+§ (2e; "2 Age; +§ei+15 e ? —‘r§€1 102€, f)étei
i=1

< cole"tE |y - [|0e" T E || + colleFTE]| - ([t

1 1 1 1

+ @M o Mo+ [leFloo - [€F ) llde" |
: ; ; v VI ;
e [ R e [ e e e PR et

2 2
C C
S er[ et E|P 4 ol 4 el TEP 4 Pt}
1 2

1 L
k+1 k
+eallore P 4+ e i
2 2 2
co’ L L
< (e1+ea F o) [[Ge T H|2 4+ (S 4 L2 p ka2,

46 462 6 1663
Let 61 =9 =3 = % Then
1 1 1 1 1 1 1 1
—(UER,UMR) = (uh R, ), 0,6 ) < 10t 4 calet TR
Substituting above equations into equation (5.1)) gives
et 21
< —[lSe R 4 (SN 6. QF 2 — (| P 1)
+IQETE] - 18 7 + | Age* 7| - ||5te’“+%u 115 b el R (5)
]. 1 1 1 ]_ 1 1
< 10 QF (| = = (| T — €MD) + 1QFF2||” + 10" 2|12 + |2 7
4 2T 4
1 1 1 1 1 1 1 1
I8 18R 4 a4 REFR 4 ek R,
From ({3.10)), simplifying and rearranging (5.6]) leads to
2
c
leF 12 < Jef 12 + 2TZ2(T2 + 12 4 27c2(h?)? 4 2112 (7% 4 h?)?
+7(ea + )| + T(ca + D] €F 3
Then

(1 —7M)[e* )2 < (14 7M)|e*12 + 2rMy (7% + 1), 0<k<N -1
If TM < %, then

"1 < (14 37M)|€¥® + 67 My (7% +B*)®, 0<k<N-—1.
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Using Gronwall’s inequality we obtain
€] < eMFTerMy (77 + h?)? < MT6rMy (2 + 17)?, 0<k<N. O
From Theorem [5.1] and Lemma we find that
VL gy < VL
2 2
To demonstrate the results in the previous sections and confirm the accuracy of

our method, we consider the Rosenau-Burgers equation with the following initial-
boundary value problem.

eMloo < “o=le" < (r2+1h?), 0<k<NAN.

U + Upgaat — Ugg + Uy Fuu, =0, x€]0,1], t €10,1], (5.7)
u(z,0) = ug(z) = 2*(1 —x)*, 2 €[0,1], (5.8)
w(0,t) =u(1,t) =0, uzpe(0,t) = g (1,8) = 0. (5.9)

Since we do not know the exact solution of —, to obtain the error esti-
mate, we consider the solution on mesh i = 1/256 as the reference solution, which
is fine enough as a referenced exact solution for obtaining the error estimation.

When the exact solution is known, we define the discrete error in the L*°-norm
as follows

Eoo(h,7) = UF — b,

max U’ —u;
1<i<M,0<k<N

where UF and u! represent the exact solution and the numerical solution, respec-

tively. Furthermore, denote the spatial and temporal convergence orders, respec-

tively, as
Ew(2h, 7
Order” = log, m7 Order’, = log, Blhir)

Figure[l| shows the three dimensional image of numerical solutions. From Figure
we can know that with the time going by, the waveform changes and the peak
value decreases. It shows that our scheme is stable.

Table [l shows that the numerical results are conservative at different ¢ where E*
is defined in Theorem Table |2| and Table |3| list the errors and corresponding
convergence orders. It shows that the maximal errors reduce with the decrease of
the spatial step h and time step 7. The convergence orders are both two in space
and time in L°°-norm, which are consistent with our theoretical results. It reveals
that the numerical method in this paper is accurate and efficient.

Ew(h,27)

TABLE 1. Discrete energy E¥ at h=1/256 and 7 = 0.01.

t E*
t=0.1 0.004792856601
t=0.3  0.004792856601
t=0.5 0.004792856601
t=0.7 0.004792856601
t=0.9 0.004792856601

Acknowledgments. This work was supported by the Natural Science Foundation
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FIGURE 1. Three dimensional image of numerical solutions at
h=1/256 and 7=0.1.

FIGURE 2. Numerical solutions with h=0.01 and 7=0.1 at various times.

TABLE 2. Errors and temporal convergence orders when ¢ = 1.0.

h T Ew(h,7)  Orderl,
h=1/128 7=1/8 3.3233¢—09 -
h=1/128 7=1/16 8.2855¢ —10 2.0040
h=1/128 7=1/32 2.0475¢—10 2.0168
h=1/128 7=1/64 4.9024e —11 2.0623
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