Electronic Journal of Differential Equations, Vol. 2024 (2024), No. 65, pp. 1-16.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2024.65

QUASILINEAR BIHARMONIC EQUATIONS ON R* WITH
EXPONENTIAL SUBCRITICAL GROWTH

ANTONIO DE PADUA FARIAS DE SOUZA FILHO

ABSTRACT. This article studies the fourth-order equation
1
A%y — Au+ V(z)u — iuA(uz) = f(z,u) inR*
u € H2(R),

where A2 := A(A) is the biharmonic operator, V' € C(R*,R) and f € C(R* x
R, R) are allowed to be sign-changing. With some assumptions on V' and f we
prove existence and multiplicity of nontrivial solutions in H?2 (]R‘l)7 obtained via
variational methods. Three main theorems are proved, the first two assuming
that V is coercive to obtain compactness, and the third one requires only that
V be bounded. We work carefully with the sub-criticality of f to get a (PS)
condition for a related equation.

1. INTRODUCTION

In this article, we consider the fourth-order equation
2 1 2 4
A ququV(:c)ufiuA(u )= f(z,u) in R,

(L.1)
u e H*(RY),

where A% := A(A) is the biharmonic operator, V and f are continuous functions

that are allowed to be sign-changing.

In recent years, bi-harmonic and nonlocal operators arise in the description of
various phenomena in the pure mathematical research and real-world applications,
for example, for studying the traveling waves in suspension bridges [7, [I0]. Recently
in [§], the authors studied the existence and multiplicity results for fourth-order el-
liptic equations on RY involving uA(u?) and sign-changing potentials. The results
generalize some recent results on this kind of problems. To study this type of
problem, first consider the case where the potential V' is coercive so that the work-
ing space can be compactly embedded into Lebesgue spaces. Next, we study the
case where the potential V is bounded so that the workspace is exactly H?(RY),
which can not be compactly embedded into Lebesgue spaces. In [§], for sub-critical
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nonlinearity in the Sobolev sense, the authors defined
W(z)=V(z)+Wo>1, zeRY, NeN,

to deal with the potential allowed to be sign-changing. They then treated of the
following equivalent problem with the potential W > 0:

1
A?u — Au+W(z)u — §uA(u2) = f(z,u) inRY,
u € H*(RY),

Here, among other requirements, our nonlinearity f(z,t) satisfies subcritical expo-
nential growth in the sense of Adams’ Inequality, which is a Trudinger-Moser type
inequality for high dimensions, i.e., f(x, s) behaves like +e25” ast — £00 uniformly
in z € R*, but slower than that.

2. PRELIMINARIES

We now formulate assumptions for V' and f:
(A1) V € C(R*) is bounded from below, |V ~1(—o00, M]| < oo for all M > 0,

where | - | is the Lebesgue measure on R*.
(A2) V € C(R*) is a bounded function such that the quadratic form B : X — R,
1
B(u) = §/ (AU + |Vul2 + V(2)u?) do 2.1)
R4

is non-degenerate and the negative space of 9 is finite-dimensional.

(A3) f:R — R is continuous and f(s) = o(s) near origin;

(A4) for (z,s) € R* x R we have 0 < 4F(z,s) < sf(z,s), moreover, for almost
all x € R%;

lim F(z,5)

|s]—o0 54

=400, where F(z,s)= / [z, w)dy; (2.2)
0

(A5) f has subcritical exponential growth, that is,

)

2
|s| =400 €Xs

=0 Va>0;

(A6) For any r > 0, we have

lim sup |
|lz| =00 o< |t|<r t

Let H2(R*) be the standard Sobolev space. If V' € C(R*) is bounded from below,
we can choose a constant A > 0 such that V(z) = V(z) + A > 1 for z € R*. On the
linear subspace

X :={uc H*(RY): / V(x)|u*dz < oo}
R4
which is equip with the inner product
(u,v) = / (Aulv + Vu - Vo + V(z)uww) dz
R4

and the corresponding norm || - ||,. Note that if V € C(R*) is bounded, then X is
precisely the standard Sobolev space H?(R*).
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By the spectral theory of self-adjoint compact operators we have that the eigen-
value problem
A*u— Au+V(x)u =, ue€X. (2.3)
possesses a complete sequence of eigenvectors and eigenvectors, such that
—00 <A1 < A <A = 00,

where A has been repeated according to its finite multiplicity. We denote by ¢y,
the eigenfunction of Ay with |¢x|2 = 1, where | - |, is the L¥(R*)-norm. The main
results in this article can be stated as follows.

Theorem 2.1. Suppose (Al), (A4)—(A6) are satisfied. If 0 is not an eigenvalue of
(2.3), then (1.1) has a nontrivial solution u € X.

Theorem 2.2. Suppose ((Al), (A4)-(A6) are satisfied. If f(x,-) is odd for all
x € R, then (1.1)) has a sequence of solutions {u,} such that J(u,) — +oc.

Similarly to [§], when that V satisfies (A2) and X is the standard Sobolev space
H?, we do not have the compact embedding X — L*(R*) for s € [2,00) any more.
But we still have the following result.

Theorem 2.3. Suppose (A2)—(A6) are satisfied. Then (L.1)) has a nontrivial solu-
tion u € X.

3. PROOF OF THEOREM [2.1]

In this section and the next section, we assume that (A1) holds. Now, let us
present some preliminary results necessary to demonstration of Theorem [2:1] and
that can be similarly used to the others main theorems.

The negative space of 9 is given by

X = Span{¢17 .. '7¢€}

and X7 is the orthogonal complement of X~ in X, such that X = X~ @ X . It is
well known that for u € X%, there is a constant & > 0 such that

B(u) > allull%- (3.1)
Let us apply the linking theorem to find critical points of the functionals with
indefinite quadratic part, like .J, with

OB,NW={ue X" :|ulx=p}, Q={ueX @RT¢:|ulx <R},

where ¢ € XT\0. To prove Theorem we need the following definition.

Definition 3.1. Let X be a Banach space, we say that functional J € C*(X,R)
satisfies Palais-Smale condition at the level ¢ € R, ((PS), for short notation) if any
sequence {u,} C X satisfying J(u,) — ¢, J' (u,) — 0 as n — oo, has a convergent
subsequence. J satisfies (PS) condition if J satisfies (PS). condition at all ¢ € R.

Having established the (PS) condition for the functional J, now we present some
concepts and results from infinite-dimensional Morse theory [14]. Let X be a Ba-
nach space, .JJ : X — R be a C'!-functional, u is an isolated critical point of J and
J(u) = ¢. Then

Con(J, 1) i= Hyy(Jo, JAO}), meN=1{0,1,2,...}

is called the m-th critical group of J at u, where J. := J~!(—o0, ] and H, stands
for the singular homology with coefficients in Z.
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If J satisfies the (PS) condition and the critical values of J are bounded from
below by &, then following Bartsch-Li [3], we define the m-th critical group of J at
infinity by

Cn(J,00) := Hp(X, J:), meN.
It is well known that the homology on the right hand-side does not depend on the
choice of k.
Proposition 3.2 ([II, Theorem 5.3]). Let E be a real Banach space with E =
V @ W, where V is finite dimensional. Suppose J € C1(E,R), satisfies (PS), and

(i) there are constants p,d > 0 such that J|op, nw > d, and

(ii) there is an e € 9By N'W and R > p such that if Q = (BRNV) @ {re: 0 <
r < R}, then J|ag < 0. Then J possesses a critical value ¢ > d which can
be characterized as

¢= inf max J(h(u)),

where

F={heC(Q,E): h=id on 0Q}.

Proposition 3.3 ([3, Proposition 3.6]). If J € C1(X,R) satisfies the condition
(PS) and Cp,(J,0) # Ci(J,00) for some m € N, then J has a nonzero critical
point.

Proposition 3.4 ([9, Theorem 2.1]). Suppose J € C1(X,R) has a local linking at
0 with respect to the decomposition X = X~ @ X, i.e., for some e > 0,

J(u) <0 forue X~ NB,
J(u) >0 forue (Xt\{0})N B,
where B = {u € X : |lul|x <e}. Ifm=dim X~ < oo, then Cp,(J,0) # 0.

Lemma 3.5. Assume that (A1), (A4), (A5) are satisfied, 0 is not an eigenvalue
of (2.3). Then J has a local linking at 0 with respect to the decomposition X =
X-oXt.

Proof. For u € X, we see that

1/3 2/3
/ u?|Vul?udr < Bz'g(/ |u|6udx) (/ |Vu\3udx) .
R* R4 R4

It follows from [I, Thm. 4.12 (Sobolev Imbedding Theorem)] that H?(R?*) =
W22(RY) — Whs(R?) for 2 < s < 2* = 8/(4 — 2) and H?(R*) — LI(R*) for
2 < g < oo, we have

/ | VuPuds < ul2uldns < Slulk. (3.2)
]Rél
By (A3) and (A4), we see that as |jul|x — 0,

/ 2Vl = of Jull%), / F(a,u) = ofJul%).

R4 R4

Thus, as |Jul|x — 0,

1

_ 1
I = 51w I =l I})+ 5 [ w?Vulude = [ Plauuds
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2
= B(u) + of|u%)-

It follows from the above estimate and (3.1]) that the proof of our lemma is complete.
a

1
z%(u)—kf/ u2|Vu|2udx—/ F(z,v)udz
R# R#

Setting g(x, s) = f(x,s) + s, by (A4) we can see that

£ < 2gla,t) + 28, (3.3)

| o

G(x,t) == /0 g(x,s)ds = F(x,t) +

b2

where 7 = b+ 7.
The functional J is equivalent to

1 1
J(u) = 5||u||§( + 5 /]R4 u?|Vul|?udr — /R4 G(z,u)udzr, (3.4)

with derivative given by
J'(uw)v = (u,v) + / (wv|Vul? + u*Vu - Vo)udz — / g(z,uw)vuda.
R4 R4
Lemma 3.6. Under the conditions of Theorem[2.1}, there exist p > 0, £ € X with
l€llx > p such that J(£) < 0.

Proof. Combining with (2.2)), there exists a large K > 0 such that for any
e € X, with |le||x = 1, we have

: . ¢
lim J(te) < tlgglo [£2B(e) + §S||e||§( — Kt*le[{] = —cc.

t—o0

So, for some ¢y > 0 there exists p > 0 such that J(tpe) < 0 with [[toe||x > p. O

Lemma 3.7. Under (A1), the embedding of X into LP(R*), for any p € [2,+0c0),
is compact.

Proof. Firstly, we may see that
/ u?udx S/ V(x)uluds = V(x)u2udx+/ yutudr < .
R4 R4 R4 R4
Then, X is continuously embedded into H?(R?*). Now let us to show that the
embedding of X into LP(R*), with 2 < p < oo, is compact. Let u, — 0 in X.
Hence, ||u,|| is bounded and by the embedding continuous of X into LP(R*) there
exists a constant C' > 0 such that
[unle < C Vn>1.

Notice that

|unl3 :/ ujudz +/ wludr Vn>1,
R4\B(0,R) B(0,R)

where R is large positive constant to be determined during the proof. We know
that u,, — 01in L?(B(0, R)), for any R > 0. So, for any £ > 0 there exists Ny(¢) € N
such that

junl? < = +/ uudz Vn > No(e),
2 Jrn\B(O,R)
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Hence, we need to show that for any € > 0 there exist R = R(¢) > 0 and N(¢) € N
such that

/ uiudgﬁgE Vn > N(e).
R4\ B(0,R) 2

From (A1), it follows that there exists R > 0 such that

2C
V(z) < — Vze R*\ B(0, R).
Thus,
/ wludr < i/ V(x)uude
R4\ B(0,R) 2C Jra\B(0,R)
£
< — Z(x)uludx
2C Jra\B(0,R)
£ £
< —C=-.
- 2C 2
Therefore, u,, — 0 in L?(R*). By interpolation, u, — 0 in L!(R?%) for any t €
[2, +00). O

Lemma 3.8. Suppose that (A1), (A3)—(A5) hold. Then J satisfies the (PS) con-
dition.

Proof. Its clear that J satisfies the mountain pass geometry, that is, there exist a,
R > 0 and e € X such that J(u) < & with |ju|| = R and J(e) < 0 for e € X with
le]l = R. Observe that there is a sequence {u,} € X such that

oo > C:=sup|J(un)|, J'(up)—0 asn— oco. (3.5)

Firstly, we show that {u,} is bounded in X. Otherwise, we have, up to a subse-
quence, ||uy|| — co. Then, using the inequalities (3.3]) and (3.5]), we obtain

4C + |lunllx > 4T (upn) — J' (un)uy,
= |lunll%k — /R4(4G(x,un) — g(z, up)up)ude (3.6)

> ||un||§( —7'/ uiudx.
R4

Let wy, = up/||un||.- Then there exists w € X, going if necessary to a subsequence,
by the Lemma [3.7] such that

Wp —=w inX, w,—=w in L*(RY)

Wn = w a.e. in R* asn — oo.

Multiplying by 1/||u, /% on both sides of (3.6) we have

7/ wiudz > 1+ 0,(1)
R4

and then
T/ wudr > 1 (3.7)
R4
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asn — 00. So, w # 0. By (2.2) and (3.3)), since |u,(x)| — coon {x € R* : w(x) # 0}

we see that
wy, (z) = +o0. (3.8)

From (3.7), we have |{z € R* : w(z) # 0}| > 0. So, by Fatou’s lemma and (3.8),
we obtain that

G n d G )y d
mint [ G@UdT gy g [0 Gwude g
oo Jpa  Junllk ntoo Juo lunllk
Thus, by (3.4), (3.5) and (3.2), we have
J(“n) 1 1 2 1 2 2
o(1) = - Gl + 2 / W2 |Vul% / G, up)udz)
”unH%( ”un”%( 2 X 2 Jga X R4

udr — —oco0 as n — +oo.

1 1 g_/ G(z,up)
R

Sf
2Munl 2 Jra lunllk

This is a contradiction. Therefore, the sequence {u,} is bounded in X. Next, we
proof the existence of a subsequence of {u,} which converges strongly in X. By
(A1) and Lemma we have that u,, — u in LP(R*) for any p € [2,+0c0). For a
fixed n € N,

lu = unlli = [ (un) = J" ()] (w = un) + /R4 l9(z,un) — g(x, w)] (u = up) dz
and
[J () — J'(w)] (v — up) — 0,
because {u,} is a bounded Palais-Smale sequence.

Let @ > 0 and ¢ > 0 to be determined during the proof. Hence, for some C(«, q),
applying [13, Lemma 2.3] for |lu,|x < M and a < 6472/(5M?), yields

[ ot 1) = oo 0] (1 )

< [ loteu)l+ ot )l Ju = | do

< C(aa) [ [l ) + (a6 1)+ 96 = 1) = | e

< il -+ lula)un = ula + Cal [ (e = 1))l —
R4

+ C’3(/ (|u|q(e°‘“2 —1))%4d2) 5wy, — ul5) = 0, asn — . O
R4

To study the functional J let us rewrite 8 in a more convenient representation.
Let us note that, if (A1) holds and 0 is not an eigenvalue of (2.3), or if (A2)
holds, then the quadratic form B is nondegenerate and the negative space of B is
finite-dimensional, and so we may choose an equivalent norm || - ||y on X such that

1 _
B(u) = 5 (It = ™ I7),
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where u® is the orthogonal projection of u on X+ being X* the positive/negative
space of B. Let us use the equivalent norm on X and rewrite J as

1 _ 1
= §(||u+||%/ — w1} + 5/ u?|Vul*udz —/ F(x,u)udz. (3.10)
R4 R4

It follows from (3.2 that there exists some constant Ag > 0 such that

J(u)

/W V2|Vl < Aol (3.11)

Lemma 3.9. If (A1) or (A2), and (A3)~(A5) hold, 0 is not an eigenvalue of ([2.3),
then there exists L > 0 such that if J(u) < —L, we have

d
&h:lJ(tu) <0.
Proof. We argue by contradiction. Suppose that for any n € N there exists u,, such
that J(u,) < —n but
d
I (un )y, = a|t:1J(tun) > 0.
Then, arguing by contradiction, we can see that ||u,|y — 400 and
—4n > 4J (up) — J (up)uy,
= = ) = [ 4FGw) = fen)uuds— (312)
> [y I3 = Iz 13
Let wy, = Hiin\l and w;f be the orthogonal projection on X*. Since {wy } is bounded
and dim X~ < oo, we have that X~ is closed and
w, —-w  in X,
with w™ € X~. If w™ = 0, then |lw,7||v — 1, because |lwy,||3 = |lw; |12 + |lw, |12 =
1. By the definition of w?, for large n we have
15 = IVl 17 = a3 (L + 00 (1)) = a3 llwr 15 = lluy 15
Hence, using (3.12) we obtain
0 < [luf [} = [luz I} < —4n
which cannot happen. If w™ # 0, then
W, =~ w in X,
where w # 0. As a direct consequence of (A4) and
4F (z,1 Dl

too = l~1>l+moo T o4 14 ’
we have
4F n
oo < lim inf/ LZL) dx
W oo Tl 1)
4F '
< lim inf/ L&Ln) dzx < lim inf M dx.

n—=oo Jpa lunlly, n=oo Jpa lunlly

But, it follows from (3.11)) that
J ()t
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1

B ”unHé\l/

1

l[unllV Jes

_ 1
(|2 =l [3) + 2 / 2|V | — F(sun )
Hun”V R4

<op(1) + 240 — flx,up)u, - —0c0  asn — +oo,

unlly s

which is a contradiction, because we are assuming that J'(uy,)u, > 0.
Now, since the proof does not depend of the compact embedding X — L?(R?),
the result is true if we assume (A2) instead of (Al). O

Lemma 3.10. Let B := B(0,1) the unit ball in X. Then, there exists u € OB such
that t,u € X \ B and J(t,u) <0, for some t, > 0.
Proof. For t > 0 and u € 0B, we have

J(tu) F(x,tu)

= G =) + g [ eivePude - [ S @)
By , and , we obtain
J(tu) = —o00 as t — +oo.
Hence, there exists t,, > 0 such that J(¢,u) < 0. O

Now, let us introduce some concepts and results from infinite-dimensional Morse
theory [4]. Let X be a real Banach space, J € C'(X,R), u be an isolated critical
point of J and J(u) = ¢. Then the ith critical group of J at w is defined by

Ci(J,u) == Hi(Jo, JNOY), i=0,1,2,...,

where J¢ = {u € X : J(u) < ¢}, and H;(-,-) denotes a singular relative homology
group of pair (-,-) with integer coefficients.

If J satisfies the (PS) condition and the critical values of J are bounded from
below by some a, then, following Bartsch and Li [3], the critical groups of J at
infinity

Ci(J,00) == Hy(X,J.), i=0,1,2,...,

do not depend on the choice of a, because the homology on the right satisfies this.

Lemma 3.11. Assume that the conditions (A1) or (A2), and (A3)—(Ab) are sat-
isfied. Then C;(J,00) =0 fori =0,1,2,....

Proof. By Lemma for A > A > 0 large enough, for any v € S there exists a
unique t, > 0 such that J(t,v) = —A. So, letting u = t,v we have J'(u)u < 0.
By the Implicit Function Theorem, there is a unique continuous 7' : Wy, C S —
W1 C R, for some Wy and Wy open neighborhoods such that for F(s,v) = J(sv),
we have F(T(v),v) = J(T(v)v) = —A. Then, T(v) = t, and we obtain a unique
application ¢ € C(S,R) such that J(¢(v)v) = —A. Moreover, if J(u) = —A, then
o(u) = 1. Using the function ¢ we can construct a strong deformation retract
n:X\B—J_;

and we obtain

Ci(J,00) = Hy(X,J_;) = Hi(X,X\B) =0, i=0,1,2,.... O
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Proof of Theoren{2.1l By Lemma [3.8] .J satisfies the Palais-Smale condition and by
Lemma J has a local linking at 0 with respect to the decomposition X~ @ X .
Hence, since m = dim X~ < oo, we have Cp,(J,0) # 0 = Cp,(J,00). Then, it
follows from Proposition that J has a critical point u, which is a nontrivial

solution of (1.1)). d
4. PROOF OF THEOREM

In the proof of Theorem we apply the following symmetric mountain pass
theorem.

Proposition 4.1 ([2, Theorem 9.12]). Let X be an infinite dimensional Banach
space, J € C*(X,R) be even, satisfies (PS) condition and J(0)=0. If X =Y ® Z
with dim'Y < oo, and J satisfies
(1) there are constants p,a > 0 such that J]|op,nz > a,
(2) for any finite dimensional subspace W C X, there is an R = R(W) such
that J <0 on W\Bgw then J has a sequence of critical values c; — +00.
Lemma 4.2. For m € N, let Z,, = Spai{ ¢m, Pm+1,-.. } and set

Om = sup J|uls
UE Zm, |lull=1

Then o, — 0 as m — oco.

Proof. For m € N large, let us take u € Z,,, with ||u|| = 1. Thus, we obtain
A [ wudz < / (|Au|* + |Vul|* + V(z)u*)udz
R4 R4
or equivalently
(Am + ’y)/ vrudr < / (JAu> 4+ |Vu|? + V(z)uP)udr = ||Jul|% = 1.
R4 R4

Therefore, as m — oo,
1

[ —
ol < Trtn
Proof of Theorem[2.3 Note that here we are considering that the functional J is
even and satisfies the (PS) condition. Then, it suffices to show that the Proposition
[41] is applicable to .J.
(1) It follows from (A3) and (A4) that for fixed o > 327 and ¢ > 2, the existence
of two constants ¢, co > 0 such that

IG(z,5)| < c1]s|> + cals|9(e™ — 1) Vs eR. (4.1)

We have that the embedding X < H?(R?*) is continuous, namely there exists a
constant £ such that

— 0. O

lull gz < Llullx  YVu e X.
Now, let us choose m € N, Z,,, and o, such that by Lemma [£.2] we have

ol

2
:i_clam>0

and we set

Y =span{é1,...,¢m—1}, Z =Span{dm,Pm+1,---}-
Then, we have X =Y & Z.
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. 1 1
If we consider ||ul|x < T and then [[ul| 2 < —=, we can apply [12, Lemma 1]
such that

1
G(z,u)udr < cl\u|§ + Lo, q, 1)l YVue X, |ullx < —=.

R4 £y
Therefore, using (4.1) for u € Z = Z,,, as ||ul]|x — 0 we obtain

1 1
J(u) = 5Hu||§( +3 /11&4 u?|Vul|?udz — /]1&4 G(z,u)udz

v

1
slullk = [ Gleuuda
R4

v

1
S lulls = erfuls = £(a, g, en)lfullk

\%

1
> (5 = eom) [ull’x = £l g, en)llulls
= cllullx + o([lull%).
Thus (1) was verified.
(2) Tts sufficient to show that J is anti-coercive, i.e. J(u,) — —00 as ||u,||x —

+00. We argue by contradiction: let us suppose that there exists {u,} C W C
X and L < 0 such that |Ju,||x — +oo but J(u,) > L. Let v, = HJLTTIL\X be

the normalized sequence and, up to a sub-sequence, v, — v € W \ {0}, because
dimW < oo. Continuing as it was done in (3.9) we obtain

1
lunlly Js
Hence, it follows from (3.2]) that

1 1
J(up) = *||Un||?x + 7/ qu|Vun\2udm 7/ G(z,up)udz
2 R4 RAL

G(z,up)udr — +oo.

2
1 1
< Slunli%( -
21 I uallze ™7 Tuallk Jes

This contradicts J(u,) > L. O

G(z,up)u dx) — —o0.

5. PROOF OR THEOREM [2.3]

In this section we consider the potential V' satisfying the assumption (A2) instead
of (A1) and so X is equivalent to standard Sobolev space H?(R") and we do not
have the compact embedding X — L?(RY).

Lemma 5.1. Under the assumptions of Theorem[2.3, {u,} is a (PS) sequence of
J, that is, as n — +o0

sup |J (un)| < o0,  J'(un) — 0.
n

Then {uy} is bounded in X.

Proof. Otherwise, up to a subsequence. we assume that ||u,|y — oco. Let v, =
[unlly tn. Then v, = v + vy, —v=0vt+0v" € X, v vt € X+, If v =0, then
v,, = v~ =0 because dim X~ < oo and X~ N X+ = {0}. Since

[ I + lon 15 = 1,
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for n large enough we have

N |

o I = oz 1% >
Now, using (A4) for n large enough, we obtain

L+ sup [J(un)| + [lunllv

= J(uy) — i,]’(un)un

= (et = 1 1) = [ | (Ploun) = @ Juda

1 _ 1
> anll o 1 = o 13) = [ (Faun) = 1 un)en Juda
R4

1
> <l
a contradiction to ||un|ly — +00. Thus, we obtain that the (PS) sequence {u,} is
bounded in X.

If we suppose v # 0, then there exists Q = {z € R* : v(z) # 0} with positive
Lebesgue measure such that for z € 2 we have

F(xvun) 4
—
up () "

thanks to (2.2)). On the other hand, using (3.11]), we obtain

() = o0,

F(z,up) 4 1 /
————v, (v)udz = F(z,up(z))udx
/sz up(z) " lunlly Jo !
1
< 1 / F(x,up(z))ude
[unlly Jrs
+12 _ — 12 1
B Tl S Y R AP %
2[|unlly 2/|unlly Jrs l[unlly
Ao
<14 —.
<1+ 5
Thus, we have that {u,} is bounded in X. O
Now, let us to investigate the C'-functional V : H2(R*) — R, defined by
1
V(u) = 7/ u?|Vu)|?u dr,
2 R4

with derivative
V' (u)v = / (wo|Vul* + v*Vu - Vo)udz, u,v € H*(R?),
R4

to obtain the (PS) condition for J.

Lemma 5.2. The functional V : H*(R*) — R is weakly lower semi-continuous;
V' HY(R*) — H~2(R*) is weakly sequentially continuous.

Proof. Let {u,} be a sequence in H?(R*) such that u,, — u in H*(R*). Then, by
the compact embedding H?(R*) — H} (R*) we have u,, — u in H\. (R?). Hence,
going if necessary to a subsequence, we obtain

Vu, = Vu ae inR* w, »u ae inR* (5.1)
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and then by Fatou’s lemma,

u?|Vul?udz < liminf u2 |V, |*u dz,
R4 "

n—-+oo R4
that is
< limi
V(u) < l,iﬂli&f V(up).

Thus, V is weakly lower semi-continuous. To investigate the weak lower semicon-
tinuity of V' we need to see that for u € H?(R*), since H?(R?*) — WL4(R?), we
have

1/3
/ (|vun|2‘un|)4/3de S / |vun|2%%ud1‘ / |un|%%
R4

< Clhun 32 gy |2 e

and then
’/w Vi Pt 4] < Cllin [z xe (5.2)
Thus, {u,} is bounded in L*3(R*) and combining with we may apply the

Brézis-Lieb lemma to obtain |Vu,|?u, — |Vul[?u in L*/3(R*). Hence, for any
¢ € H?(R*), we have ¢ € L*(R*) and

/|Vun|2un<pudx—>/ |Vu|*upu d. (5.3)
R4 R4

Similarly, we have
2/3 1/3
V|V 3ude < / |u|4udx / \Vu|4uda:)
R4

< C’||un||H2(R4)Hun||H2 (R4)"

Thus, the sequence {u?Vu,} is bounded in L*/3(R*) and converges point-wise to
u?Vu. Again, by Brézis-Lieb lemma we obtain

u2Vu, = u?Vu, in [LY3(RY)
For each ¢ € H?(R*) we have p € W14(R*) and then ¢ € L*(R*), which implies

/ u2Vu, - Voudr — u?Vu - Voudz. (5.4)
R4 R4
Now, using and we have

/ |Vun|2ungo + u%Vun -Voudr — / \Vul|?up +u?Vu - Voude,

R4 R4

that is,

V' (un)e = V' (u)p
and then V' is weakly sequentially continuous. Moreover, if u,, — u in H?(R*), we
obtain

lim inf/ (|Vtun Pun (un — u) + w2V, - V(u, — u))udz

n—-+oo R4

= lim inf (4 (u) — V' (un)u) (5.5)

n—-4o0o

> 4V(u) — V' (w)u = 0.
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Lemma 5.3. Operator J satisfies the (PS) condition.

Proof. Let {u,} be a (PS) sequence. It follows from Lemma that {u,} is
bounded in X and so, up to a subsequence, we obtain u,, — v in X. We claim that

limsup [ f(z,upn)(un, —uw)udx <O0. (5.6)

n—+oco JR4

Indeed, letting € > 0 and a > 0 such that 2 < izl\gz with |Jun,lly < M, as a

consequence of Lemma Then by (A5) and [13, Theorem 2.2], for r > 1 large
enough, we have

/ fzyun)(up — w)ude
RAN{|un|>r}

< 5/ (e““31 — D|up — ujudz
RAN{|un |27}
1/2 1/2
é(/ (ea“i —1)%u da:) (/ (ty, — u)’u dx)
RAN{|un |27} RAN{|un|>7}

272 2 1/2
<3 )(/ (e fl)udz> % |tn — ul2
R4
€
37

IA

aM?
ug 1/2
< EC(/ (6327r2(ﬁ)2 _ 1)udx) <
R4
for small € > 0. Moreover, by (A6) there exists R > 0 such that

/ flz,upn)(uy — w)ude
RAN{|z[<RIN{|un|<r}

t
< sup (@)l [t | [ty — u|ude < =
lt<rlel<r [t Jran(el<rIN{|un|<r} 3

Finally, since u,, — u in L?(B(0, R)), by (fo) and (A5) we have

/ f(zyun)(uy — w)ude
RiN{|z|<R}IN{|un|<r}

< |f (@, un)Puda)t/?

/R“ﬂ{leR}ﬂ{IUnST}

1/2
X (/ [y — u\Qudx)
RiN{|z|<R}N{|un|<r}

<

Wl ™

and then we conclude that

fz un) (un —w)ude < e,
R4

for small € > 0. Now, by weak convergence we have

/ (Aup,Au + Vuy, - Vu + V(2)upu)ude
R4

—>/ (|Au® + |Vul? + V(z)u?)udx
R4

= [lu* % = llu”II5-
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Since X~ is a finite-dimensional vector space, we obtain u,, — v~ and |lu, |y —
|lu™|lv. Then, since J'(uy,)(u, —u) = o(1), we obtain

flx,upn)(uy — u)ude
]RAL

= /Rél(AunA(un —u) 4+ Vu, - V(u, — u) + V(2)up (un, —u))ude
+ /R4(\Vun|2un(un —u) +u2Vuy, - V(u, —u))udz + o(1)
= (lay 1% =l 1) = (a1} = lu™[7) + (1)
+ A4(\Vunl2un(un —u) + up Vg, - V(u, —u))uds
= (= 13+ [ (9Pt = )+ 90 D )l +o(0)

Hence, by (5.6))

0 > limsup([lu)f |3 — [[u*[})

n——+oo

(5.7)
+ liminf/ (IVn [P (uy — u) + w2V, - V(u, —u))ude
n—-+oo R4
and so combining (5.5) with (5.7]) we obtain
lu* |} < liminf uf || < lmsup((fuf (5 — [l 15) + o7 < uf3.
n—+00 n—+o00
Therefore,
Tim [ = [t
which implies
lim [funf = [luf?- (5.8)
n—oo
Thus, combining (5.8) and u,, — u in X, it follows from Radon-Riesz theorem that
Uy —> uin X. O

Proof of Theorem[2.3 Since the conclusion of Lemma [3.9 remains valid if instead
of (A1), V satisfies (A2), there exists L > 0 such that if J(u) < —L, then
d
&|t:1
Applying Lemma we obtain C;(J,00) = 0. But analogously to Lemma
we can show that J has a local linking at 0 with respect to the decomposition
X =X~ ® X*. Since m = dimX~ < oo, we have Cp,(J,0) # 0 = C,,(J,0). By
Proposition J has a critical point u, which concludes the proof of Theorem
O

J(tu) < 0. (5.9)
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