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ASYMPTOTIC ANALYSIS OF SIGN-CHANGING
TRANSMISSION PROBLEMS WITH
RAPIDLY OSCILLATING INTERFACE

RENATA BUNOIU, KARIM RAMDANI, CLAUDIA TIMOFTE

ABSTRACT. We study the asymptotic behavior of a sign-changing transmission
problem, stated in a symmetric oscillating domain obtained by gluing together
a positive and a negative material, separated by an imperfect and rapidly
oscillating interface. The interface separating the two heterogeneous materials
has a periodic microstructure and is a small perturbation of a flat interface.
The solution of the transmission problem is continuous and its flux has a jump
on the oscillating interface. Under certain conditions on the properties of the
two materials, we derive the limit problem and we prove the convergence result.
The T-coercivity method is used to handle the lack of coercivity for both the
microscopic and the macroscopic limit problems.

1. INTRODUCTION

Metamaterials are artificial composite materials with unusual properties. For
instance, electromagnetic metamaterials can exhibit negative dielectric permittiv-
ity and magnetic permeability, leading to a negative index of refraction [31}, [30].
Among the applications of these materials in optics, one can mention sub-diffraction
imaging or sensing and detection technologies. In practice, these negative materials
are usually in contact with classical positive materials and this destroys the coer-
civity of the underlying operators governing the physics of the problem. This leads
to several difficulties from both the mathematical (well-posedness) and numerical
(convergence analysis) viewpoints. Reference [7] is one of the first papers dealing
with the well-posedness issue and this was done using the T-coercivity approach.
Special interest has been devoted to the particular case of a symmetric indefinite
scalar transmission problem through a smooth interface (see [7, Section 3.4]). In-
spired by this geometry, our goal in this paper is to investigate a more general
situation by considering three modifications with respect to the problem studied in
[T, Section 3.4]:

e we consider an interface rapidly oscillating at a speed of e~ !, where ¢ is a
small parameter, and with a small amplitude of order e**1, k > 0 being a
positive real number (see Figure [1));
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e we assume that the two materials separated by the rapidly oscillating in-
terface, namely the positive and the negative one, are both anisotropic and
strongly heterogeneous;

e we impose imperfect transmission conditions across the oscillating interface,
with a continuous solution and a discontinuous flux (see problem (2.7)).

Because of the rapid oscillations of the upper and lower boundaries and of the
interface, the microscopic problem is difficult to handle numerically. It is natural
then to perform an asymptotic analysis, in order to derive an equivalent macroscopic
problem, set in a domain with flat boundaries and interface (see Figure. We prove
that, as € — 0, the solution of the microscopic problem converges to the unique
solution of a well-posed indefinite limit problem (4.6), involving the homogenized
matrices associated with each sub-domain.

Owing to the indefinite character of the problem, the well-posedness of the mi-
croscopic problem needs a careful analysis. This is done by using the T-
coercivity method (see [7]), which allows us to obtain a well-posedness result and
uniform energy estimates, under certain conditions on the coefficients describing
the properties of the two heterogeneous materials. Let us emphasize that these
well-posedness conditions involve a real number « (see (3.14])), which can be seen
as a generalized contrast between the positive and negative materials.

With the uniform estimates in hand, we can pass to the limit in the bulk terms by
adapting techniques from [24]. For the term on the interface, we combine results
from [I§] with the periodic unfolding method [I9]. For obtaining the boundary
conditions of the limit solution, we use the zero extension of the microscopic solution
and results from [18].

For definite problems in a similar geometrical configuration, presenting an oscil-
lating interface, we refer to [10, 24, 22| 23] 29, [5]. In all these studies, imperfect
transmission conditions across the oscillating interface were considered, but in con-
trast to our case, the flux of the solution was supposed there to be continuous and
proportional to the jump of the solution. For the asymptotic analysis of definite
problems in two-component periodic composites involving flux jump, we refer, for
instance, to [28| 25| 26] 16l 17, 2T]. For similar problems stated in domains with
oscillating boundaries, we refer to [6l 2], 201 Bl 27] @].

For the asymptotic analysis of indefinite problems in a different geometrical
setting, namely a two-composite medium with periodically distributed negative
inclusions, we refer to [12] 9, 13 111, 14! [15].

This article is organized as follows. In Section [2] we state the problem under
study and the notation. In Section [3] we use the T-coercivity method to prove
the well-posedness of the microscopic problem, under certain conditions on the
properties of the materials. Theorem [3.6] provides the main result of this section,
namely the energy estimate for the unique solution of the microscopic problem. In
Section |4l we pass to the limit in the weak formulation of the microscopic problem
and obtain the limit macroscopic problem. This indefinite limit problem is showed
to be well-posed and the convergence is proved in Theorem [£.2] Finally, we collect
in the Appendix some results on the unfolding method used to prove certain of the
convergence results.
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F1GURE 1. Description of the geometry: microscopic case € > 0
(left) and limit case € = 0 (right).

2. PROBLEM SETTING

Given € € (0, 1), we consider a two-dimensional bounded domain Q° constituted
by two sub-domains Q5 and €25 separated by an oscillating interface ¥¢ (see Figure
. More precisely, given L,l > 0, we set

O ={z = (r1,22) 121 € (0,1), =L+ H(x1) <z < L+ H(x1)}, (2.1)

Qf ={z = (z1,22) € Q° 1 xo > H*(21)},

05 ={z=(z1,22) € Q° 120 < H*(x1)},

Y ={x=(r1,22) €V 120 =H(21)}. (2.2)
Note that Q° is symmetric with respect to X¢ and that

QF=0Q; UQ5UXe.

The oscillating interface 3¢ is described through the one-dimensional function H®
given by

x

HE(zy) = s’fﬂh(?l), (2.3)
where h € C!([0,1];RT) is a 1-periodic function and k¥ > 0. From now on, we
assume, for simplicity, that € is a sequence of strictly positive numbers such that
l/e € N*. We set

h=|hllL=01), h =|N]L=01) (2.4)

which we suppose to be finite, with h < L. We also introduce the oscillating upper
and lower boundaries of the domain ¢, described by

X ={z=(r1,22) 121 € (0,1), xzo = L+ H*(x1)} (2.5)
Y5 ={x = (z1,22) : 21 € (0,0), x9 = —L+ H*(x1)} . (2.6)

We denote by n® the unit exterior normal to €25. For any function v defined on °,
we denote by v; and vy its restrictions to 5 and to 5, respectively.

We point out that the results of this paper are still valid in the n-dimensional
case (n > 3).

Assume that the sub-domains Q2§ and €25 are occupied by a positive and, respec-
tively, by a negative material, described by anisotropic matrix-valued coefficients
A§(z) and A(z). Given a volume source term f and a prescribed jump flux ¢¢, our
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goal is to analyze the asymptotic behavior, as e — 0, of the solution u¢ € Hg (02¢)
of the indefinite transmission problem

—div (Af(z)Vui) = f in QF
—div (A5(x)Vus) = f in Q3
u® =0 on 00° (2.7)
uj —u3=0 onX°
Aj(z)Vui -n® — A5(x)Vus -n® =¢° on X°.

On the exterior boundary, we prescribed homogeneous Dirichlet boundary condi-
tions. We remark that, across the oscillating interface 3¢, the solution u® of problem
is continuous, while its flux exhibits a jump.

Let us now make more precise the hypotheses on the coefficients Aj and A5 and
on the data f and g°. Let M?* be the linear space of 2 x 2 symmetric matrices.
Following [I, Chapter 1], given two positive constants «, 8 > 0, with a8 < 1, we
define the subspace /\/lz s of coercive matrices with coercive inverses

Mg i={Me M : ME-& > alg]?, M7 € 2 BIES, VE e R} (2.8)

As pointed out in [I, Remark 1.2.9], it is worth noticing that if M € M;, 5 (and
even if M is not symmetric), then one necessarily has

ale? < Me-¢ < BT, VEE R (2.9)

The above relation shows, in particular, why we need to impose the condition
af <1, as soon as Mg, 5 is not empty. With these notation, we make the following
assumptions.

(P1) We denote by L>(Y; Mj, ) the set of matrix-valued bounded functions de-
fined on Y with values in Mg, 5. Let A1 = (a}j)1<i7j<2, Ay = (afj)lgmgg €
M be 2 x 2 real symmetric matrix-valued functions defined on Y = (0,1)?
and extended to the whole plane by Y-periodicity. We assume that A; €
Le(Y; M3, 5,) and —Ay € L®(Y; M3, 5.) for some positive constants

a1, f1, 9,02 > 0. In particular, according to (2.9), we have for every
¢ € R? and for almost every y € Y/

arle < Ai(y)E- € < BTHER,  asle? < —Aa(y)E - € < By el (2.10)

For almost every & € R2, we define the e-periodic functions

€ T € T
A5 (z) = Al(g), As(z) = AQ(E). (2.11)
Obviously, it follows from ([2.10]) that for every ¢ € R? and for almost every
x € R?
o€ < AT(@)E- € <BIEP,  anld < -A5(@)E-E<BIER (212)

(P2) The function f belongs to L2(Q), where Q = (0,1) x (=L, 2L).
(P3) We assume that, for any € > 0,

¢ (z) = g(%), Vz = (21, HS(z1)) € ¢, (2.13)

where g € L*(0,1) is a 1-periodic function and H¢ is defined in ([2.3]).
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Let V¢ = H}(QF), endowed with the standard gradient norm. The variational

formulation of problem (2.7) is the following one: find u® € V¢ such that
Af(uf,v) =5 (v), YveVe, (2.14)

where the bilinear form A° : V¢ x V¢ — R and the linear form ¢¢ : V¢ — R are
given by

A (u,v) = /Q

A5 (z)Vuy(z) - Vo(z) dz + /QE A5(z)Vug(z) - Vo(z)dz, (2.15)

¢ (v) = o fl@)v(x) dx+/ 9% (z1)v(z) dog. (2.16)

£
1

€

Throughout this article, C' will denote a positive constant, independent of ¢,
whose value can change from line to line.

3. WELL-POSEDNESS

Since the bilinear form A%(-,-) given by is indefinite (because of
and )7 one cannot use Lax-Milgram lemma to obtain a well-posedness result
for the variational problem . Thus, for obtaining the well-posedness, we apply
the T-coercivity method introduced in [8] and used in [7] to study a large class of
sign-changing scalar transmission problems. We start by recalling the definition of
T-coercivity.

Definition 3.1. Let T € £(V) be a bounded linear operator on a Hilbert space
V. A bilinear form a(-,-) defined on V' x V is T-coercive if there exists 7 > 0 such
that

a(u, Tu) > v||lul|?, Yu e V.
For the reader’s convenience, we recall a well-posedness result given in [I3] Theo-

rem 3.2]) which shows that uniform T-coercivity yields well-posedness and uniform
estimates for variational problems involving a parameter.

Theorem 3.2. Let V' be a Hilbert space equipped with the norm ||-|| and let A(-,-)
be a bilinear form on V satisfying the following conditions.

(1) Ac(-,-) is symmetric: A®(u,v) = A%(v,u), for all u,v € V.
(2) A°(-,-) is uniformly continuous: there exists M > 0 such that
A (u,v) < Mullflv]l,  Vu,0 € V. (3.1)

(3) A=(+,-) is uniformly T-coercive: there exists a family (T¢)eso of uniformly
bounded linear operators on' V' and v > 0 such that

A% (u, Tu) = v|jul?, Yue V. (3.2)

Then, given a uniformly bounded family (£¢)c~q in V', the space of linear forms on
V', the variational problem

find u® € V such that A*(u®,v) = (°(v), YveV (3.3)

admits a unique solution u® € V for all € > 0 and there exists C' > 0 independent
of € such that

[uf]l < C. (3.4)
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We are going to use the above abstract result to investigate the well-posedness
of the sign-changing transmission problem set in 2°. Our objective is to con-
struct two families of uniformly T-coercive operators and this will be done by using
suitably chosen lifting (or extension) operators R and Rj for one sub-domain
to another. More precisely, we first adapt [7, Theorem 2.1] to the anisotropic
case studied here (see Proposition below). This result shows that T-coercivity
holds provided the “maximal contrasts” between the positive and negative mate-
rials (measured through the positive numbers a;8; and «asf;) are large enough
compared to the norms of the lifting operators R and R§. Next, we obtain upper
bounds for these lifting operators, by extending [, Theorem 3.10] to the case of
highly oscillating interface, paying a special attention to the dependence on ¢ of
the involved constants (see Proposition [3.4] below).

Proposition 3.3. We introduce the sub-spaces
Vii={un = Vs 1V € Hy(Q)}, Vs :={vo= Vs 1V € Hy(Q°)},
endowed with the norms

[villve = [Voillzzesys  llvzllve = IVoillz2cag)-
Let R5 € L(VE,VE) and R§ € L(V5,VE) be two lifting operators:
e R € L(VF,V5) such that (Riuy)s- = u1jne for all uy € V7,
e Rj € L(V5,VY) such that (R5uz)|s- = ug|n- for all uz € Vs .
We associate with these operators the two operators TS, T§ € L (Hg(2:)) defined
by:
TSu := “ m o TSu := ur = 2R3u zn € (3.5)
—ug + 2RJu;  in Q, —Usg in 5.
Finally, assume that there exist pj, p5 > 0 such that, for all € > 0,
IRSI* < pi, RS < p3. (3.6)
Then, under conditions (2.9)), the following uniform T-coercivity results for the
bilinear form A®(-,-) defined by (2.15)), hold.
o If 182 = p1, then A®(-,-) is uniformly T$-coercive.
o If asfy = p5, then A®(-,-) is uniformly T5-coercive.

Proof. Assume that ay 82 > p7 and let us choose 7, such that < m < 1. Then,

using Cauchy-Schwarz and Young inequalities together with (2.10)), (3.5) and (3.6)),
we have that for every u € H}(Q°),

A® (u, T{u)
= AiVuy - Vuy do —|—/ (= A5)Vuy - Vusdz +2 | A5Vuy - V(Riu) dz
Qf Q5 Q5
2 AiVul -Vul dl’—’-/ (—AZ)V’LLQ 'V’LLQ dx—’lh/ (—AZ)V’LLQ ~V’LL2 dzx
Qf Q5 Q5
1

- — (— A5)V(Riu1) - V(R{uy) da
m Jag

1 g
> 041HVU1||2L2(Q§) +az(1— 771)||VU2H%2(Q;) - BTmHV(RWl)”%z(Q;)
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(RS -

e V|22 0z + @2(l = m)[|Vuzll72q;)
2 2 2

> (al - ﬁTm) [Vurllz2os) + a2(l = m)l[Vuz|72 )

Thus, we proved that
A% (u, T5u) = 11| Vullzzoe),
with .

P1
,ag(l —m ) > 0.
Bam (1 =m)
Similarly, when a1 > p3, one can prove that
A (u, Tsu) = 72| Vull 720

~v1 = min (a1 —

with .

Yo = min (OZQ — /86772’]2’6“(1 — 7]2)) > 0,
for some 72 such that p 5 <m< 1. We have thus proved the uniform T-coercivity
of the bilinear form AE O

Taking advantage of the symmetric geometry of our problem, let us now con-
struct particular lifting operators whose norms can be explicitly estimated.

Proposition 3.4. Let us introduce the two lifting operators RS € L(VF,V5) and
RS € L(V5,VE) obtained by symmetry with respect to the interface X° defined by

£2):
Vul € Vf : (Riul)($1,$2) = Uu1 ($1,2H€(I‘1) — 1132)

Yug € VQE : (RZUQ)((EhﬁQ) = Uy ($1,2H8((E1) —1,'2).
Then, we have the estimate
IRS|12 = |RS||% < p° i= 1 4+ 2FT7 + 46277, (3.8)
where b/ is defined in (2.4).

Moreover, in the particular case where h vanishes identically (i.e. for flat inter-
face and flat upper and lower boundaries), we have

IRill = R3] = 1. (3.9)

(3.7)

Proof. Following the proof of [7, Theorem 3.10], the change of variables

ry =&, w2=2H%(&) &
shows that

O(Rjuy) ‘2)

811,1 dH*® 8’11,1 2 3U1 2
(9331 da:l 6 €T9 | |8$2 | ) dz
dH¢® aul 8u1 ‘ ‘ |8U1 | )

Vui|? 4 4
Ve |"+ dx, 896 (9352

=0
/N /N /N /N

dH ou
|w1|2+2—\vu1|2 4|—|| 1|)dx

dH®
- Y | Y et
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Hence,

dH®
||Riu1||2w\(1+2|| oo + 4 ||Lw<01)||u1||2’vf.

. dH
: dH® _ _k
Since - =¢ W (£), we have || i

for R§ and this shows that (3.8) holds true.
In the particular case of a flat interface, the lifting operators R and R§ are
simply given by the symmetry with respect to the z-axis:

Vul S Vla : (Riul)(xl, (EQ) = U1 (SEl, —ZL'Q)
Vup € Vi © (Rjuz)(z1, 22) = ug (21, —22) -
Consequently, [R5 | = R3] = 1. o

| o< (0,1y = €¥h/. The same calculations hold

We collect in the next lemma some results needed in the sequel.
Lemma 3.5. The following estimates hold true for every v € Hg(Q°):
[vllzz(es) < ClIVllL2(0e), (3.10)

|/ ) doy| < C[| V|| 12(00)- (3.11)

Proof. The first inequality states that Poincaré’s inequality holds in Q¢ with a
constant independent of e. Indeed, since the zero-extension ¥ of v to € = (0,1) x
(=L,2L) belongs to HL(Q), we have by Poincaré’s inequality in the fixed domain
Q

loll 2oy = 17112y < CIVFla ) = ClIVollzaey,
where we used for the last equality the identity Vv = Vo. Hence, holds.

To prove the second estimate, we first rewrite the integral in the left-hand side
as a one-dimensional integral in the coordinate x;, namely

/s v(z)do, = /Olv (m,&kﬂh(%)) \/1 + 2k | ( ) |2 dz;.

0 and A’ satisfies (2.4)), one has

Since k

WV

| v(x) dam’
ZE

C/| 1, e (2 ))ydgs1 (3.12)
C /0 v x175k+1h(%)) —v(xl,())’dxl—i—/ol |v(a:1,0)|dx1).

According to [24], Proposition 3.2] (which is an adaptation of [I8 Lemma 1]) written
with our notation, one has

x
||v(x1,5k+1h(?1)) —o(1,0)]| 120,y < OV V| 2(00),- (3.13)

Then, using in (3.12)) the Cauchy-Schwarz inequality and estimate (3.13|) for the
first term, and the classical trace inequality and the Poincaré inequality (3.10)) for
the second one, we obtain (since k > 0)

N

\ . v(z)dog| < C||Vl 200
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and the proof is complete. ([

We are now in position to prove a well-posedness result for the microscopic

problem ([2.7]).

Theorem 3.6. Assume that

K :=max (a1 2, agf1) > K*, (3.14)
where
N 1 ifk>0
K = — —9
14+2n' +4h" ifk=0.

Then, there exists €* > 0 such that, for all e € (0,e*), the variational formulation
of problem admits a unique solution u* € V. Moreover, there exists a
positive constant C independent of € such that the following a priori estimates hold
true for all e € (0,&%),

HUEHLZ(QE) < C, ||VUEHL2(QE) < C (315)

Proof. To apply Theorem[3.2] we first prove the uniform T-coercivity of the bilinear
form A°(-,-). According to (3.8) in Proposition we have

IRS|1? = RS2 < 7 == 1+ 26T7 + 47"
Now, we need to distinguish between the two cases k > 0 and k& = 0.
Case k > 0. In this case, we have lim.,gp° = 1 and, by assumption, x :=
max (a1 02, a281) > 1 = k*. Let us choose ¢* such that
1< pri=p° <k

Therefore,
IRI[? = IRS|1” < p° < p° =p" <k, Vee(0,e"). (3.16)

Case k = 0. In this case, p° is independent of € since p* = 1 + 2h/ + 4~/ := p*,
for all € > 0. Hence, for all € > 0, we have by and by using the assumption
(3.14)) on x,
IRS[2 = RS2 < o = p* <, Ve >0, (3.17)
Thanks to and , we can apply Proposition with p7 = p5 = p*
and we obtain the following alternative to hold.
e If kK = ay (2, then we have k > p*, and thus A®(+, -) is uniformly T5-coercive
(for all € € (0,e*) when k > 0, and for all € > 0 when k = 0).
o If Kk = asf1, then we have k > p*, and thus A°(-, -) is uniformly T§-coercive
(for all € € (0,e*) when k& > 0 and for all € > 0 when k = 0).
To conclude the proof, the only assumption in Theorem [3.2] that needs to be checked
is the uniform continuity of the linear form ¢¢ given by . Since f € L2(S~2), the
first term (the volume term) of ¢¢ is clearly continuous on Hg () by Poincaré’s
inequality (3.10). For the second term (the surface term) of ¢, we first use the
boundedness of the function g to obtain

|/EE g° (z)v(z) do, | < O . v(z) doy|. (3.18)

By combining (3.18]) and (3.11]), we obtain the continuity of the second term in the
linear form ¢¢, and the proof is now complete. O
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Remark 3.7. Let us consider in the particular case of matrices of the form
Ai1(y) = a1(y)Id and As(y) = as(y) Id, where a1 and ag are in L= (Y), Y — periodic,
taking positive and, respectively, negative values. More precisely, assume that there
exist positive constants a; , af7 ag , a; such that, for almost every y € Y,

0<aj <ai(y) <af, 0<a; <—aay) <aj.
In this case, the constant x = max(ayf2, asf1), defined in (3.14)), becomes
x = max(aj /a3, a5 /a]).

As expected, this is exactly the constant obtained in [, Theorem 3.10] for a scalar
sign-changing transmission problem through a C!—interface. Moreover, if the func-
tions a1 and ay are constant, then

k = max(ay /|azl, |az|/a1).

In particular, one has:

e if k > 0, then the well-posedness condition k > 1 = k* reads a; # |as|, i.e.
the constants a; and as should not be opposite;
e if k = 0, then the well-posedness condition reads ay/|az| ¢ [1/*, *], with

K* =14 20 + 4?2, i.e. the contrasts should be large or small enough.

4. CONVERGENCE ANALYSIS

We remark that the dependence on ¢ of the domain Q¢ is due to the oscillations
of its upper and lower boundaries. Since the solution u¢ of problem is defined
in Q¢ general compactness results do not apply and, hence, we shall extend u® to a
fixed domain. Taking into account the homogeneous Dirichlet boundary conditions,
we extend u® by zero to a fixed domain, namely Q = (0,1) x (=L,2L).

For any function v defined on Q°, v stands for its extension with zero to Q.
We remark that Vo = Vw. For this particular extension, classical compactness
arguments allow us to state the following result.

Proposition 4.1. Let u® be the unique solution of problem ({2.7)), which satisfies
the a priori estimates (3.15)). Then, its extension u® satisfies the a priori estimates
Has”Lz(ﬁ) < Ca ”VﬂEHLz(ﬁ) < C. (4~1)

These estimates obviously imply that there exists a function u € HE(Q) such that,
up to a subsequence, one has

= strongly in L*(), VUE — Vi weakly in L*(Q). (4.2)
To state the main convergence result of the paper, we introduce the limit domain
(see Figure (1} right)
Q=0 UQUX,
where
Q. =(0,1) x (0,L), 9 =1(0,1) x (—L,0), Xo=(0,1) x {0}.
In what follows, we denote by u the restriction of the limit function @ to the domain
Q:
u = 77|(2. (43)
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Also we associate to any matrix A € L>(Y; Mg, 5), Mg, 5 being defined in (2.8), a
corresponding 2 x 2 homogenized matrix defined by

1
Abom — (A?fm)lgi,jgz A?fm = v / AWV(xi +vi) - V(x; +y;)dy, (44)
%

where the functions x1,x2 € H(Y) are Y-periodic solutions, defined up to an
additive constant, of the cell problems

—div[A(y)V (xi +3)] =0 inY,i=12. (4.5)

Classically (see, for instance, [Il, Remark 1.3.12]), the homogenized matrix also
belongs to the set Mg ; and, hence,

ale? < APome e < BTHER, VE e R

Theorem 4.2. Assume that k := max (a1 82, a281) > K*, where

. )1 if k>0
" {1+2h/+4h'2 ifk=0.
Then, the unique solution u® of the variational problem converges, in the
sense of —, to the unique solution uw € H}(Q) of the sign-changing limit
transmission problem
—div (A}"Vuy) = f in O
—div (A5 Vup) = f in Qs
u=0 ondfd (4.6)
ur —uz =0 on X

A}l‘omVul ‘n— A‘;‘)mVug n=G on X,

where the constant homogenized symmetric matrices AY°™ and AL°™, associated to

Ay and, respectively, to As, are defined by (4.4)-(4.5) and
G- {folg(m)dm if k>0

T g/ TH )P dy if k=0,

Proof. We remark that the homogenized symmetric matrices A2°™ and —A5°™ are
positive definite, due to . We start by proving the well-posedness of the sign-
changing problem by using the T-coercivity method. The proof goes along
the same lines as those detailed in the proof of Theorem Since the interface is
flat, the corresponding lifting operators are of norm one in this case. Consequently,
adapting the proof of Proposition to the flat case and in the limit domain €2,
we obtain the T-coercivity of the bilinear form associated with the limit problem
for k > 1. This last inequality holds true since, by assumption, x > k* > 1.
We prove now the convergence result for the solution u® of to the solution

u of (4.6). According to (2.14]), the variational formulation of problem (2.7)) reads
as follows: find u® € V¢ such that

(4.7)

A (z)Vui (z) - Vo(z) dz + A5 (z)Vus(z) - Vo(z) dz
Qs Q5

— [ fep@det [ g @ o,

Qe e

(4.8)
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for all v € V&. From (4.8)), we are led to
/~XQ§ () A5 (z)Vus (z) - Vo(z) dz + /~ X5 () A5 (z)Vus(z) - Vo(z) dz
Q Q

_ /(2 Yo (@) f (@)v(z) dz + / ¢ (z)v(z) dos,

e

(4.9)

for any v € D(Q2), where xp denotes the characteristic function of a domain D.
Our aim is to pass to the limit with e — 0 in (4.9)). For the passage to the limit
in its left-hand side, we adapt to our situation some ideas from [24]. To this end,
we set
B ={z=(21,22) € Q°: L <2 < L+ H(21)},
BS ={z=(z1,22) € ¥ : =L <xo < —L+ H"(x1)},
B ={z=(21,22) € : 0 < 22 < H*(21)},
Bj_ = {]J = (3:1,3:2) c QO He(xl) < T < €k+1ﬁ}.
We first notice that Qf = (2, \ BS)U Bf and 5 = (Q2U B2 )\ BS. The oscillating
interface X°, as well as the top and the bottom oscillating boundaries X and X5 of
the domain 2, are contained in the sets S = (0,1) x [0,e*+1h] and, respectively,
in S§ = (0,1) x [L,L+e""1h] and S5 = (0,1) x [-L,—L +&**'h]. An important
feature of the sets S®, Sf, and S5 is that, when ¢ tends to zero, their measures tend
to zero. This is a crucial argument in the convergence process.
Let us notice that, for the passage to the limit in the left-hand side of (4.9)), we
also use [24) Remark 2.2], which ensures that the convergence results of the paper
remain valid for the case of distinct diffusion matrices in the upper and lower part

of the domain.
Passing to the limit in the first integral in the left-hand side of (4.9)), we obtain

/~ Xz (2) AT (2)Vaui(z) - Vo(z) doe — ARmYT, - Vo da. (4.10)
Q 0
Indeed, one has

[ oy @) 45005 0) - 9o

= /~ xa\5: ()AL (2)Vui(z) - Vo(r)dz + /~ xB: (2) AT (z)Vui(z) - Vo(r)d.
Q Q
By using the hypothesis on the matrix A and the estimates (4.1]), we obtain

| [ Ai()Vui(z) - Vo(r)dz| < Ol Vo2 s) — 0,
Bf

since Bf is included in S§, whose measure tends to zero. We then use [24] Propo-

sition 3.1], to obtain (4.10)).
For the second integral in the left-hand side of (4.9), we obtain

/N xes (v) A5(2)Vus(z) - Vo(z) dz — AL™VT, - Vo da. (4.11)
Q Q2

Indeed, one has

/ﬁm; (z)A5(z)Vus(z) - Vo(z) do
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= /~XQQA§(1”)V€Z§($) -Vo(z)dz + /~ xB: () A5(x)Vus(x) - Vo(x) de
Q Q

— /~ xBs (2)A5(2)Vus(x) - Vu(zr) do
Q
=J1+ Jo — Js3.

Classical convergence results in the theory of homogenization give us

J1 = /~XQ2 (x)A5(z)Vus(z) - Vo(z) de — ALY, - Vo da.
Q Q

For Jy, by using the hypothesis on the matrix A5 and estimates (4.1)), one has

Jy = A5 (z)Vus(z) - Vo(z) dz| < C||Vol| 2y — 0,
Be
since B? is included in S5, whose measure goes to zero. The value of J3 is zero by
the construction of the extension u®. Hence, we arrive at (4.11)).
The first term in the right-hand side of (4.9)) obviously gives

[ xasf@po@)dz - [ foda. (1.12)
Q Q

For dealing with the second term in the right-hand side of 7 namely the
surface term, we first express it as a one-dimensional integral in the coordinate
x1. Then, due to the C! regularity of the function h on the interval [0, 1], we can
use the one-dimensional version of periodic unfolding operator on fixed domains
in [T9, Chapter 1], whose definition and main properties are briefly recalled in the
Appendix. More precisely, we use the results in the Appendix for the particular
values m = 1, w = (0,1), and Y = (0,1). Applying Propositions and we
obtain, since g is 1-periodic,

/E g°(z)v(z)do, = /Olg(xl)v (xl,sk“h(%)) \/1 + |ekn/ (%) |2 day

€
U el
:/o/o Te(9) (1, y1)TE(VE) (@1, y1) T (W) (21, y1) day dyy

l 1
:/0/0 gy)TE(VE) (21, y1) TE(WE) (1, y1) day dys.

Here, we denoted

According to (3.13), one has
v (-,ek“h(é)) — v(-,0) strongly in L?(0,1).
This, together with Proposition 6) and (8), leads to
TE(VE)(x1,91) — v(z1,0) strongly in L?((0,1) x (0,1)).
By Proposition ﬂ applied to A/, we have
Te(W)(z1,91) — h'(y1) strongly in L((0,1) x (0,1)).
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For k > 0, one has
Te(E"W)(z1,y1) = TE(W)(x1,91) — 0 strongly in L*((0,1) x (0,1)).
Using Proposition 6) and the properties of Nemytskii’s operator, we obtain
TE(We)(z1,91) =1 weakly in L?((0,1) x (0,1)).

Therefore, for £ > 0, for the term involving the flux jump, we obtain

/5 9% (z1)v(z1, 2) doy, — /Ol /01 g(y1)v(z1,0) dzy dyy
= /01 g(y1) dyr /Ol v(z1,0) dzq (4.13)

1
=/ g(yl)dyl/ v(z1,32) do.
0 o

For k = 0, the term involving the flux jump reads

/Ege(xl)v(l’l,l'g)dgz _ /Olg(:?)v(xl,eh(?))mdxl.

By applying again the one-dimensional unfolding operator and using similar argu-
ments as above, we obtain

1
[ s @nenado, > [ o) VIF @R [ o ede @19

It remains now to obtain the boundary conditions on 92 for the limit function
u = u|g. On the lateral boundaries, the homogeneous Dirichlet condition is obvi-
ously kept at the limit. For the bottom and the upper boundaries of 2, we shall
prove that the prescribed homogeneous Dirichlet boundary condition will be also
preserved at the limit. More precisely, we shall prove that u = 0 on (0,1) x {—L}
and on (0,1) x {L}.

We first prove that u =0 on X9 = (0,1) x {—L}. Since, by construction, u§ =0
on Yo, one has

225,y = (U5 — U2|lL2(s,) < C||VU3 — Viia||L2(ay),

where we use the compactness of the trace operator. By using the convergence
([@.2)), we pass to the limit and we obtain ||uz||2(s,) = 0, which implies that us = 0
on EQ.

To obtain the boundary condition for w on ¥; = (0,1) x {L}, we notice that,
since by construction, u§(-, L + H¢(z1)) = 0, we have

[ (-, L) 200y = 105 (-, L+ HE (1)) — @ (-, L) || 20
< |[@s(, L+ He(z1)) — Ui (-, L)l p20, + 10 — @l z2(s,)
< OVekt! + C||Vau§ — Vi | 120

where we use an adaptation of , estimate and the compactness of the
trace operator. By using the convergence , we pass to the limit and we obtain
lw1(-, L)|| 20,y = 0, which implies ©; = 0 on ;. Hence, u; = 0 on ¥;.

Collecting convergences (4.10)), (.11), (£.12), ({.13), and ([&.14), we are led to

/ A}f"mVul-Vvdx—i—/ AgomVuQ-wdx:/fvdm+G/ vdo,, (4.15)
O Qo Q 3o
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which is equivalent to the limit transmission problem (4.6]), where G is given by

.
Since the limit problem (4.6) admits a unique solution u, the convergences (4.2)
hold for the whole sequence. [

Remark 4.3. If k£ > 0, the microscopic and the homogenized problems are well-
posed for the same range of values of the generalized contrasts, namely x > 1.
On the contrary, for £ = 0, the well-posedness of the homogenized problem is
ensured as soon as k > 1, while the one of the microscopic problem holds only for

K> 1420 + 477"

Remark 4.4. The upper bounds obtained in (3.8)) for the norms of the lifting
operators are still valid in the case k& < 0. Hence, they provide a well -posedness
result for the microscopic problem for fixed ¢ for k£ < 0. However, as these bounds

blow-up as ¢ — 0, the uniform T-coercivity fails and the macroscopic problem (2.7))
might be ill-posed as ¢ — 0.

5. APPENDIX: BACKGROUND ON THE UNFOLDING METHOD

In this Appendix, we collect some useful results from [I9] Chapter 1] on the
periodic unfolding method. Consider, for simplicity, the bounded domain w =
(0,1)™ C R™. Let ¢ be a sequence of strictly positive numbers such that {/e € N*
and let Y = (0,1)"™. Thus, the domain w C R™ is obtained as the union of an
entire number of e—shrinked and translated cells Y.

Let us notice that for z € R™, by denoting [z] the entire part of  in Z™, then
x—[z] €Y. Set {z} =z — [z], for x € R™. In particular, for any € R™ and any

€ > 0, one has
ZL':€|:§]+E{§}. (5.1)

Definition 5.1 ([I9, Definition 1.2]). For each function ¢ Lebesgue—measurable
on w, the periodic unfolding operator 7°¢ is defined by

T ()(z,y) = (6 E} + ey) for a.e. (z,y) € A xY.
The function 7¢(p) is Lebesgue—measurable on w x Y. One has the following
property.

Proposition 5.2 ([19, Prop. 1.12]). Let p € (1,+00) and let {v°} be a bounded
sequence in LP(w). Then, the sequence {T=(v®)} is bounded in LP(w x Y) and, if

TE(v®) = v weakly in LP(w xY),
then
" — / v(z,y) dy weakly in LP(w).
Y
The unfolding operator 7¢ has the following properties.
Proposition 5.3 ([19, Chapter 1]). Properties of operator T¢ : LP(w) — LP(wxY),
p € (1,00):

(1) The operator T¢ is linear and continuous.
(2) One has T¢(vw) = T¢(v)Te(w), for v,w Lebesque—measurable functions.
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(3) (Integration formula) If v € L*(w), then
/ v(z) de = Te(v)(x,y) dz dy.
w wXY
(4) If {v°} is a sequence of functions in L*(w), then

lim [ v*(z)dz = 1im/ T (v%)(x,y) do dy.
wXxY

e=0 /, e—0
(5) We have the estimate
175 (@) @xy) < llvllLe)-
(6) If N is a real-valued continuous function and v is a Lebesque—measurable
function, then
T*(N(v)) = N(T*(v)).
Convergence results.
(7) If v e LP(w), then T¢(v) = v strongly in LP(w X Y).
(8) If v® — v strongly in LP(w), then T=(v®) — v strongly in LP(w x Y).

Proposition 5.4 ([19, Proposition 1.5]). For a Lebesgue—measurable function h on
Y, extended by Y -periodicity to the whole of R™, we define the sequence {h®} by

h*(z) =h (g) for a.e. x € R™.

Then T(h®)(x,y) = h(y), for a.e. x € R™. If h belongs to LP(Y), p € [1,+0),
and if w is bounded, then

Te(h®) = h  strongly in LP(w X Y).
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