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CAUCHY PROBLEM FOR THE LANE-EMDEN HEAT FLOW
WITH SIGN-CHANGING INITIAL DATA

RUI HUANG, SHANMING JI, YANSHENG MA

ABSTRACT. This article concerns the blow-up phenomenon of sign-changing
solutions to the Lane-Emden heat flow. We construct sign-changing weak
sub-solutions and localization of the positive and negative parts of the sign-
changing solutions. We also extend the results to a nonlinear and finite diffu-
sion equations.

1. INTRODUCTION

We consider the initial-boundary value problem for n-dimensional evolutionary
Lane-Emden heat flow

0
8—1: =Au+[uflu, e, t>0,

u(z,t) =0, x€dQ, t>0, (1.1)
u(z,0) = ug(z), =z €L,

where p > 1, Q C R” is a bounded domain with smooth boundary, ug € L*(Q) is
non-negative or sign-changing. The closely related stationary problem of (1.1]) is

—Au = [ulP"tu, x€Q,

1.2
u(z) =0, z€dQ, wu(z)>0, ze. (1.2)

For a convex domain or a star-shaped domain {2, it was known by Pohozaev [7]
that the positive solution of (|1.2)) exists if and only if 1 < p < 2*, where

g* 400, n=1,2,
T k2 n > 3.

n—2"

Especially for the radially symmetric case such that 2 = Bg, the stationary problem
is called the Lane-Emden problem arising from the study of stellar interiors
[1,16]. If the domain 2 is not star-shaped, an annulus B\ Bg for example, positive
solutions may still exist for super-critical case p > 2*, see [2], [I0] and the references
therein. For periodic problems with periodic coefficients related to , we refer
the readers to Esteban [3| [4], Quittner [§], Yin and Jin [12].
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Hereafter, we always assume that p > 1 and the stationary problem admits
a positive solution, denoted by ug as it depends on 2. Therefore, if € is star-shaped,
we assume that 1 < p < 2%,

It is worth noticing that, from Quittner [9, Theorem 17.8], there is no globally
existent solution “above” the equilibrium ug, namely the solutions with ug(z) >
ug(x) and ug(x) Z uq(z). This paper aims to show that the blow-up phenomenon
is also valid for sign-changing solutions. For any sign-changing function f(z), z € Q,
we denote

fH(2) == max{f(2),0}, [~ (2):=max{-f(z),0}, (1.3)
such that f(z) = f*(x) — f~(z) and 0 < f*(z) < |f(z)|. Further, we define
Q;{ ={z € Q; f(z) >0}, Q:={zeQ;f(zr)<0}
Iy:={zeQ;f(x) =0}
Clearly, Q‘f", QJI, and I'y are disjoint subsets of € such that Q = Q}' U Q; UTy,
and supp f* = ﬁj}
It may happen that I'; has interior points and both Q}' and QJT are non-empty.
If we take such kind of functions as initial data, meaning that up(z) = 0 in some
open subset G C 2 and ug # 0, according to the smoothing effect of the parabolic
operator we know that Qf(z, ;) are non-empty but I';(, ) has no interior points for

small time interval ¢ € (0,§). Therefore, the interface between Qj(»b 5 and

(1.4)

u(x,t)
is not continuous as ¢t — 0%, which shows one of the main difficulties arising in(the
study of asymptotic behaviors of sign-changing solutions to parabolic problems.
Another example illustrating the complexity of large time behaviors of sign-
changing solutions is a special case with geometric symmetry: If € is symmetric
with respect to a hyperplane II (taking II := {x € R™; 2y = 0} for simplicity),

ie, x = (x1,29, - ,x,) € Q if and only if & := (—x1,29, -+ ,z,) € Q, and the
initial data wo(x) is antisymmetric with respect to the same hyperplane II, i.e.,
uo(&) = —ug(x), then the solution wu(z,t) is also antisymmetric with respect to II.

Further if ug(x) >, # ug+ (z) for x € QF, where QF = {z € Q;+x; > 0}, then
the solution wu(z,t) blows up to positive infinity on Q7 and blows up to negative
infinity on 27 at the same time.

Observing the above two phenomena, we present the following asymptotic be-
havior of sign-changing solutions to the initial-boundary-value problem with
conditions on the initial data such that the solution cannot blow up to negative
infinity.

Theorem 1.1. Assume that ug € L>®(Q) is sign-changing and satisfies the follow-

ing conditions: there exist disjoint non-empty open subsets ijo C Q and relatively
closed subset T, C Q such that

O, cQy, O cob, T, =00 nat, N, Q=0F uQ, UT,,, (1.5)

ug)
we further assume that the boundary of Qi) 1s piecewise smooth and the unit normal
vector at x € qu is denoted by v pointing in the direction from Qj;o to Q;O, the
stationary Lane-Emden problem on Qi) admits positive solutions up (zero
extended to 2). Moreover,

ug(x) <, 5—'5 UQ;{) ($>7 HAS Q’ljo? U(T(x) 275—'5 U’Qj;o (.’E), T e Q:’;o? (16)
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and
() < (G) ot i
of

where <5>i denotes the one-side directional derivative of f(x) with respect to v.
Under the above conditions, we have that
(i) the solution u(x,t) > uos (x) — Ugy,, (x) for allt € (0, Timax), where Tax €
(0, +00) is the mazimal existence time of u(x,t);
(i) the solution u(x,t) blows up to positive infinity in finite time

lim supu(z,t) = +oo.
t—=Thax TEQ
According to the blow-up rate estimates established by Giga-Matsui-Sasayama
[5] in convex domain with 1 < p < 2*, it holds

[ u(@, t)]| oo () < C(Tmax — )77, for t € (0, Tmax)-

Our result in Theorem shows that the Lane-Emden problem does admit a
solution blowing up in finite time with sign-changing initial data.

The main idea of the proof is the localization of positive and negative parts of
the sign-changing solutions based on the comparison with weak sub-solutions.

We present a simple one-dimensional example of initial data satisfying the con-
ditions in Theoremu let Q = (a,b), c€ [“TH’, b), and

o) = {)\(x —a)(x —¢), =€ (a,0),
—pu(z —c)(x —b), =€ (cb),
where A > 0 is sufficiently large and p > 0 is sufficiently small. Then, according to
Theorem the solution blows up to positive infinity in finite time.

The rest of this articleis organized as follows. In Section 2, we construct weak
sub-solutions, localize the positive and negative parts of the sign-changing solutions,
and utilize them to provide a proof of the main theorem. In Section 3, we will extend
the method developed in Section 2 to study nonlinear diffusion equations with finite
propagation speed and obtain their sign-changing blow-up solutions.

2. PROOF OF THE MAIN RESULTS

The key ingredient is the construction and verification of weak sub-solutions,
which makes it possible to localize the positive and negative parts of the sign-
changing solution.

Lemma 2.1. Under the assumptions in Theorem[I], the sign-changing function
u(x) = uqy () —uq, (2)

is a weak sub-solution to the initial-boundary-value problem (1.1), where ug= ()
o
is the positive solution (with zero extension to ) of the stationary Lane-Emden

problem (1.2) on foo
Proof. According to condition (|1.6)),

u(z) = ugy (@) — ug- (2) < uf () — uy (x) = uo(a)
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for z € Q, and u(z) = 0 for x € 9Q. We only need to show the differential inequality

/V@(x)~Vg&(a:)d:c < / uP(x)p(z)dz, (2.1)
Q

Q
for any 0 < ¢(z) € C§°(£2). We employ the partition of unity such that

p(z) = xT(2)p(x) + X7 (2)p(x) + X (@)¢(z) = ¢F () + 97 (2) + ¢ (2), (2.2)

where supp Y C foo, 0 < xT(x),x (z),x°(x) <1 are smooth functions. For the

differential inequality (2.1)) supported in Qi}, we have

/ Vu(z) - V& (z)de = / —Au(z) - pF(z)dx
Q

Qj:

“o (2.3)
-,

W) oo = [ w(e) o) da
Q
If we take x* (z) sufficiently large such that Qi}\ supp x* is sufficiently “narrow”,

+
wo

then supp x” is sufficiently close to I'y,,, meaning that there exists e > 0 (sufficiently
small) such that

supp x° C ffw = {x € Q:dist(x,T,) < e}
Therefore, near any point = € qu, noticing that Ugyx (z) =0forx € qu, the gradi-
ent Vu(z) in the differential inequality can be approximated by (a%uflto Rz
for the negative side of I, and approximated by (%UQ% )t - v for positive side of
1:‘u0, thzre v is the unit normal vector at x € I',, pointing in the direction from
Qf to Q. That is,
Vu(r) = (a%“%)

where o=+ () is the characteristic function of the set foo, and o(1) is an infinites-
uQ

0 + N
Ve Xad, (z) + (51@%) V- Xag, (r) +o(1), wely,

imal as € = 01. Then we have

/QV@(w) -V (z)dx

= Vu(z) - Ve (x)dr

fio
= / ~ Vu(x) - Vi (z)dz —|—/ Vu(z) - Ve (z)dx
s N, AN aTe
8 _ 8 0 (2.4)
~ o, o) e
0 + 9
— Uy C— d 1
+/fzomm0 (6uu9uo) gy ¢ (@)de+ol)

= [ Gra) @ [ (Guas,) o)

On the other hand,

/f@w@m:/ WP () (@) dr = O2), ase—0F,  (2.5)
Q Ie
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since the measure meas(fio) = O(e). Combining the above estimates (2.3), (2.4),

(2.5), and noticing that
(o) = (gas)”

for x € qu according to the condition , letting € tends to zero, we see that
the differential inequality is valid and thus u(z) is a weak sub-solution to
problem (L.I)). Similar computation of second order generalized derivatives Au(z)
of piecewise continuous function u(z) can be found in [I1]. O

Compared with the above weak sub-solution, we can localize the positive part
uT(z,t) and the negative part ™ (z,t) of the sign-changing solution u(z,t) to the
subsets Qf@ +) respectively (see notations (|1.3) and ([L.4) for the meaning of sym-

bols u*(z,t) and QF

e t)). Comparison principle of the heat equation implies that

u(z,t) > u(z) for t € (0, Tax), which means that Qf, C Q:(m_t) and Q. C Q.
Therefore, we define the localized part uy(x,t) of u(z,t) as follows:
uy(x,t) :=u(z,t) “Xat, (), u_(z,t) = —u(z,t) “Xaz, (z), (2.6)

where o=+ () is the characteristic function of the set Qfo. Then
wo

u(z,t) = uy(z,t) —u_(2,t) =ut (z,t) —u (z,1),
and ut(z,t) > uy(x,t), u (z,t) > u_(x,t), u*(z,t) coincides with uy(z,t) in
QF n Qj(m). However, since Qj;(x’t) and Q,, ,y C Q. we have
0=uy(z,t) <ut(z,t) =u(z,t), —u(z,t)=u_(z,t)<u (z,t) =0,

for all z € Q:(x,t)\Qj;o'

Lemma 2.2. The localized part us(z,t) satisfies
8U+

It :Au++|u+|p71u+, I€Q+ t>0,

ug?
up(a,t) >0, xe€dQf, t>0, (2.7)

uy(z,0) = ud (z) >,# Ugyy, (x), =z€ Ot

up?
and the localized part u_(z,t) satisfies
Ou_ .
% =Au_+|u_|P"u_, z¢€ Qs t>0,
u_(z,t) <0, =z¢€ 8(2170, t>0, (2.8)

u_(x,0) =uy (z) <, # U (x), =€ Q;O.

Proof. The properties of the localized part uy (z,t) follow from the definition (2.6)
and the comparison principle of the heat equation compared with the weak sub-
solution u(z) proved in Lemma O

Now that we have localized the solution u(z,t) to disjoint subsets foo, we can
analyze the asymptotic behavior of different localized parts ui(x,t) separately,
following the similar line as Quittner and Souplet [9, Theorem 17.8].

Lemma 2.3. The localized part uy(x,t) blows up in finite time, i.e., Tyax < +00.
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Proof. We denote v(z) := ugs, (x) for simplicity in this proof. We define

z(t) :== /Q

Noticing that v(z) = 0 and 31‘;97(::) <0 forxe 8@;‘0, we have

2/ (t) :/Q &LJFT(:’Um(x)dx

uy(,t) - ug+ (r)de = / ug(z,t) - v(x)de.
, o o,

ug

= /Qio Aug(z,t) - v(x)de +/Q ull (z,t) - v(z)d

+
o

=— Vug(z,t) - Vo(z)de + / ufl (x,t) - v(x)d

iy o,
_ Ov(x)
= /Q,TO uy(z,t) - Av(x)dz /mto uy(z,t) B dz (2.9)
+/ uf (x,t) - v(x)de
ad,
> —/ uy(x,t) vp(ac)dar—l—/ ul (z,t) - v(x)de
o3y af

_ /Q+ (1 - (“Zg’)t))l_p> o (2,1) - v(z)dz.

Similar to the proof of [9, Lemma 17.9], for each fixed 7 € (0, Tinax), there exists a
constant o > 1 such that

uy(z,t) > av(z), zeQf, te (7, Tna),

uo?

since u4 (z,0) >, # v(x). Applying Jensen’s inequality to (2.9)), we have

Z(t) > (1—a'™P) /Q+ uf (x,t) - v(x)da

1-p

> (1_041—10)(/0+ e (2,1) ~v(m)dx)p(/ﬁ+ v(z)dz) (2.10)
—(1-al?). (/Q v(z)dm)l_pzp(t), t € (7, Tonae),

uQ

which implies that z(¢) blows up in finite time since p > 1 and z(7) > 0. O

Proof of Theorem[I.1. By the comparison principle and the weak sub-solution proved
in Lemma we know that the solution is bounded from below such that w(z,t) >
w(x) for all ¢ € (0,Tmax). Lemma shows that the localized part u, (z,t)
blows up in finite time, which also implies that w(z,t) blows up in finite time
and Thax < 400. [l
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In this section, we extend our results to the Lane-Emden heat flow with general
nonlinear terms of the form

%:Au—i—f(u), z e, t>0,

u(z,t) =0, xe€d, t>0, (2.11)
u(z,0) = uo(z), z€Q,

where 0 C R” is a bounded domain with smooth boundary, uy € L*(€2) is non-
negative or sign-changing, and f is a C'-function with a superlinear growth.

Theorem 2.4. Assume that f is a conver C'-function with f(0) = 0, f' is non-
constant near 0. Then, under the assumptions in Theorem |1.1|, we have

(i) the solution u(x,t) > ug+ () —ug- (x) for allt € (0, Tmax), where Tinax €

uo wo
(0, +00) is the mazimal existence time of u(x,t);
(ii) the solution u(x,t) blows up to positive infinity in finite time
lim supu(z,t) = +oc0.
t—=Tmax TEQ

Proof. The proof of this theorem is similar to that of Theorem For simplicity,
we only present the key and distinct parts. We firstly note that the conditions on
the function f in Theorem [2.4] ensure that equation (2.11)) has a positive (classical)
equilibrium vy (see [9, Theorem 17.10]), which will help us construct a sub-solution
similar to that in Lemmal2.1, Then, by the comparison principle compared with the
sub-solution, we can localize the sign-changing solution w(z,t) to disjoint subsets
Qfo, getting the positive part u™(x,¢) and the negative part u™ (z,t). Finally,
similar to Lemma we prove that the positive part u™(z,t) blows up in finite
time. The key inequality is as follows.

2(t) = /Q aUJrT(tx’t) -v(r)dz

uQ

= Auy(z,t) - v(x)dx + /fﬁ fug(z,t)) - v(z)dz

or,
== [ Vi) Vo@ir+ [ Ju(0) o
oy i,
ov(x
= /Qto ug(z,t) - Av(z)dx — /aQ+ ug(z,t) 8(V )dw (2.12)

)

+/flff0 fug(z,t)) - v(z)dx

> [ et fe@)det [ fluen) ve)ds
Q

do @,

@y
"A%<l Pl . )o(e) ) 14 (7 ()

Based on the convexity of function f and inequality ([9, Lemma 17.9])

uy(z,t) > av(z), z=eQf, te (7, Tna),

ug?
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we can obtain

20> (1) /Q (1) - v(a)da
] o 1 (2.13)

=1-=-)— t t Trax),
( Oé) fQ* U(:L')dxf(z( ))a € (T’ )
uo
with a > 1. This completes the proof. O

3. EXTENSION

In the previous section, we considered the blow-up phenomenon of sign-changing
solutions to the linear diffusion equations. In this section, we will focus on the case
of nonlinear diffusion. As an example, we consider the following porous media
equation with finite diffusion speed,

0
6—? =Au™ + |ulP"tu, 2€Q, t>0,

u(z,t) =0, x2€9dQ, t>0, (3.1)
u(xvo) = uO(x)v MS Qa

where p > 1, m > 1, Q@ C R" is a bounded domain with smooth boundary,
ug € L*°(Q) is non-negative or sign-changing. Porous medium equations serve
as fundamental models for describing fluid flow, heat transfer, and mass diffusion
processes within porous materials, such as soil, rocks, and biological tissues. The
classical heat equation exhibits infinite propagation speed, which may not align
with real-world scenarios. In contrast, porous medium equations with m > 1 offer
a more realistic representation as they exhibit finite propagation speed. These equa-
tions are widely studied due to their relevance in fields like hydrology, petroleum
engineering, environmental science, and biomedicine.
A closely related stationary problem to (3.1]) is

—Au™ = |ulP"tu, z€Q,

3.2
u(z) =0, xz€dQ, wu(z)>0, xe. (32)
By the transform w = u™, (3.2)) can be rewritten as
—Aw = |w|" " tw, xe,
(3.3)

w(x) =0, €0, w(x)>0 =z

It follows from the results in [7] that a positive solution of (3.3)) exists if and only
if £ <m < p, where

* +OO, n= 1727
2% = 5
o2 o >3,

n—27
Thus, under the assumption
O<m<p<-4oo, n=1,2
n—2 n+2 (3.4)
<m<p< —— n>3
n+ 2 =L =7
equation ([3.3]) admits positive solution.
We denote wy = uj*. The following theorem shows the blow-up phenomenon for
the porous medium equation (3.1)).




EJDE-2024/66 LANE-EMDEN HEAT FLOW WITH SIGN-CHANGING INITIAL DATA 9

Theorem 3.1. Assume that ug € L>®(Q) is sign-changing and satisfies the follow-
ing conditions: there exist disjoint non-empty open subsets Qio C Q and relatively
closed subset T,y C Q such that

Q,, CQp. Qf cQl, T, =00, N0, ne Q=0f UQ, ULy, (3.5)

ug?

we further assume that the boundary of Qio is piecewise smooth and the unit normal
vector at x € fwo is denoted by v pointing in the direction from flfgo to Q;O, the
stationary problem on Qio admits positive solutions Wo (zero extended to
Q). Moreover,

ug (z) <,# wé, (), v €Qy, uf(z)>,# wé;r (), v €Qf, (3.6)
wg ug
0 - 0 + A
. < =we_ .
(8V wﬂ%) < (8V wﬂwo) , €Ty, (3.7)

where (%)i denotes the one-side directional derivative of f(x) with respect to v.

Under the above conditions, we have that

Q
(0, +00) is the maximal existence time of u(x,t);
(ii) the solution u(x,t) blows up to positive infinity in finite time

1 1
(i) the solution u(w,t) = wl, (x)—wz_ (x) for allt € (0, Tiax), where Tiax €
5o wo

lim supu(z,t) = +oco.
t—Tmax TEQ

The main idea of the proof of Theorem is similar to Theorem We will
initially construct a weak sub-solution to equation (3.1), then localize the positive
and negative parts of the sign-changing solution based on the comparison with this
weak sub-solution. The main difference in the proof lies in considering the weak
solutions for the problem considered in this section. Firstly, we construct the weak
sub-solution.

Lemma 3.2. Under the assumptions in Theorem[3_], the sign-changing function

. m
L (@) - wf (@)

3|

a(x) == w

2

is a weak sub-solution to the initial-boundary-value problem (3.1)), where ug+ (x)
wo

is the positive solution (with zero extension to Q) of the stationary problem (3.3
on Q?jo.

Proof. Tt follows from condition (3.6)) that
v (@) —wgt () < ug () — ug (2) = uo(2)

for z € Q, and u(z) = 0 for x € 9Q. It suffices to demonstrate the differential
inequality

/Vﬂm(x)-Vgo(x)dx < / P (z)p(x)dx, (3.8)
Q

Q
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for any 0 < p(x) € C§°(2). Using a similar partition of unity ¢ (z), ¢~ (), ¥° ()

in , we have

/ va™ o™ (z)dx = /Qljs _ATMz) - o (e)da
:/%O am(m)'wi(x)dx:/ﬂﬂp(fc)woi(x)dx, (3.9)

With the help of the approximation

Vo) = (Lwag ) vvag, @)+ (e, ) v, @) +ol), zel,.

we obtain

/ Va™(z) - VO (x)da
Q
= /E Va™ (z) - V© (z)da

wo

= / Vw(z) - V' (z)da +/ Vuw(z) - V' (x)dz
e, NQd, fg,o NQuw,
B 3.10)
9 o, (
B /Fs N, (510930) "o (z)dw

wq

0 + 9
+/f‘fuomﬂ1:o (51”0;0) 8 o’ ( )dI+0(1)

N /fwo {(aauw%o) B (aa,/wﬁwo)Jr] " (z)dz + o(1).

Because meas(I';, ) = O(¢), we have

/ (1) (z)de = / W () (x)de = O(e),  as & — 0F, (3.11)

Q Ie
w(

Thus it follows from (3.9)), (3.10)), (3.11)) and the condition (3.7]) that the differential

inequality (3.8) is valid which implies u(s) is a weak sub-solution to problem (3.1)).

O

Next, we localize the positive part u™(z,t) and the negative part u™(z,t) of the
sign-changing solution u(z,t) to the subsets Qf(m 0 respectively.
We define the localized part uy(x,t) of u(x,t) as follows:

ug(x,t) :=u(z,t) “Xag, (), u_(x,t):=—u(x,t) xg- (v), (3.12)

wQ

where x = () is the characteristic function of the set Qio The comparison prin-
wo
ciple of equation (3.1) implies that u(z,t) > @(z) for ¢ € (0, Timax), Wwhich means

that ijo C Q:(a:,t) and Q  C €, . Thus we have

u(z,t) = uy (z,t) —u_(z,t) = u (2,t) —u (z,1),
and ut(z,t) > uy(z,t), v (z,t) > u_(z, t). u®(x,t) coincides with uy(z,t) in

Qfa N Qj( 1+ However, for all z € Q+( t)\Q we have

ug?

0=uy(z,t) <ut(z,t) =u(z,t), —u(z,t)=u_(2,t)<u (z,t)=0.
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From the definition (3.12]) and the comparison principle for the equation (3.1))

compared with the weak sub-solution @(x) proved in Lemma we derive the
following lemma.

Lemma 3.3. The localized part uy (x,t) satisfies

0 R
%:AUT+|U+|Z;71U+7 IGQ;O, t>07

up(a,t) >0, xedQf, t>0, (3.13)
U+($,0) = U(T($) Za?é ng'—’o (CL’), S Qﬂjm

in the distribution sense and the localized part u_(x,t) satisfies

ou_ R
S = Au s, we Q>0
u_(z,t) <0, =€ 6@;0, t >0, (3.14)

1 .
u—(z,0) =ug (z) <, Zwi (z), z €y,
wo

in the distribution sense.

Following the approach in the proof of [0, Lemma 17.9], we derive the subsequent
result for (3.1)), which will be used in the next lemma.

Lemma 3.4. Assume that ugl),uéz) € L™(Q) and u(()l) > # uéZ). Let uM (x,t) and
u® (z,t) be the corresponding solutions of (3.1), then for any fived T € (0, Tinax),
there exists a constant a > 1 such that

uM (z,t) > ouP (z,t), t e (7, Tmax)-

Finally, with the localized solution u(x,t) to disjoint subsets Qio, we establish
the following result about the asymptotic behavior of the localized part w, (z,t),
which will complete the proof the Theorem

Lemma 3.5. The localized part uy(z,t) defined in (3.12)) blows up in finite time,
i.€., Thax < +00.

Proof. Inspired by [9], we define

z(t) :== /Q ug(z,t) “ugy (z)dz = /Q ug(z,t) - v(x)de,

+
wq uQ
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where we denote v(z) := wg+ (x) for simplicity. Noticing that v(z) = 0 and
wo

627(56) <0forze 3(21‘;0, we have

fn ou (z,t)(x) "
Z'(t) = /aQ% +T cv(x)de — . Vull'(z,t) - Vo(r)de
+/Q,+ uf (z,t) - v(x)d

=— Vull(x,t) - Vo(z)dz + / uf (z,t) - v(x)de

Qg b,
ov(x
= /Qj;o uy(x,t) - Av(z)dz — /afzj;o mAx,t)%dx (3.15)
—|—/ ull (z,t) - v(x)de
o,
>— [ uf(xt)- v (z)dz +/ uf (z,t) - v(z)de
Qo @b

_ /Q+ (w2, 0) - 0() = (2, 0) - 0% )

wq

Taking uél) = uy(z,0), u((f) = ym (z) and applying lemma we have that for any
fixed 7 € (0, Trnax), there exists a constant « > 1 such that

ug(z,t) > ow%(x), Vo e Qf

wo?

te (7—7 Tmax)7
since u, (z,0) >, % v (). Thus we have from (3.15) that
H\" "
2 (t >/ <1— uy (2, > ub (z,t)v(x)dz.
o=) (1-(Grg) )@

wq

>(1- cu"“p)/Q uf (z,t)v(z)dr, t€ (7, Tmax)-

wq

Employing Jensen’s inequality, we derive
2(t) > (1 - am*p)(/ uy (z,t) v(x)dx)p(/ v(x)dx)
o o (3.16)
=(1-a™? /
( (/.

1-p
v(x)dx) 2P(t), t € (7,Tmax)s
which implies that z(¢) blows up in finite time since p > 1 and z(7) > 0. O

1-p

+
wo

Proof of Theorem[3.1]. Based on the comparison principle and the weak sub-solution
derived in Lemma [3.2] we know that the solution is bounded from below, ensuring
u(z,t) > u(z) for all t € (0, Tyax). Furthermore, Lemma [3.5 demonstrates that the
localized part uy(x,t) blows up in finite time, which consequently indicates that
the solution u(z,t) to porous medium equation blows up in finite time and
Tiax < +00. |

According to (3.16]), when m > 1, the blow-up rate of the porous medium equa-
tion (3.1)) decreases relative to the classical heat equation (|1.1)).
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