Electronic Journal of Differential Equations, Vol. 2024 (2024), No. 70, pp. 1-26.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2024.70

PRACTICAL STABILITY OF STOCHASTIC DIFFERENTIAL
DELAY EQUATIONS DRIVEN BY G-BROWNIAN MOTION
WITH GENERAL DECAY RATE

TOMAS CARABALLO, FATEN EZZINE, MOHAMED ALI HAMMAMI

ABSTRACT. This article is concerned with the quasi sure practical stability of
nonlinear stochastic differential delay equations driven by G-Brownian motion
(G-SDDEs) with a general decay rate. Sufficient conditions are established by
constructing appropriate G-Lyapunov functionals. Moreover, we provide some
numerical examples to demonstrate the effectiveness of the obtained results.

1. INTRODUCTION

Since Peng [24] 25] set up the G-expectation and G-Brownian motion, many
papers have been published on stochastic calculus based upon G-Brownian motion,
see [11L [I7] and the references therein.

On that basis, Gao [I3] and Peng [24] studied the existence and uniqueness
of solution to G-stochastic differential equations (G-SDE) under a standard Lips-
chitz condition. Moreover, Lin [I9] obtained the existence and uniqueness of so-
lution to G-SDE with reflecting boundary. Later on, several authors have been
working on stochastic differential equations driven by G-Brownian motion, see
[T, T3], 18] [19, 20} 25]. Stochastic models under G-framework proved to be powerful
to analyze interesting applications in many branches of problems with uncertainty,
risk measures, the superhedging in finance, etc.

Many applied problems are modeled by non-delay systems. These are governed
by the assumption that the future evolution of the system is determined just by the
present state, being independent of the past states. In reality, such an assumption
can be considered only as a first approximation to the real system. A more realistic
model assumes that the evolution of the future states depends not only on the cur-
rent state but also on the past history. Delay differential equations (DDEs) (also
called hereditary systems, systems with aftereffect, functional differential equations,
retarded differential equations) provide an appropriate model for physical processes
whose time evolution depends on their history. Stochastic differential delay equa-
tions (SDDEs, in short) have been widely investigated over the last decades, see
[14], 21, 23).
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Recently, several works have been published on stochastic differential delay equa-
tions driven by G-Brownian motions (G-SDDEs, in short). Young et al. [27] proved
the existence and uniqueness of solution for a class of G-SDDEs. The problem of
stability of G-SDDEs is more complicated, and there have been published only in
a few works, see [22] 27, [29].

When the origin is not a trivial solution, we investigate the stability of the SDEs
with respect to a small neighborhood of the origin. Several results on the stability
of the nontrivial solution of stochastic systems are proposed in [6 8, ©]. In the
investigation of the asymptotic behavior of solutions to SDEs, one can find that a
solution is asymptotically stable but may not necessarily be exponentially stable.
Further, in the nonlinear and/or nonautonomous situations, it may happen that
the stability cannot always be exponential but can be sub- or super-exponential,
see [2, B, [7]. For this reason, the main aim of this paper is to discuss the quasi sure
practical stability with a general decay rate of G-SDDEs.

Lyapunov’s technique is available to state sufficient conditions for the stability
of solutions to SDDEs by using the construction of some Lyapunov functions or
functionals. The latter method provides better conditions than using Lyapunov
functions, although the construction of Lyapunov functionals is more complicated.
Different works tackled the problem of the construction of Lyapunov functionals
for a wide range of equations containing some hereditary properties, see [4] 5] 28].

The general method of Lyapunov functionals construction was proposed by Kol-
manovskii and Shaikhet [I5] [I6] [28]. This approach has already been successfully
used for functional differential equations, for difference equations with discrete time,
for difference equations with continuous time, etc.

Recently, the concept of practical stability with general decay rate of stochastic
differential delay equations was introduced by Caraballo et al. [I0]. Our main
objective in this paper is to extend the results in [I0] to the case of G-Brownian
motion. Using the method of Lyapunov functionals and recently developed Ito
calculus for SDDE driven by G-Brownian motion, we introduce and develop the
practical stability with a general decay rate of stochastic differential equations with
constant and time-varying delay driven by G-Brownian motion.

To the best of our knowledge, no work has been done on the practical stability
for delayed stochastic differential equations driven by G-Brownian motion in the
literature. Motivated by these considerations, in this paper we will investigate the
practical convergence to a small ball centered at the origin with a general decay
rate in terms of the existence and construction of G-Lyapunov functionals. Fur-
thermore, we construct G-Lyapunov functionals for stochastic differential equations
with constant and time-varying delay driven by G-Brownian motions, to obtain suf-
ficient conditions ensuring the practical convergence to a small ball centered at the
origin with a general decay rate.

The arrangement of the paper is presented as follows. In Section 2, we establish
some preliminaries on sublinear expectations and G-Brownian motions. In Section
3, we state sufficient conditions for quasi sure practical stability of the G-SDDEs
with a general decay rate by using G-Lyapunov’s functionals. In Section 4, we
analyze the quasi sure practical stability with a general decay rate of stochastic
differential equations with constant and time-varying delay by constructing suitable
G-Lyapunov functionals. Moreover, we exhibit some examples to illustrate the
theoretical findings. Finally, some conclusions appear in Section 5.
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2. PRELIMINARIES

This section reviews the basic concepts and notation within the G-framework
which are needed in our analysis. The reader interested in a more detailed descrip-
tion of the notions are referred, for instance, to [24] [25] [26].

Notation on G-stochastic calculus.

R™ : Space of n-dimensional real column vectors,

(x,y) : Scalar product of two vectors z,y € R™,

If x € R, |z|| denotes its Euclidean norm,

Q= {w./\t W e Q}, Fi = B(Qt),

B(£2) : Borel o-algebra of 2,

C,Lip(rn) : the space of all bounded real-valued Lipschitz continuous functions,
LO(9) : Space of all B(Q2)-measurable real functions,

L°(©;) : Space of all B(£);)-measurable real functions,

By(€): all bounded elements in L°(£2), By () := By () N L°(Q),
L7?,(2) : Banach space under the natural norm [|z||? = E (|x\p)1/p7

MEC([0.T]) = {¢ = G(w) = Y Gl (), YN >0, 0=ty < <ty =T,

G € LY(wy,), i=0,1,2,...,N — 1},

MZ([0,T]) : Completion of ME® under ]y = (fo B(In(t)P)dt) """,
Let Q be a given set and let H be a linear space of real valued functions defined
on 2. We suppose that H satisfies b € H for each constant b and ||Y]| € Hif Y € H.

Definition 2.1. [24] A sublinear expectation E on # is a functional E : H — R
satisfying the following properties: for all Y, Z € H,
(i) Monotonicity: if Y > Z, then E(Y) > E(Z)
(i) Constant preserving: E(b) = b for all beR.
(iii) Sub-additivity: E(Y + Z) < E(Y ) E(2).
(iv) B
The triple (Q,’H,E) is called a sublinear expectation space. Y € H is called
a random variable in (Q,H,E). Y = (Y1,...,Y,), where Y; € H is called an
n-dimensional random vector in (Q, X, E).

Positive homogeneity: E(aY) = aE(Y) for a > 0.

Definition 2.2. [24] Weakly compact sets are defined to be sets which are compact
with respect to the weak topology of a Banach space.

The representation of a sublinear expectation can be expressed as a supremum
of linear expectations.

Theorem 2.3 ([25]). There exists a weakly compact family P of probability mea-
sures defined on (2, B(Q2)), such that

E(Y)=supE,(Y), Y € L&(Q).
pEP

Definition 2.4 ([24]). In a sublinear expectation space (€2, H, E), an n-dimensional
random vector Z = (Z1,...,Z,) € H is said to be independent from an m-
dimensional random vector Y = (Y71,...,Y,,) € H under the sublinear expectation
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E, if for any test function ¢ € C, i (R™™)

B(@(ZY) =E (B(p(zY)) =z

Definition 2.5 ([24]). Let Y7 and Y5 be two n-dimensional random vectors defined
on sublinear expectation spaces (21,1, E1) and (Qq, Ha, E2), respectively. They
are called identically distributed, denoted by Y; 2 Yo, if

El(le)) = E2(¢<Y2))7 Vi € Cp,Lip(rn)-
Y is said to be an independent copy of Y, if Y Ly and Y is independent from Y.

Definition 2.6 (|24]). A random variable Y on a sublinear expectation space

(Q,H, E) is called G-normal distributed, denoted by Y ~ A (0, [¢?,5?]) for a given
pair 0 < & < g, if for any ¢, d > 0,

Y +dy L[zt d?y,
where Y is an independent copy of Y.

Let Q be the space of R%-valued continuous paths (wi)i>0 with wo = 0. Further,
we assume that €2 is a metric space equipped with the distance

N j—
Z 27N (( max (! —w?[) A1),

and consider the canonical process Bi(w) = wy, t € [0,00) for w € €; then for each
fixed T € [0,00), we have

LZOP(QT) = {’lp (Bt17Btz7 R 7Btn) n Z 17 O S tl S e S tn S T7 w S Cb,lip(Rdxn)}'

Definition 2.7 ([24]). On the sublinear expectation space (Q,LJ (Qr), E), the
canonical process (B;)¢>o is called a G-Brownian motion, if the ensuing properties
are satisfied:
(1) BO = O;
(ii) for t,s > 0, the increment B,y s — By 4 \/sY, where Y is G-normal dis-
tributed;
(iii) for ¢,s > 0, the increment By, s — B; is independent from (B, By, ..., By,)
foreachneN,and 0 <t; <ty <---<t, <t.

Moreover, the sublinear expectation E() is called G-expectation.

For 62 = g? = 1, (B¢):>0 is the classical Brownian motion.
For simplicity, let (B;);>0 be a 1-dimensional G-Brownian motion. The letter G
denotes the function

1 1
G(b) := ZE(bB?) = 5(521# —a?b7), beR,

2
with o2 := —E(=B2) < E(B2) := 52, 0 < ¢ <7 < 0. Recall that b+ = max{0, b}
and b~ = —min{0, b}.
Definition 2.8 ([24]). Let 7N, N = 1,2,..., be a sequence of partitions of[ ,,

(Bt);>o be an n-dimensional G-Brownian motion. For each fived b € R", (B >0
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is a 1-dimensional G-Brownian motion, we define

N-—-1 +
BY), == (b,B,) = i Bly —BY)? = Bb2—2/ BLdBY.
< >t < t> u(w}glao ;( t;'v‘Fl t;\’) ( t) 0 s s

(BY) is called the quadratic variation process of G-Brownian motion.
Let b € R™, we define the mutual variation process by

(BY, BYY, = i(aab +BY), — (B"—BY),) = i((B”B}t ~(B"),).

Proposition 2.9 ([24]). Let (B;)i>0 be an n-dimensional G-Brownian motion
on a sublinear expectation space (Q,H,E). Then, (BY)i>o is a 1-dimensional G-
Brownian motion for each b € R™, where

Gy(B) = % (Ung5+ - O—z—bbTﬂi) )
o2z = 2G(bbT) = E ((b,B1)?),
02y = —2G(=bbT) = —E (—(b,B1)?) .
In particular, for each t,s >0, Bf+s - BY LN (O, [saQ_bbT,sang]).

Definition 2.10 (|26]). For p > 1 and T € R, fixed, we consider the type of simple
processes,

N-1
M, 0([0,T7) = {n =m(w) = Y &l (), YN >0,
=0

7

O=to<--<tyn=T, & €By(), i:0,172,...7N—1}.

For each p > 1, we denote by M ([0,T]) the completion of Mj o([0,7]) under the

norm:
N 1/p
Ilssrcory = (B( [ Imirae)) ™"

Now, we introduce the natural Choquet capacity.

Definition 2.11 ([24]). Let B(Q2) the Borel o-algebra and P be a weakly compact

collection of probability measures P defined on (Q, B(Q2)), then the capacity C(-)
associated to P is defined as follows:

C(A) = SggP(A), A € B(Q).

Definition 2.12 ([24]). A set A C B(Q) is polar, if C(A) = 0. A property holds
“quasi-surely” (q.s.), if it holds outside a polar set.

Next we recall the following Borel-Cantelli lemma in the G-framework.

Lemma 2.13 ([11]). Let { Ay} C B(Q), such that
k=1

Then, limsupy,_, ., Ak is polar.
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Lemma 2.14 ([30]). Let B, be a one-dimensional G-Brownian motion, we suppose
that there exist constants € > 0 and v > 0, such that

E(exp 1+e/ f2(s) ) 0.

Then, for any T >0 and n > 0,

sup / f(s)dBs — 7/ F2(s) > 77) < exp(—vn).

O<t<T

3. PRACTICAL STABILITY OF STOCHASTIC DELAY EQUATION DRIVEN BY
G-BROWNIAN MOTION

Let 7 > 0 and C([—7,0],R™) denote the family of all continuous R™-valued
function ¢ defined on [—7,0] with the norm ||| = sup_,<g<o ll(@)]. If z(¢) is a
continuous R™-valued stochastic process on [—7, 00), for every t > 0 we define x; :
[—7,0] = R™ by z(0) = 2(t+0),—7 < 6 <0, which is considered as C([—, 0], R™)-
valued stochastic process.

Now, we consider the nonlinear stochastic differential delay equations driven by
a G-Brownian motion in the form

d.l?(t) = f(t,act)dt + h(t,$t)d<B>t + g(t,.]?t)dBt, t Z to, (31)

where B; is a one-dimensional G-Brownian motion, with B, ~ N(0, [¢?t, 5%]), and
((B))i>0 is the quadratic variation process of the G-Brownian, and f : [tg,00) X
C([-7,0],R™) = R"™, g : [tg,00) XC([—T,0],R™) = R™, h: [tg, 00) xC([—7,0],R") —
R™ satisfy appropriate assumptions described below.

To solve equation , we need to know an initial datum, so we assume that it
is given as follows

= &( in other words z4,(0) = z(to + 0) = £(0), —7 < 6 <0), (3.2)

where £ is a C([—7, 0], R™)-valued random variable.
For the well-posedness of system (3.1]), we impose the following hypotheses.

Tt

(1) Linear growth condition: There exists a positive constant K7, such that for
all ¢ € C([-7,0],R™), and all ¢ € [to,T],
(@)1 + [t ) + g (t @) < Ka(1+ [of).

(2) Lipschitz condition: There exists a positive constant K, such that for all
v, ¢ € C([—7,0],R™), and for all ¢ € [ty, T],

1f(t, ) = FE RN + [[h(t, ) — h(t, @)1 + [lg(t, ) — 9(t, @)]* < Kallp — 2%
Then, under these assumptions, the G-SDDE (3.1]) with initial value (3.2) has a
unique solution z(t), see [27] for details. The solution z(t) of (3.1]) with initial value
(3.2) satisfies the integral equation

/fszuﬁ+/ @%M®%+/E@%M&,q&

o(t) = €(t—to), L€ [to— o]

To calculate the stochastic differential of the process ¥#(t) = v(t, 2(t)), where z(t)
is a solution of the G-SDDE (3.1)) and v : [0, 00) x R™ — R, we define an operator
L (called G-Lyapunov function) as

Lo(t,z(t)) := ve(t, 2(t)) + ve f(E, x4)
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+ G (ot 2(8)), 2(8,20) + (et 2(0) g 1,0, (8 1)),

where

o

wlts) = G) t0) = (S0)s s 3 (10))

0%v

Vg (E, ) = (8331096]' (t,l’))nxn.

The G-Lyapunov function L can be implemented too for some functionals V (-, ) :
[0,00) xC([—T,0],R™) — R, . We assume that a functional V (¢, ¢) can be described
in the form V (¢, ¢(0),¢(0)), 0 < 0, and for ¢ = x;, we put

Vo(t,z) =V (t,p) =V(t,ay) =V (t,z,z(t +0)), 6<0,

x = p(0) = z(t).
Let D represent the set of functionals for which the function V,(¢,z), defined by
(3.3), has a continuous derivative with respect to ¢ and two continuous derivatives

with respect to z;, i« = 1,...,n. For functionals from D, the operator L of the
G-SDDE (3.1) has the form

(3.3)

LV (t,20) = Viult, 2(0)) + Vi (L, 0(0) £ (8,20) + G (Ve (8, 2(0)), 208, )

+ <Vapzz(t7 x(t))g(tv xt)v g(ta xt)>) .
From the G-It6 formula it follows that for a functional V from D,
AV (t,zy) = LV (t, x4)dt + Vipu (¢, x(2))g(t, ¢ )dBy.

We assume that there exits t € Ry, such that f(¢,0) # 0 or h(¢,0) # 0 or g(¢,0) # 0,
i.e., the G-stochastic differential delay equation does not have the trivial
solution = = 0.

Now, we state the definition of practical exponential stability of a stochastic
delay equation driven by G-Brownian motion when the origin is no longer an
equilibrium point. In this case we study the stability of solutions with respect to a
small neighborhood of the origin.

The study of the asymptotic behavior of solutions leads to investigate the sta-
bility behavior of a small ball centered at the origin, B, := {z € R™ : |z|| < r},
r>0.

Definition 3.1. (i) The ball B, := {x € R" : ||z|| < r}, » > 0 is said to be
quasi surely globally uniformly exponentially stable, if for each initial data £ €
C([—7,0],R™), such that 0 < ||x(t,to,&)| — 7, for all ¢t > 0,

1
limsup = In(]|z(t,t0,&)|| —r) <0, q.s.
t—o0 t
(ii) System (3.1) is said to be quasi surely practically uniformly exponentially
stable, if there exists r > 0 such that B, is quasi surely uniformly exponentially
stable.

Next, we state the definition of practical convergence to the ball B, with a general
decay function A(t).
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Definition 3.2. Let A(+) be a positive function defined for sufficiently large ¢ > 0,
such that A(t) — oo as t — co. A solution z(-) to system is said to decay to
the ball B, quasi surely with decay function A(t) and order at least v > 0, if its
generalized Lyapunov exponent is less than or equal to —v, i.e.,

In(]|z (£, 20, §)|| — 1)
lim su < =7, .S.
P (%) =77 d
If in addition, 0 is a solution to system (3.1)), the zero solution is said to be quasi
surely practically asymptotically stable with decay function A(t) and order at least

7, if every solution to system (3.1)) tends to the ball B, quasi surely with decay
function A(t) and order at least ~, for all » > 0 sufficiently small.

Replacing the decay function A(t) by O(exp(?)) in the above definition leads to
the quasi sure practical exponential stability.

Our aim now is to study the practical stability of stochastic differential delay
equations driven by G-Brownian motion with a general decay rate based upon the
method of G-Lyapunov functionals.

Theorem 3.3. Let V : Ry x C([—7,0],R™) — R be a functional from D. Assume
that In A(t) is uniformly continuous on t > 0 and there exists a constant § > 0, such

that 1
nint <5

550 In At) —
Let x(-) = x(+,0,€) be a solution to and assume that there exist constants
g € N, m>0,b >0, ba €R, a non-increasing function ¢1(t) > 0 and a
continuous non-negative function @s(t), such that for all t >ty > 0, the following
inequalities hold:
HL) A @)[z@)[* < V(T z0).
(H2)

t t
/ LV (s,2,)ds + & / o1 ($)IVa (s, 22)g(s, ) 2ds,

to tO

< [ paloN () a(lds + ()

to
where r(+) is a continuous non-negative function.
(H3)
. ftto pa(s)ds .. Inp(t) o)
tlizgo sup W < bg, tli)l%l() inf n )\(t) > _b17 tli}?o )\m(t) =r>0.

(H4) The solution z(t,tg, &) satisfies

lett.to. > () ¥t > o

Then

r 1/
tap 80O~ Gint) ™)
P mA(?)
Proof. Notice that

A Olle0)]7 - 1) = 30 (Je(0)]7 - )

< —(m—(b1+(bg+5)\/m)), q.S.
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=)l - (o))

From the inequality
a1? —ax? = (a1 — a2> (a1q_1 + alq_2a2 + alq_3a22 + -+ a10a2q_1> ,
it follows that
r

A" @lla(e)]e - ()
w0 (1ol - (G )")
at

- )\m(t)(Hx(t)H - (Am(t ) /q) (Ilsc(t)l\"‘1 + IIx(t)q‘2(;£t()ﬂ)l/q
")
=Amw(n<m—( ) )EZH o+ ()

Since limy_, o )\T,,Et()t) =7 >0, it follows that for 0 < ry < 7, there exits T > tg, such

that )\7,,52) > 7o for all t > T. As we are assuming that ||z(t)|| > (AQEt()t )l/q for all

t > 0, we obtain
- () VT
> (o) ")

= o+ a0 (505) e+ ()

> =q(7) TV, W >T >t

Hence, we see that

Xl = r(t) = 3@ (@)l - (55
This yields
V(t,z) 2 A" @)@ = A" (@) |lz(6)]|* —r(t) = )\m(t)(Hw( ) — ( o ) /Q>T .

That is,

r(t

r(t

e (o)~ (i) ") < Vit

m(t
Therefore,

In(7) + mIn A(t) + In (Hx( ) — ( r(t)

"(t)

Invoking the G-1t6 formula, it follows that

1/q
) ) <Wn(V(t,z,)), ¥t>T>t.

V(t,z) = V(0,20) + /t LV (s,xs)ds + f Va(s,xs5)g(s, xs)dBs. (3.4)

to t()
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By using that In A(¢) is uniformly continuous on ¢ > 0, we can obtain that, for
each € > 0, there exist two positive integers N = N(e¢) and K;(e), such that if
% <t< 2% and K > K;(e), then

K
| In )\(Q—N) —InA(t)| <e.
Thanks to Lemma we deduce that

Clw: sup (M) =2 [ [Va(s,w)g(s, 2)|d(B),) > n} < exp(—vn)

to<t<w 2 Ji

for any positive constants «, 8 and w, with

M(t):/ Va(s,25)9(s, x5)dBs.

to
For € > 0, we set
K K,1. K-1 K
V:2Q01(27N), 77:801(271\/') IHQT, w:27N, K:2,3,
Applying the well-known Borel-Cantelli lemma (Lemma [2.13)) for capacity, we can
conclude that, for almost all w € ), there exists an integer Ky = K (g,w) > 0, such
that

K.-1, K-1 K. [t
M(t)SW1(2W) =5 +<P1(27\;) ) Vi (s, 25))g(s, ) | 2d(B) 5

K.-1, K-1 [
<oi(gy) g+ [ e)IValsglsa)PE)..
0

fortg <t < QAN and K > Ky(e,w). Substituting the above inequality into (3.4)), we
obtain

K1, K-1 [
V(t,xe) < V(0,20) + @1(27]\7) 1n N —|—/ LV (s,zs)ds

to
t
+ [ e IVals gl Pd(B).
to
for tg <t < & and K < Ko(e,w). From Peng [24, Chapter III], we have that for
each0<s<t<T,
a®(t—s) < (B)y — (B)s < 3%(t — 5).
Based on this fact, we deduce that
K.1, K-1 !
V(t,z¢) < V(0,20) —|—<p1(2—N) In N —l—/ LV (s,zs)ds

to

t
+#/wmwm@%mw%Ww,

to
for tg <t < K/2V and K < Ky(g,w).
It follows from conditions (H1) and (H2), that

K. 1. K-1
V(t,2e) < V(0,20) + 1 (55) ! In == +r(t) +

pa(s) A" (s)[|lz(s)[|7ds

—~

~+

K., K-1
<V(0,z9) + ¢1 (Q—N) In N +r(t) + t w2(8)V (s, x5)ds,

(=)
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for tg <t < 2£N and K > Ky(¢,w). Using Gronwall’s Lemma [12], we derive

V(t,x) < (V(O, xo) + @1(2%)_1 In % + T(t)) exp (/t wg(s)ds).

to
From (H3) we have that for any ¢ > 0,

and lim;_, o inf lfn“i\l((tt)) > —b; —e. Thanks to the uniform continuity of In A(¢), there

exists a positive integer K(g), such that whenever ¢ > K;(¢), we have

/t pa(s)ds < (ba + ) In A(t), @1(%)71 < or(t) < AT,

to
for £52 <t < £ and K > K;(e). Also observe that

k:—1< < k ; k:—1< < k
5N _lnt_ln2—N or ——— <t < —.

In o St oy

Therefore, for almost all w € ), we obtain
IV (t, ;) <In (V(0,20) + A()" T2 + (1)) + (b2 + ) In A(2),
for % <t< 2£N and K > K;(g). Thus, we conclude that

: )
Itlinélosupw§(b1—i—<54—2e5)\/m+(624—5), q.s.

Recall that for ¢ > T > tg and ¢ € N*, we have

I (Jlx(t)] - (A’;E?t))l/q) < I(V(t,20)) — mIn A(t) — In(7).

Letting € — 0,

/q
(el = () )
tlg(r)losup At ®) < —(m—=(ba+ (bg +0)Vvm)), qs.,

as required. O

Next, we will infer the practical convergence toward the ball B, with a gen-
eral decay rate of our stochastic differential delay equations driven by G-Brownian
motion.

Corollary 3.4. Let V : Ry xC([—7,0],R™) = R be a functional from D. Assume
that In \(t) is uniformly continuous on t > 0, and there exists a constant 6 > 0,

such that
Inlnt

im ———

t—oo In \(¢) —
Let 2(-) = x(-,0,&) be a solution to system and assume that there exist con-
stants ¢ € N*, m >0, by > 0, by € R, a non-increasing function p1(t) > 0 and a
continuous non-negative function pa(t), such that, for all t >ty > 0, and for any
solution z(-) to Eq.(3.1), defined in the future, assumptions (H1) — (H3) hold, and
the following assumption is also satisfied

(H4’) There exists 7> 7 >0, such that the solution x(t, to, &) satisfies
ot to, )1l > ()77, vt = to.
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Then
~\1/
moup 12 (62001 = (7))
t—ro0 In )\(t)
where vy =m — (ba + (b1 +0) Vm).

In particular, if m > (b + (b1 + ) V.m), the solution to system (3.1)) tends to
the ball B,., with r = (77’)1/(1 quasi surely with decay function A(t) and order at least
5.

Remark 3.5. Notice that the condition m > by + (b1 + ) V. m (or equivalently
~v > 0) in the corollary holds in the next cases:

§ -7 q.S.,

e If by +0 < m, then the condition becomes m > by + m. Therefore, this
needs by < 0.

e If by +d > m, then the condition turns into m > by + by + § which also
needs by < 0.

As a conclusion, to ensure that v is positive requires that bo < 0, and this implies
that when by + 0 < m, then v > 0, and when by + § > m, then by must be smaller
than m — by — 4.

Proof of Corollary[3.7} By Theorem it follows that

r 1/
lim su - (||x(t)|| _ ()‘"(L?t)) q) < — S
tﬁoop At S =7, 4s.

Since, we have lim;_, o ;m(—t()t) =7 < 77’, there exists T > to such that )\Tm(,t()t) < 7:’, for

all t > T > tg. Consequently,
I (z(0)] — (7)) In (|J() | — (505)")

li <l <
iy A7) = I A(t -

=Y, 4.8,

where v = m — (ba + (by +0) V' m). Hence, if m > by + (by + 0) V m, then the

solution to system (3.1) tends to the ball B,., with r = (ﬁ)l/q quasi surely with
decay function A(t) and order at least ~. O

We analyze the following example to show how the previous theorem can be
implemented.

Example 3.6. Consider the following one-dimensional stochastic differential delay

equation with constant time delay driven by G-Brownian motion.

B+
2(141¢)

z(t —7)d(B); + (1 + )" 2dB,, t >0,
T &= 7)d(B) + (1 +1) ¢ (3.5)

z(t) =&(t), tel-70],

dz(t) = x(t)dt +

where 3 € Ry, By is a one-dimensional G-Brownian motion with B, ~ N(0, [3, 3])
and 7 is a positive constant.
For ® € C([-7,0],R) and ¢ > 0, we define

B+l
2(1+1)

h(t, ) = l%t@(—ﬂ.

S

ft,®) =

(I)(O)7 g(t,(I)) = (1 +t)_ ,



EJDE-2024/70 PRACTICAL STABILITY OF STOCHASTIC DELAY EQUATIONS 13

Now, we aim at investigating the practical stability with a general decay rate of
system ([3.5)) by using a G-Lyapunov functional. Consider the functional

Vita) == (40 + 5 [ o) P

Then, it is easy to check that for arbitrary a > 1 and ¢4 (t) = ﬁ, we obtain

t t
8 ;
/0 LV (s, 2.)ds + /O e LACENPCENIEE

< / lo(s)|%ds + / (B + D)l|(s)|%ds + 2 / le()l12(s - )|d(B)s

/ /||x i ds—/ \|xs—7|\2ds+/o el
/nx |ds+/ B+ Dx(s)] ds+2/ Hla(@)lz(s - 7) |ds+/ Las
" / () %ds — / (s — )| %ds + / =t COIR

< [eoeas+ [ @+ 0+ [ lePa

+/ Lats = 71 ds+/ Las

/|u |ds—/|ms—7|dyﬁé O+iw2|ugw@.

That is,

¢ K B 2
/O LV (s,24)ds + / Tor sy Ve ot ) s,
8

it+/0t(51;f+(1+) D)@+ ()]s,

Hence, we see that

B ;-0 1
(1 +¢)o-1 21+t’ rt) =3t

pa(t) =

Taking A(t) = (1 +¢) and doing easy computations, we can check that

1 1
(S:O, b1:Oé, bgiifﬂ, r=- m = 1.

Finally, using Corollary [3.4] we deduce that

i s 2O —)

Pl sup ln(l + t) A q.s.,

where vy = —a+ % Hence, the solution to system (3.5)) tends to the ball B, quasi

surely with decay function A(t) = (1 + ¢), r = } and order at least v whenever

1
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4. PRACTICAL STABILITY

In this section we construct G-Lyapunov functionals for practical stability of
stochastic delay differential equations driven by G-Brownian motion.

Corollary shows that the quasi sure practical stability with a general de-
cay rate of G-SDDEs can be reduced to the construction of appropriate
G-Lyapunov functionals. In the following, we propose a procedure to construct
G-Lyapunov functionals for G-SDDEs, which consists of four steps.

Step 1: Let us represent in the form
dz(t,00) = (Fu(t,0(8)) + folt,2e)) dt + (ha(t,(8)) + ha(t,7,)) d(B):
+ (91(t, 2(t)) + g2(t, 1)) dB,

where z(t,z:) is some functional of z;, the functions fi(¢,x(¢)),h1(t,z(t)) and
g1(t,z(t)), depend on t and z(t) only and do not depend on the previous val-
ues z(t + 0), 8 < 0, of the solution. Assume that there exists t € R, such that
fi(t,-) #0 or hy(t,-) # 0 or g1(t,-) #0.

Step 2: Consider the auxiliary differential equation without memory

dy(t) = fi(t,y(t))dt + ha(t,y(t))d(B)e + g1(t, y(t))dB. (4.2)

Assume that (4.2)) is quasi sure practical stable with a general decay rate and there
exists a G-Lyapunov function v(t,y(t)), which satisfies the conditions of Corollary

B4

Step 3: A G-Lyapunov functional V(¢,z;) for (3.1) is constructed in the form
V = Vi + Vo, where Vi (¢, 2;) = v(t, 2(t,2¢)). Here the argument y of the function
v(t,y) is replaced on the functional z(¢,z;) from the left-hand side of (4.1J).

Step 4: Usually, the functional Vi (¢, z;) almost fulfills the conditions of Corollary
To fully satisfy these conditions, it is necessary to calculate LVj(t,z;) and
estimate it. Then, we choose the additional functional V5(t, 2;) in a standard way.

The representation (4.1]) is not unique. This fact allows, using different repre-
sentations of the type o or different ways to estimate LV7(t, z), to construct
different G-Lyapunov functionals and, as a result, to obtain different sufficient con-
ditions for the practical stability with general decay rate.

The above procedure is a general method of Lyapunov functionals construction,
which was proposed by Kolmanovskii and Shaikhet [I5] [16] 28], and it has already
been successfully used for functional differential equations, for difference equations
with discrete time, for difference equations with continuous time. This method
is used here for stochastic differential equations with delay driven by G-Brownian
motion. Our interest now is to investigate the quasi sure practical stability with
a general decay rate of stochastic differential equations with a constant and time-
varying delay driven by G-Brownian motion exploiting the method of Lyapunov
functionals construction.

Now we construct G-Lyapunov functionals for stochastic differential equations
with constant delay driven by G-Brownian motion. Consider the following stochas-
tic differential equation with constant delay driven by G-Brownian motion,

da(t) = (F(t,z(t)) + f(t, x(t), x(t — m1))) dt
+ h(t, x(t), z(t — 72))d(B)t + g(t, z(t), x(t — 73))dBy, (4.3)
a(t) =&t —to), tE (to—T,t),

(4.1)
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where
T =max[r, 72|, 7=max[T,73], F:RixR"—= xR",
filto,0) X R* x R* - R™,  g: [tg,00) x R" x R" — R™*™,
h: [tg,00) x R® x R" — R™*™,
Here By is an m-dimensional G-Brownian motion, (B);>¢ is the quadratic variation
process of the G-Brownian B. Remark that (4.3) is a particular case of (3.1).
We will apply the method described above to construct G-Lyapunov functionals

for (4.3)), and, as a consequence, to deduce sufficient conditions ensuring the quasi
sure practical stability with decay function A(t), where A(-) € C1(R,).

Theorem 4.1. Assume that In A(t) is uniformly continuous on t > 0, there exists

a constant § > 0 such that
Inlnt
< 4.

55 In At) —
Let (t) be a continuous non-negative function, and r(t) a non-negative continuous
differentiable function such that for all t >ty > 0, the following inequalities hold:

(1)

2o Flt,2)) < (600 ~ Ol + 10k U >0

£t @) < ar|@(=r1)]

(¢, )] < az]| (=)

19(t, @) < as||@(=73)I,
[@0)g(t, @) < as||(=T3)]|,

where f(t,®) = f(t,(0),®(~71)), §(t,®) = g(t, ®(0), ®(—73)), h(t,®)
h(t7®(0>7 ( 7—2))

(2)

t
Y(s)ds
. to <
th_g)lo sup 7111/\(15) <a, aé€eR,
. o r(t) -
th_g)lobupm—ozo, h_H)lo)\m()—T>0

(3) There exists 7> 7 >0, such that the solution x(t, to, &) satisfies

1/2
la(t b0, Ol > ()%, vt > to.
Then 1o
lim 2 (ll(t,t0, Ol = (7))
im
t—o0 In )\( )
where v =UC — (m+a+ 6 + (2a1 + 26%az + a)C), a = 5%(a} + a3).
In particular, if UC > m + (a +6) + (2a1 + 262as + a)C, then the solution to
system ([@.3)) tends to the ball B, with v = (r')'/? quasi surely, with decay function
A(t) and order at least .

<= gs,

Proof. Based upon the procedure of G-Lyapunov functionals construction, we con-
sider the auxiliary equation without memory of the type (4.2)) as

y(t) = F(t,y(1))- (4.5)
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Our interest now is to prove that the solution to system tends to the ball B,,
with 7 = (#/)1/2 quasi surely with decay function A(t). We consider the function
v(t,y) = A™(t)|lyll?, m > 0 as a Lyapunov function for Eq.(&.5). Then, we have to
prove that v(t,y) satisfies all conditions of Corollary

Based upon , we have

[%@mefﬁmmmﬂw@m

< mX(S)/\m_l(S)lly(S)llgds+/ 20" (s)(y(s), F (s, y(s))ds

to tO

SZWM%MWW@M@W%+/(V%MMQ—UMMﬂP+M®WS

to

Sﬂfmﬁg+w®UPW$M@w@+mwmw

That is,

t/MM@W+/%@WW%Mw®

to to

SL(W§§+¢®U%W$me@+NW

we set pa(t) = mA)\T(tt)) + () —U.

Based on assumption (Az), we obtain

s)ds
wngranC’.

In view of Corollary we deduce that
In (Jly@®)l = )72 _ .
ln )\(t) —_ ,‘Y? q' *)

where v = UC — (a + 6 V m). Hence, if UC > (a + 6 V m), the solution to system
tends to the ball B,, with » = (r/)}/2 quasi surely with decay function A(t)
and order at least ~.

Now we construct a G-Lyapunov functional V' for in the form

V=V1+ Vs, where Vi(t,z;) = )\m(t)||gv(t)||2

lim sup
t—o0

Considering ¢4 (t) = 4)\%@) for t > 0, we obtain

/ LVi(s,xs)ds + 62/ ©1(8)|[Viz (s, 25)g(s, (), (s — 7'3))||2ds

to to

:/t m/\’(s))\mfl(s)|\x(s)||2ds—|—/ 2N ($)(F (s, 2(s)), x(s))ds

to

+/ N () (f (s, 2(s), x(s — 71)), x(s))ds

to

+/ 2)\m(s)<ﬁ(s,x(s),x(s— T2)), x($))d(B)s

to
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t
+/ X" ($)[19(s, z(s), (s — 73))|d(B)
to

+/t 2N (s)||(s)g (s, 2(s), x(s — 73)) || *ds.

Based on Peng [24], Chapter III], we have that for each 0 < s <¢ < T,
a*(t—s) < (B)y — (B)s < 3%(t —s).
Then

to

/ DV + [ 3%n(5)Vialo, )50, 2(5), s — 7)) s
- / AN () ()]s + / 2N ()(F (5, 2(5)), 2(s)) s
; / 24 (5){F (s, 2(5), (s — 7)), o(s))ds
; / 252\ () (5, 2(5), 7(5 — 72)), 2(5))ds
' / 52N ()55, a(5), (s — 7)) |2

t
+ [ N lee)ils.a(e).als - ) s
(0]
Taking into account assumption (|4.4)),

/ LVi(s,.)ds + / V(s 20)3(s, 2(s), (s — 7)) Pds

)
/Am ( &

/t 20, A" (s)[|(s) | II:Z?(S*ﬁ)IIdS+/1t 202ax N () |2 (s)|| [lo(s — 72)|lds

(s) - ) la(s)|ds

" / 23" () a(s = )| ds + [ a2adN(5)als - 7 *ds + ()

to

/Am )\)\/;))—i—w() U) + a1+ 5%z ) Ja(s)|Pds

t
—|—/ ar A" (s )||x(5—7'1)|\2ds—|—/ 2as N (s)||x(s — 7o) ||*ds
to to

+/t ax" (s) (s — 75)|2ds + (1),

where @ = 52(a3 + a?).
Let

t t
Val(t, zy) :al/ )\m(u—i—7'1)||x(u)|\2du—|—52a2/ )\m(U-I-TQ)HiL'(U)”2dU
t T1 t

—To

+

Is]

t
/ N + 7)) | 2du.
t—7'3
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Hence, we obtain

t t t
[ tatsads =an [ X7(s o m)lla(s) Pds = an [ X"(s)fals - ) Pds
to to

to

t t
+ 52(12/ A" (s + 7'2)||x(5)||2d5 —52a5 / AT (s)||x(s — 7'2)||2ds

to to

+a/ Am(8+73)|\ff(8)ll2d8—d/ A" (s)[lo(s — 75)|2ds

to tO

:al/t )\m(s)Hx(s)szs—al/t A7 (8)l|2(s — 1) | ds

t

t t
—|—62a2/ /\m(s)Ha:(s)HQdS—&Zag/ N7 (8)||x(s — T2)||*ds
to 0

ta [ Al —a [ X"(s)als - m)|Pds.

to tO

For V. =V; + V5, we have

t t 52
/ LV (s,xzs)ds + / (1Ve(s,zs)g(s, x(s), x(s — 7'3))||2ds

to 1o 4A™(s)
< /t A™(s) (m il((j; +4(s) + 2a1 +25%az +a@ — U) [ (s)[Pds +r(t).
Thus,
(pQ(t) = m)/\\/((tt)) + w(t) + 2a1 + 262a2 +a-—U, (pl(t) = 4/\7}7’@)

Hence, we arrive at

ftto ©a(s)ds

tliglosup W <m-+a+ (2a1 + 2620y +a— U)C,
lim inf 1 (*) > —m.
t=oo  InA(%)

Therefore, Corollary [3.4] allows us to conclude that

. (lz(t, o, £)|| — (77’)1/2)
t—o00 11’1 )\(t)

S - q.s.,

where v = UC — (m+ a+ 6 + (2a1 + 26%a2 + a)). Consequently, if UC' > m +
(a+6)+ (2a1 +25%az +a)C, the solution to system (4.3)) tends to the ball B,., with
r = (r")'/? quasi surely with decay function \(t). O

Now we construct G-Lyapunov functionals for stochastic differential equations
with time-varying delay driven by G-Brownian motion. We consider the follow-
ing stochastic differential equation with time-varying delay driven by G-Brownian
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motion,
dx(t) = [ (t, () + f(t,x(t), z(t — 71 (t)))] dt
+ h(t,x(t), 2(t — 72(1)))d(B): + g(t, x(t), x(t — 73(1)))dBy,
T1(t) € [0,T10], T2(t) € [0,720], T3(t) € [0, 730], (4.6)
T = max|rg, 20|, T = max[T, T30,
x(t) = &(t —to), T € [to— 7, to],
where

F:Ry xR" = xR",  f:[tg,00) x R" x R" —» R",
h:[tg,00) x R" x R™ = R™™  g: [tg,00) x R" x R" — R™*™,

Here B, is an m-dimensional G-Brownian motion, (B)>¢ is the quadratic variation
process of the G-Brownian motion B. Notice that is a particular case of (3.1)).

Now, we apply the procedure of constructing G-Lyapunov functionals for ,
to state sufficient conditions ensuring the quasi sure practical uniform exponential
stability, with decay function A(¢t) = exp(¢). The construction of G-Lyapunov
functionals for general decay functions will be analyzed elsewhere.

Theorem 4.2. Let ¢1(t) be a continuous non-negative function, ¢o(t), dps3(t) > 0
non-increasing functions and r(t) a continuous non-negative differentiable function
such that, for allt >ty >0, (H3) holds, and the following assumptions as well,

(1)

ISP
2o Fi6) ()= DlelP+ 50, 0>,
£t @) < g2 (=71 ()],
~ (4.7)
[h(t, @) < @3 ()| D(=72(t))]l;
[g(t, @) < cal|@(—73(1)),
[2(0)g(t, @)[| < e5l|(=73())],
where
f(t’ (@) = f(ta CI)(O), q)(*'rl(t)))v E(tv (I)) = h(tv (I)(O)7 @(77—2@)))7
g(t (I)) = g(tv @(0)’ (I)(_T?)(t)))y
and
T1(t)€[0,7’10], 7:1(t)§7'1§1,
To(t) € [0,720], 7T2(t) <72 <1, (4.8)
Tg(t) S [0,’7’30], 7"3(t) < <1
(2)
tlir&supw <ec, c1>0,
tli)rgosupw < co, co>0,
" s (s)ds

lim sup = < ¢3, 3> 0,
t—o00 t
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im — 0 _7 #so
t—o0 exp(mit)
Then 1o
om0l -
1500 ln )\( ) = ’Y7 q )
where
VU~ (m bt ( exp mTio) ) ( exp(mTzo)>63 . Eexp(ng.,O))
1-7n 1—7 1— 74
c=0"(ci+c3).

In particular, if

exp(mng))c2 e (1 n exp(mmag) )Cs n Eexp(ngo)

U > (1
m et * 1—7‘1 1—7’2 1—7’3

the solution to (4.6)) tends to the ball B,., with r = (7?’)1/2 quasi surely uniformly
practically exponentially stable, i.e., with decay function A(t) = exp(t), and order
at least .

Proof. Proceeding as in the proof of Theorem[.1] we consider the auxiliary equation
without memory of the type (4.2,

y(t) = F(t,y(t))- (4.9)

‘We have to prove that the solution to tends to the ball B,., with r = (77)1/2 and
decay function A(t). To this end, we consider the function v(t,y) = exp(mt)]||y||?
with m > 0 as a Lyapunov function for . Therefore, we prove that v(t,y)
satisfies all conditions of Corollary Using 7 we have

/%@wijﬁmMmﬂw@m,

to to

§/(m+¢ﬂ@—UMmWMWM@W@+T@-

to

Thus, setting o (t) = m + ¢1(t) — U, by Corollary we obtain
n (|ly(t )|| (r')'/2)

lim bup1 < -7, da.s.,
t—o0
where v = U — (¢1 +m), then if U > ¢; +m, and the solution to tends to the
ball B,, with r = (r/)%/2 practically uniformly exponentially stable with order at
least v =U — (¢1 +m).

Based on this procedure, now we construct a G-Lyapunov functional V' for
in the form V = Vj + Vo, where Vi(t,2;) = exp(mt)||z(t)||*. Consider p;(t) =
t > 0, we then deduce

4 exp(mt)
t t
/Lw@%m+#/me@@%ma%ww
to to

:/t exp(ms)”x(s)szs—l—/t 2exp(ms)(F(s,z(s)),z(s))ds
+/ 2exp(ms)<f(s,xs),x(s))ds+/ 2exp(ms)(h(s, xs), 2(s))d(B)s

tg t()
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+/t eXp(m8)||§(Saffs)||2d<B>s+/t 5° exp(ms)|(s)G (s, ;)| *ds
S/t eXp(ms)Hx(s)HQdS—l—/t 2exp(ms)(F(s,z(s)),x(s))ds
—|—/t 26Xp(m5)<f(s,x3),x(s)>ds+/t 252 exp(ms) (h(s, z5), z(s))ds

t t
—|—/ 72 exp(ms)||§(s,xs)\|2ds+/ 72 exp(ms)”x(s)G(s,xs)||2ds.
to tO

Taking into account assumption ([1.7)), we have

/ LVi(s, 2)ds + / ros e WVis(ss )i 2. s

</ exp(ms)(m + gu(s) — U) [la(s)|[*ds + r()
. / 263(s) exp(ms)[o()]| [lo(s — 72(s) s
; / 26294 (5) exp(ms) [a(s)[l2(s — 72(s) | ds
+f 523 exp(ms)lJa(s — 7a(s) [ds + / 522 exp(ms) s — 73(s))|2ds

< / exp(ms) ((m + é1(s) — U) + ba(s) + 02s(s)) (s %ds
" / Ba(s) exp(ms) (s — 71(s)) s + / 52 a(s) exp(ms) (s — ma(s) s
. /t:aexmms)x(srg<s>>||2ds+r<t>,

where & = %(c3 + c2). Let

1 t
Voltr) = o [ emuct o))l

5_2

t
2
o L e ) ds( e P

_ t

c

+ / exp(m(u + Tgo))HiC(U)||2du.
1—m3 t—73(t)

Hence,

¢
/ LVy(s,xs)ds
to

= 25 | (s 4 roa(e)la (o) as

= | A em(s = 1)+ mo))onts — ) (s — () s
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6.2

lkmmm+wm@@W@wm

1—7’2

5’2

_].77'2

/t (1= 7a(s)) exp(m(s — 72(s) + 720))d3(s — 7a(s))[|(s — 7a(s))[|*ds

/texp(m(s—|—7’30))||x(s)\|2ds

1—
-5 [ aemplnts - nae) + modlts - o)
< [ et + montellete) s
- /t:u — ) exp(ms) exp(m(rio — 7a()))a(s — i (s)lals — 71 (5))|ds
[ el ) on(o)a(o) s
=5 [ ) exns) explintrn = (o))t = e la(s — (o) s
[ et rala(oas
-5 [ el expttr — m(o)le(s = rle) s

In other words,

t
/ LVy(s,xs)ds <
to

/t exp(m(s + m10))a(s) [ (s) | 2ds

—
— [ explms)ons = n(s)lals = () s
[ explonts + ao))on(s) (o) s

52 / exp(ms)ds(s — 7a(s)) (s — 7a(s))|%ds

/t exp(ms + 750)) (s) |2ds

1—7’3

- E/t exp(ms)||z(s — 73(s))|*ds.

For V =V, + V5, it follows that

t t 52
LV (s,xs ds+/ ||V (s, 25) (s, 5| *ds
| evtagds+ [ SVt

exp(mig)
1-— T1

< /tt exp(ms) <m+ $1(s) —U + (1 + )¢2(5)

exp(mmag)
1-— T2

Jasts) + eZPETONY 1 ) 2as ).

+52<1+
1—7’3
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Then, we obtain

palt) = m+n(s) — U + (14 2T Y

exp(mr exp(m
+5-2(1_|_ M)¢3(5)+EM’
177’2 177’3
1
=—" .
1) 4 exp(mt)
It follows that
t
s)ds
lim supft“wi() <m+4c —U+ (1—&—%)0
t—o0 t ].—T1
e (1 N exp(mTzo)>C3 N Eexp(mmo) 7
1—7‘2 1—7’3

lim inf In il(t) > —

t—o00

Eventually, based upon Corollary we deduce that

n (|2 (t,to, )| — ()%

li < — .S.
tl>00 hl)\() —_ 73 qS7
where
’Y:U7<m+01*U+(1+eXI;(ﬂ>C2
-7

exp(mag) )03 n EeXp(ngo) )

~2
1
+U( + 177'2 177’3

Hence, if U > m + ¢y + (1 + 76“’(7"”0))02 + & (1 + eXp(mT”))c + Eexﬂ(ins")) the

1—711 1—7o
solution to (Z.6) tends to the ball B,, with r = (r/)/2 quasi surely uniformly
practically exponentially stable with decay function A(t) = exp(t), and order at
least ~. a

Now we present an illustrative example that implements the previous result.

Example 4.3. Consider the one-dimensional stochastic differential equation with
time-varying delay driven by G-Brownian motion,

da(t) = (5 (@ +esp(—t) = V)alt) + g + palt = m(6)) .
+ cos(t)z(t — m2(t))d(B): + g(z(t)) 1(+ TS(I(;)?') dB:, t>0,

(4.10)
where z(t) = £(t) and ¢ € [—7,0], with the conditions

m1(t) € [0,710),  T1(t) <710 <1,
T2(t) € [0, 720],  T2(t) <720 <1,
73(t) € [0,730], T3(t) < 130 < 1.
Here o, U € Ry, g(-) : R — R is a bounded Lipshitz continuous function, such that

g(0) # 0, and ||g(x)|| <1, 1> 0. B; is a one-dimensional G-Brownian motion with
Bt ~ N(O, [%, 1]), and T = max[ﬁo, 7'20}, T = maX[’l_',Tg()].
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Now we set this problem in our formulation by taking

F(t:) = 5 (o4 op(=0) =)o+ e
~ 1
i‘(t,fb) = mfb(—n(t)),
h(t, ®) = cos(t)®(—72(1)),

3(t.) = g(2(0) LD
r€R, ® € C([-7,0],R).
For m = 2, we can check that
2o, F(t,0) < (o exp(—0) = V)l + S

~ 1
17, @) < 7 1= ()]

(
2 (t, ®)I| < | @(=m2(E)]
)

|
12(0)g(t, @)[| < I[@(=73())]-

Therefore,

1

=137 d3(t) =1, r(t) =exp(t).

¢1(t) = (a+exp(—t)),  ¢2(t)

Then, we can choose constants in Theorem [4:2] as follows: ¢1 = a, ¢ca = 0, ¢3 = 1,
¢4 = ¢5 = [, ¥ = 1. Finally, Theorem allows us to conclude that

In(flz@®) =1) _

tlggo sup r < q.S.
where
2 2
N - (a+3+ exp(2720) +2l2fexp( 7-30))'
— T2 1-— T3
Hence, if
2 2
U>a+3+ exp(2720) +2[2exp( 7-30)7
1- T2 1— 73

we deduce that the solution to (4.10)) is quasi surely practically exponentially stable,
i.e., with decay function A(t) = exp(t), and order at least ~.

5. CONCLUSION

This article studies the practical convergence to a small ball centered at the origin
with a general decay rate of G-SDDES. By using G-Lyapunov functionals, some
sufficient conditions of practical stability with a general decay rate of G-SDDEs
is stated. Meanwhile, we construct suitable Lyapunov functionals for G-SDDES
with constant and time-varying delay to obtain sufficient conditions ensuring the
practical exponential stability with a general decay rate. Finally, some examples
to illustrate the effectiveness of the proposed techniques are presented.
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