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Abstract

A method for the generation of quasi-isometric boundary-fitted curvi-
linear coordinates for arbitrary domains is developed on the basis of the
quasi-isometric mappings theory and conformal representation of spher-
ical and hyperbolic geometries. A one-parameter family of Riemannian
metrics with some attractive invariant properties is analytically described.
We construct the quasi-isometric mapping between the regular computa-
tion domain R and a given physical domain D that is conformal with
respect to the unique metric from the proposed one-parameter class. The
identification process of the unknown parameter takes into account the
high parametric sensitivity of metrics to the parameter. For this purpose
we use a new technique for finding the geodesic quadrangle with given an-
gles and a conformal module on the surface of constant curvature, which
makes the method more robust. The method allows more direct control
of the grid cells size and angle over the field as the grid is refined. Illus-
trations of this technique are presented for the case of one-element airfoil
and several test domains.

1 Introduction

1.1 Quasi-isometric grids

The generation of a 2-D quasi-isometric grids in a given physical region D (a
curvilinear quadrangle with interior angles §;, 0 < 8; < m, i =1,...,4, and a
conformal modulus M) may be considered as a problem of construction of the
mapping

X=X(¢mn), Y=Y(n) (1.1)

between points (£,7) of the computational region

R={(n):0<£<1,0<n<1}
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56 Harmonic Parameterization of Geodesic Quadrangles

and points (X,Y) € D such that (1.1) is the unique solution of the following
boundary value problem (BVP): given a quasi-isometric mapping between OR
and 9D to extend the mapping inside R as a quasi-isometric solution of the
appropriate Beltrami system

\/911(5,7777’)922(5,7777') - 9%2(5?7777’) X£ = —912(5,7777’) Yrﬁ + gll(f?ﬂar) Yna
(1.2)
\/911(5,7777')922(5,7777') - 9%2(5?7777’) Xn = —922(5,7777’) Yrﬁ + 912(5,7777’) Yn'

The coefficients of the system (1.2) contain one unknown parameter r, restricted
to the interval (r™ rmax) which is to be found in the process of solving the
BVP.

In the capacity of the boundary conditions in this BVP we can also choose
so-called ”free” conditions, under which grid points on the boundary of the
physical region D are not fixed and can move along 9D.

As it is shown in [3], the linear elliptic system (1.2) can be treated as a
condition for conformality of the mapping (1.1) with respect to the following
Riemmanian metric defined on R:

ds® = g11(&,m,7)dE? + 2g12(€,m, 7)dEdn + g2a (&, m,7)dn?. (1.3)

Suppose the functions g (£, n,r) satisfy the inequality

g11(&m,7) + g22(&,m,7) < Q \/gu(é,n, r)ga2(&m 1) — g% (&), (14)

and are continuously differentiable in R. Then the mapping (1.1) has non-
vanishing Jacobian in R and is called Q-quasiconformal. That means that the
singular values 11 = 11 (€, n) and vo = 15(€,n) of the matrix

_ X£ Xn
=)

being enumerated in decreasing order, satisfy the condition v4(£,n)/v2(&,1) < Q
for all (£,m) € R. The least possible number Q) with such property is called the
coefficient of quasi-conformality of the mapping (1.1) in the domain R. Clearly,
a l-quasiconformal mapping is conformal.

Note that the angle o between the grid lines is defined by the formula cosa =
912(911922)_1/2, and the ratio of lengths of cell sides is (922/g11)1/2. Thus,
since every solution of the Beltrami system (1.2) generates a metric conformally
equivalent to (1.3), we are able to control the grid angle and the cell sides ratio
by defining the coefficients g;; of the metric (1.3) manually. In order to have
better control of the size of cells as the grid is refined, we want to define g;x
in such a way that the solution of the corresponding Beltrami system (1.2) is
p-quasi-isometric.
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e A mapping (1.1) is called p-quasi-isometric if there exists a constant p €
[1,00) such that

1
p=max<{ sup v1(§,n), sup —— ..
(¢mER e.mer v2(&,m)

The constant p is called the coefficient of quasi-isometricity of the mapping
(1.1) in the domain R.

Under a p-quasi-isometric mapping an infinitesimal square will go over into
a parallelogram and the ratio of the lengths of any side of the parallelogram and
a corresponding side of the square will be bounded by 1/ and p. If 4 = 1 then
(1.1) is an isometric mapping. It is clear that u-quasi-isometric mapping will
also be p2-quasiconformal. Note that the relation (1.4) and the system (1.2)
imply that the mapping (1.1) is quasi-isometric in any sub-region of R. As a
rule a quasiconformal mapping is not quasi-isometric, that is, function v1 (&, n)
or 1/v2(&,n) is not bounded.

Nevertheless use of quasiconformal mappings combined with conditions of
existence of bounded derivative of a holomorphic function provides the key to
the generation of quasi-isometric coordinate systems.

Several attempts were made in that direction. If we put g11 = 1/7, g12 =0,
g22 = 1, we get the quasi-conformal grid generation problem posed by Godunov
and Prokopov in [11, 13]. The development of the Godunov-Prokopov method
is precisely described in [13] and [24]. In a recent paper Khamayseh and Mastin
[17] have extended this method to surface grid generation. For various concepts
from tensor analysis and differential geometry applicable to the generation of
curvilinear coordinate systems we refer to [25], [9] and [23].

The orthogonal mapping technique has been investigated in recent works
[16] and [8], [21] from different points of view.

In [1] Belinsky et. al. proposed to consider the special class of quasi-conformal
mappings by defining g11 = ¢206), gy, = ¢, gy = /Gir/g23 cos|3(n) —a(£)].
In other words, the proposed metric contained four arbitrary functions of either
& or . This metric was obtained as a result of the Chebyshev mapping R onto
a plain curvilinear parallelogram. In a similar way in the paper [12] for the pur-
pose of construction of structured multi-block quasi-conformal grids in complex
domains it was proposed to use a certain class of functions g;; depending on £, n
and an unknown vector of parameters r. The metric was obtained by mapping
a computational domain that consisted of several squares onto a figure made of
several parallelograms.

In order to obtain the unique quasi-isometric solution to the grid generation
problem, a special one-parameter family of metrics was closely studied by one of
author in papers [5, 6]. In a later paper by Godunov et. al. [10] it was proposed
to study a five-parameter family of metrics.

The main goal of the present work is to describe analytically several types of
one-parametric families of metrics for which the posed BVP has a unique quasi-
isometric solution. The metric coefficients g;; will be obtained via mapping the
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computational region R onto a special class of geodesic quadrangles on surfaces
of constant curvature. We start by investigating some basic properties of one-
parameter families of such geodesic quadrangles with given angles.

After the basic concepts are introduced, we give several different quasi-
isometric parameterizations of geodesic quadrangles, that is, quasi-isometric
mappings

z=wz(&n0r), y=yEn or) (1.5)
between R and the geodesic quadrangle P. These parameterizations have two
vectors of parameters: interior angles o = (ayq, ..., a4) and so-called Euclidean

lengths of sides r = (r1,72,73,74) in the parametric plane (z,y). The plane
itself which conformally represents spherical or hyperbolic geometries according
to whether the angle defect of P

=01 +og+oaz+ oy — 21

is positive or negative. The mapping (1.1) generates the metric tensor g;;,
coefficients of which are to be used as coefficients of the Beltrami system (1.2).

In [7] the authors proposed several basic parameterizations of a geodesic
quadrangle P, and the method for finding the parameter r was described. All
parameterizations were obtained by means of using geodesic bundles in order
to build vertical and horizontal families of grid lines. In this paper we continue
with the subject.

Use of geodesic bundles for parameterizations of P provides a way to con-
struct a mapping (1.1) which maps uniform grid in the unit square on (&,n)-
plane into a grid in P that is invariant under rotations. By rotation we mean
the motion that places another vertex of the geodesic quadrangle at the origin of
the parametric plane, and “invariant under rotations” means that rotations and
the grid generation process commute. In this case the grid lines appear to be
level lines of some harmonic functions, consequently, the geodesic grids in P can
be treated as a variant of the Winslow grids [26] with an advantage that in our
case the grid in P can be defined explicitly. These kinds of two-dimensional har-
monic mappings have non-vanishing Jacobian, as it was shown in [20] and [13].
In particular, we describe a parameterization (1.1) which generates a metric
with coefficients g;1(£,n, a,r) that have the following properties:

911(5777705,1') _ 922(1 — 777570—(0‘)70(1‘))
922(577770471") gll(l _777570(04)70(1'))’

(1.6)

912(577’70471') (17)
Vi (€,m,a,r) g22(&,m, a,1)
_912(1 -1 57 (T(Oé), O’(I‘))
\/911(1 - gv J(a)v O’(I‘)) 922(1 - 57 (T(Oé), O’(I‘))
where o(1,2,3,4) = (4,1,2,3).
From equalities (1.6) and (1.7) it follows that all elements of vectors o and
r are equivalent parameters and consequently any five of these parameters may
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be used as characteristic invariants of P. In particular, we shall fix angles
ai,...,aq and study a set of geodesic quadrangles depending on the parameter
M for the interval 0 < M < co. In capacity of the parameter M we pick the
conformal module of P.

We define the conformal module as follows. For every geodesic quadrangle
P with vertices z;, i = 1,...,4, there exists a unique M € (0,00) such that
there exists a conformal mapping of P onto the rectangle

{(€n):0<E<1,0<n < M}

under which the vertex z; is mapped at the origin, and the other vertices of P
go over into vertices of the rectangle.

The additional parameters rq, ..., r4 are then to be determined as monotonic
functions r;(M) of the fundamental parameter M. Later we are going to use
one of r; as or main parameter for finding the geodesic quadrangle P with given
angles a1, ...,a4 and given a conformal module M. Thus we want to develop
the technique for finding such geodesic quadrangle P that takes into account
the high parametric sensitivity of M to changes of the parameters r;. For
this purpose we shall introduce positive numbers r™in, 708 guch that for all
possible values of M parameters 7; stay within the boundaries r™®, and rmax
for i =1,...,4. We also will need the derivatives dr;(M)/dr;(M).

In later sections we describe a procedure of finding the mapping f(z), z =
x + iy, by which the geodesic quadrangle P is mapped conformally onto the
physical domain D; such conformal mapping exists uniquely by virtue of the
Riemann Mapping Theorem [15]. It is important to know how the module of
the derivative of the conformal mapping behaves on the boundary of P, because
it can affect the grid cell size near the boundary of the domain when the grid is
refined.

Suppose we fix a point b on a boundary of D. Then by virtue of the unique-
ness of the conformal mapping of P onto D there exists a unique proimage z of
the point b on boundary of P. Consequently, we allow boundary points of P to
move; we call such boundary conditions free on P, and fixed on D. Similarly,
if we allow points of D to move along one of the boundaries, and fix boundary
points of P on the corresponding boundary, we call such boundary conditions
free on D and fixed on P.

In order to construct a quasi-isometric grid we should take into account well-
known conditions of the existence of the boundary derivative (see [19], [18] and

[14]):

e If the boundary 9D is twice continuously differentiable in some neighbor-
hood of the point wy = f({o) and (o is not a corner point of P, then the
derivative f’ can be continuously extended in certain part of the boundary
OP , containing (p, in such a way that f'({) # 0.

e If ¢y and wy = f({o) are the corner points of P and D respectively and
two twice continuously differentiable boundary arcs of D join in the point
wp at the same angle as do the corresponding arcs of P in the point (,
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then f/(¢) does not equal 0 and is bounded in a certain neighborhood of

Co-

Thus, in order to use the proposed method for construction of a quasi-isometric
grid in D, the following conditions should be satisfied:

1. The boundary 9D of the domain D must consist of four twice continuously
differentiable curves;

2. The sought geodesic quadrangle P is to be chosen in such a way that the
angles aq,...,ay4 of P should coincide with the angles 31,..., 084 of the
domain D, and the conformal modules of P and D must be the same.

It was proved in [10, 5] and [6], respectively, that under the restriction
8 <20y,  i=1,....4, (1.8)

a geodesic quadrangle P satisfying the second condition does exist uniquely in
both cases of the negative and positive angle defect §*.

The sought mapping (1.1) is the superposition of two quasi-isometric map-
pings mentioned above, and it is to be found as the solution of a variational
problem of minimizing a functional of Dirichlet type.

To illustrate the effectiveness of the method, numerical examples of quasi-
isometric grids with different boundary conditions are presented.
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Figure 1b.

In the Figure la we show a test domain D with a quasi-conformal grid
in it, and Figure 1b represents the geodesic quadrangle with same angles and

conformal module as of the test domain. If boundary points on D are fixed,
then boundary points of P are free, and vice versa.

Note that the Figure 1 illustrates the case when the conditions 1 and 2 are
not satisfied, that is, one side of the physical domain is not a C?-curve. We can

treat it as a violation of the condition 2. Let the point f((p) split the boundary
of D into two C2-curves that intersect at the angle 3 = b- 7, b € [0,1]. Then

for the conformal mapping f : P — D normed such that wy = f({o) = 0 in
neighborhood of {; we have

f(z)=a(z = )" +o(lz = Gl"),  f'(2) = ab(z = )" " + o]z — Gol"™1),

where a # 0. In particular, it follows that at the point {y the derivative f’
becomes infinite, and because of that the grid points next to f({p) will not be

close to f((o) as the grid is refined. Examples of quasi-conformal grids with
singularities of such kind can be found in the book [23].

In conclusion we would like to say that from our point of view Riemannian
metrics that have properties (1.6) and (1.7), and in particular, the metrics
induced by the harmonic parameterization, are more efficient for the generation
of grids through the solution of the Beltrami system (1.2) with ”free” boundary
conditions. We used the harmonic parameterization to generate the distribution

of boundary points on the right side of the physical domain in the figure 1.
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2  One-parameter families of convex geodesic
quadrangles

2.1 Geodesic lines and bundles on surfaces of constant
curvature

Consider the surface of constant curvature K = 44 as the (z,y)- parametric
plane with the following metric:

dxz? + dy?

ds? = ——————
T e AP

(2.1)

where § is a real number [4]. If § is positive, the metric (2.1) is defined for
every z and y including infinite, and we obtain a representation of spherical
geometry. If § is negative, then in the disk z? + 42 + 6 < 0 we obtain the
Poincare representation of Lobachevsky geometry, or hyperbolic geometry. In
the case § = 0, the metric (2.1) is the Euclidean metric on the plane (z,y).

Let ¢ = azx + by + c[1 — 6(z? + y?)]. Then geodesics in the metric (2.1) are
curves defined by the equation ¢ = 0. Note that for every § # 0 circles of the
form ¢ = 0 are orthogonal to the circle 1 + (22 + y?) = 0 which is called the
absolute.

Each of three types of non-Euclidean spaces of a constant curvature indicated
above admits the continuous group of isometric mappings, that is, motions. If
we denote x + iy by z, then every motion has the form

w(e) = v 25 (2.2)
14 6¢z
where w € R. The complex number ¢ must satisfy the condition |¢| < |6]|~1/2
in case § < 0.

Let s; and s, be two distinct geodesics defined by equations ¢; = 0 and
q2 = 0 respectively. The family F of geodesics orthogonal to s; and ss is called
a geodesic bundle. The geodesic bundle F L in which s; and s can be embedded
is called orthogonal to F.

2.2 Family of geodesic quadrangles with given angles

Let P be a quadrangle whose sides are geodesics. We assume further that the
vertices z; = (zi,yi), i = 1,...,4 of the quadrangle P are enumerated counter-
clockwise. Let us denote sides of P as A; = z;z;11, angles between A;_; and
A as aj, it = 1,...,4, (assume z5 = z; and Ag = Ay). Let ¢; = o — 7/2,
i=1,...,4.

It is possible to standardize a geodesic quadrangle P by motions (2.2) in
such a way that two of its sides on the (z,y)-parametric plane will be linear
segments, as shown on the figure 1. In order to do that it is sufficient to move
one vertex of P (say, z1) to the origin by an appropriate transformation (2.2).
Then by rotation we can place the side A; on the x axis so that the vertex zs



Gennadii A. Chumakov & Sergei G. Chumakov 63

has positive z-coordinate. Denote by r; the Euclidean length of the segment
A;. The invariance of the metric (2.1) under the motions (2.2) implies that we
can associate with every A; its unique Euclidean length r;.

In order to construct a geodesic quadrangle P it is sufficient to have five pa-
rameters defined. We shall fix angles a1, ..., a4 and study one-parameter fami-
lies of geodesic quadrangles P, Pp, or P,,, where in the capacity of varying pa-
rameters we can choose the conformal module M, parameter m = (r173)/(r2r4),
or a Euclidean side 7.

From the results presented in [5, 6] it follows that if we consider a one-
parametric family Ppy then invariants m(M) and r;(M) depend monotonically

on the conformal module M, which ranges from 0 to co. In other words, the
following theorem holds.

Theorem 1 Let Paq and Pzg be two geodesic quadrangles with the same angles
and conformal modules M and M, respectively. If M = M then Py = Prz;

if M > M then m(M) > m(M), r;(M) > r;(M) and riy1 (M) < rig1 (M) for
i=1,3.

Below we provide some examples of convex geodesic quadrangles Ppq with
same angles and different conformal modules.
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Figure 2. Geodesic quadrangle Py, with
same angles and various conformal module M.
Note that the parameter r1(M) varies in the range from r7"" = r1(0) = 0
to " = ri(00) < 0o as M varies from 0 to oo which leads to high parametric

sensitivity of conformal module M to ;. When M is close to zero, practically
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we have a geodesic triangle with a polar coordinate system (Figure 2a ). It is
the topological limit of the geodesic quadrangle Prq as M — 0. In Figure 2d
we see that r1 (M) — r7*** and r3(M) — 0 as M — oo.

2.3 Boundaries for Euclidean lengths

Since we are going to consider Euclidean lengths as our main parameters, one
of our tasks is to develop a technique for finding the geodesic quadrangle Py
by given conformal module M, which takes into account the high parametric
sensitivity of M to r;.

First of all for this purpose we shall find positive numbers r™® and 7!
such that r; (M) belongs to the interval (rin, rMax) for all M, and r™in = TZ(O)

n max

riax = p;(00) for ¢ = 1,...,4. As it was shown in ([7]), we can calculate i
and r** using the Special function B(1, %2, 93,4, 0) given by
sin ) cos(¢ — 13)
B , , 76 — N ) 23
(W1, 92 5,0) \/5cos<w G2 sin(d — s — %) =

where ¢ = (Y1 + 2+ 13 +7/2)/2. It is convenient for us to fix 6 = sin+y, where

7= (p1+ @2+ @3+ 4)/2.

Let us denote by {(P) the number of sides of P the sum of whose adjacent
angles is not less then w. The value of I(P) can be 0, 1, 2, 3 and 4. Let us
consider each case separately. Let X4 be the cyclic subgroup of the permutation
group Sy, generated by the element

_ _ 1 2 3 4
g €8y, a—<2 3 4 1),

Let I(P) = 0, then for all 0 € 34

m(lil) B(¢o(1); Po(2), —7/2,6), ;n(af = B(¢o(1), /2, Po(4),0),
oty = B(@o(2): 0o(3), —71/2,8), 58 = Bl(¢o(2): /2,001, 0)s
crrn(l??) = B(@o(3): Po(4), =T/2,6); 153 = B(®o(3): T/2, Po(2): ),
o) = B(0o(1), Po1), =7/2,0),  15@) = B(®o(0), T/2,¢0(3),0),

Let I(P) = 1, and 0 € ¥4 be such that o) + @2y > 0. Then the
boundaries will be as follows.

= o

Tot)y = B(@o1):T/2,¢05),9),

8 = BlPo(s): Po(2), —/2,0),

Toy = B(po) +@o(2) = T/2, 0o(3): Po(4),9),
753 = Bl@o), Po), Po(1) + Porz) — /2,0),
Tosy = Blpo@): —7/2,¢02),0),

7‘2“(2‘) = B(®oq)s Po(a), —T/2,0),
Toty = B(@o) +Po@) = T/2,0(4): Po(3),9)-



Gennadii A. Chumakov & Sergei G. Chumakov 65

Consider now the case I(P) > 2. There always exist such o € ¥4 that

Po(1) T Po2) = Po(3) T Poa), Po1) T Po(a) = Po2) T Po(3)

holds. Then the boundaries for r; will be as follows:

= o
To(y = B(po) + Poa) —T/2,00(2), Po(3),9),
crrn(lzn) = B(0o2), Po(3)s Po(1) T Po(a) — T/2,0),
Toy = B(@o) +Po2) = T/2,%0(3): Po(4),9),
58 = B(@o(s): Po(ay Po(1) + Po@2) — T/2,0),

o) = BlPo() + Poa) = T/2,00(3), Pa(2), ),

Tf;‘(if) = 0,

ro = Bloq) + Po2) = /2, Po(a), Po(3), 9)-

2.4 Relations between Euclidean lengths

The relations r,(4)(ry(1)) and dry(s)/d(re1)) for all o € X can be obtained
from the following equation which involves parameters (1), r54), ¥1, ¥2, ¥3,
4 and 9:

Co3)80 = 5CU(Q)SO-(23)T3.(1) + 500(4)Sa(34)r(2,(4) (2.4)
+20Do75(1)To(a) — 52C‘,(1)SU(24)7’(2,(1)TL2,(4),
where
So =siny, Dy = €08 Py (2) COS V1), Ci = cos(y — p;),

Sij =sin(y — i —;), o(ij) = (o(@),0(j)), 4,ji=1,...,4.
It follows from (2.4) that for 6 > 0:

rU(4)(r0(1)) = ﬁ, (2.5)
where
5o To() Do o _ "o Co) Soand — Cota) Soan)
Co(3) = 121y Co(2)Sa(23)” Co(3) — 721 Co(2)Sa(23)

In the case § < 0 we have to take as 7,(4) the root of (2.4) that belongs to
the interval (r U(;‘),rfj‘(i’)‘)

Thus given r,(;) and four angles a1, ...,a4 we are able by means of (2.4)
to determine the function r; = r;(r;), and its derivative with respect to r;
for i,7 = 1,...,4. In order to do that it is sufficient to find the derivative of

To(4)(To(1)) With respect to rq(q):

dro(a)(ror)) _  CoS023)70(1) + DoTor) — 5Ca<1)5cr(24)7‘a<1)7‘a<4)

2.6
dre(1)  Co)So3n)7o(4) + DoTo(1) = 6Co(1)Se@a)r2 (1) Tota) 26)
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3 Quasi—isometric parameterizations of
geodesic quadrangles

It should be noted that any five parameters from vectors a = (aq,...,04)

and r = (ry,r2,r3,74) may be used as characteristic invariants of a geodesic

quadrangle P. We shall now suppose that parameters @1, @2, 4,71 and r4 are
given.

3.1 The simplest quasi—isometric parameterization

Consider P as an intersection of two geodesic bundles, which are described by
the following algebraic equations

(cos 1 +&ar)z + (sinpy — &b )y — Eer[l — 6(2” + %) = 0, £€10,13.1)
nasz — (14 nbe)y + necall — §(z2 + y2)] = 0, n €10,1], (3.2)
where
a1 = cospa(l — dr}) —cosp1, by = sinpa(1 + 67%) + sin 1,
c1 =T1co8p2, az=sin(pr + @4) — Irisin(pr — ¢4),
by = cos(p1 + @4) — 013 cos(ip1 — p4) — 1, 2 = T4 COS Q4.
Let us denote by

P(§) = cacospr +E&(arce + azer),
Q(&n) = &1 —neasingy + En(bica + bacy),
Fn) = é [cos 1 + Ear + n(az sin 1 + by cos 1) + En(arby — azbi(B,3)
2W(En) = F&n)+VF(En)?+6QE ) +nP(n)?),

then by virtue of the relations (3.1)-(3.2) we can obtain the following mapping
of the unit square R onto the geodesic quadrangle P:

_ QEmn) _n-P¥
z(&,n) = W (En)’ y(&mn) = W En) (3.4)

Note that if the intersection of geodesic bundles (3.2) and (3.1) is a geodesic
convex quadrangle then for all £ € [0, 1] the inequality P(£) > 0 holds and the
mapping (3.4) is a quasi-isometric one.
From (3.4) we have by differentiation
ze = A[(1 +nbo)W + 6n°caPlz, x, = P[(b1€ — sing1)W — 6éney Pz,
Ye =1 AlaeaW —6c2Q)z,  yn = P[(cos o1 +Ear)W + 68c1Q]z, (3.5)

where P = P(£), Q@ = Q(&,n), F = F(§,n) and W = W (&, n) were defined by
(3.3) and

A =cicospr +n[(arca + ager) sinpy + (biea + bacy) cos 1],
Az = W2[F? 4 §(Q* + n*P?)| 712
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We should mention that the mapping (3.4) generates a class of conformally
equivalent Riemannian metrics. Since any two conformally equivalent metrics
lead to the same Beltrami system, we can take in the capacity of a representative
the metric with following coeflicients

g = AH{[(1 +nb2)W + 0n’c2P)* + n*(a2W — 8¢2Q)?}, (3.6)
o = P?{[(b1€ — sinp1)W — 8€ney P? 4 [(cos g1 + ar)W + 661 Q)Y
g12 = AP{[(1 4+ nba)W + 6n%ca P][(b1€ — sin ;)W — §éncy P)
+n2(a2W — §caQ)[(cos p1 + Ea1)W + 3€c1Q)}-

Below we provide the examples where we used the simplest quasi-isometric
parameterization in order to construct a grid inside four geodesic quadrangles
on the surface of the positive constant curvature with the same angles and
conformal module M, but with different enumerations of the sides and angles.

.
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Figure 3. The simplest quasi-isometric parameterization of P

3.2 “Even” quasi-isometric parameterization

Note that in the transformation (3.4) we can take in the capacity of £ and n
two arbitrary monotonically increasing functions £(&;) and n(n;) satisfying the
conditions £(0) = n(0) = 0 and £(1) = n(1) = 1. In particular, we can choose
& =¢£(&) and n = n(m1) in such a way that under the mapping (3.4) the uniform
distribution of points on the lower and the left sides of the unit square holds,
i.e., the distribution of points on sides A; and A4 of the geodesic quadrangle P
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c) d)
Figure 4. The “even” quasi-isometric parameterization.

is also uniform in a sense of the Euclidean distance. In order to obtain such a
mapping it is sufficient to choose £(&1) and n(n;) as follows:

€(£ ) — €171 cos o1
! c1(1-0giry)—ar&urs
— 7174 COS P1
n(nl) - (:2(17577%7”2)77717‘4(&1 sin ¢1+ba cos 1) °

Examples of curvilinear coordinate systems in the geodesic quadrangle on a
surface of the constant negative curvature generated by means of “even” quasi-
isometric parameterization are given below.

Figure 4 represents four geodesic quadrangles with the same angles and
the same ”Euclidean” lengths of sides and, consequently, the same conformal
module M. In the Figure 4a is shown the geodesic quadrangle with parameters
(Qola ®2,¥3, @4) = (057 _1‘07 _0'8, _10)

Note that the grids in the geodesic quadrangle P constructed by the “even”
and the simplest parameterizations are not invariant under the cyclic permuta-
tion vertices of P in the origin by means of the motion group. If one wants to
obtain the grid that is invariant under the motion group, one can look below in
the next two sections where we describe the harmonic parameterization.
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3.3 The harmonic parameterization of P on the Euclidean
plane

We now obtain parameterizations which are based upon geodesic bundles and
have the invariant properties (1.6)-(1.7). We first consider the case ¢1 + @2 +
©3 + ©4 = 0, that is, 6 = 0, so that geodesics in the metric (2.1) are straight
lines defined by the equation ax 4 by + ¢ = 0. Consider P as an intersection of
two bundles, which are described by the following equations:

z coslpr — E(p1 + 2)] + ysin[pr — E(p1 + pa)] — 71 cos(ipg) SaElerteal _

sin(¢1+¢2)
0<¢<1, (3.7)
wsin[n(e1 + a)] — yeosn(pr + pa)] + 4 cos g EELELD] —
0<n<l1 (3.8)
In order to solve the system (3.7)—(3.8) we denote by
T'1 COS P2 sin[¢(¢1 + ¢2)]
u(é,n) = - , 3.9
&) cosfpr — &(p1 + w2) = nlp1 + ¢a)] sin(pr + ¢2) (39)
T'4 COS Q4 sin[n(p1 + ¢4)]
vis,n) = - , 3.10
&) cos[pr — &(1 + 2) = n(p1 + ¢a)] sin(p1 + ¢a) (810)
then
2(§,m) = u(&;n) cosln(er + @a)] —v(§,m) sinfpr — E(pr +92)],  (3.11)

y(&,m) = u(&,n)sin[n(p1 + pa)] +v(€,n) coslpr — E(p1 + p2)], (3.12)

is the solution.
From (3.11)—(3.12) we have by differentiation

V(n) cos[n(e1 + ¢a)]
cos?[p1 — &(p1 + p2) — (1 + pa)]
U(§) sinfp1 — £(p1 + p2)]
cos?[p1 — (o1 + @2) — n(p1 + ¢a)]’
_ V(n)sin[n(e1 + ¢4)]
cos?[p1 — &(p1 + w2) — n(er +pa)]’
U(€) cos[pr — E(p1 + p2)]
cos?[p1 — &(p1 + p2) — (1 + pa)]

Te =

Ty = -

Y =

Yn =

where

sin[¢(p1 + p2)]
U() = ri(p1+ pa)cos @2m
p1+ P4

sin(p1 + ¢4)’
p1+ @2
sin(p1 + ¢2)
sin[n(p1 + ¢4)]

sin(p1 + 1)

+74 cos g cos[pr — E(p1 + p2)] (3.13)
Vi(n) = ricospycospr —n(p1 + ¢4)]

+r4(p1 + 2) cos 4 (3.14)
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It can happen that one obtains an indeterminate expression of the form
sin[€(p1 + w2)]/ sin(p1 + @2) as ¢1 + ¢ — 0 which is evidently equal to &.

It is easily seen that for all (£,n) € R the inequalities U(§) > 0 and V(n) > 0
hold and the mapping (3.11)—(3.12) is a quasi-isometric transformation R onto
P. This mapping generates a class conformally equivalent Riemannian metrics.
In the capacity of a representative of the class of metrics we can take the metric
with the following coefficients:

g1 =V?(n), g2 ="U?(), (3.15)
g1z = U(§)V (n) sin[—p1 + £(p1 + p2) +n(p1 + »a)]-

Let us have a uniform grid in £, n— plane, where n,m— are the total num-
bers of grid points to be used in £,n directions. Then the harmonic parame-
terization has a property that under the cyclic permutation (m,n) — (n,m),
(p1, 02, 3, 04) = (4,01, 92,93), (r1,72,73,74) = (r4,71,72,73), the transfor-
mation (3.11)—(3.12) results in the same grid in P.

The metric (3.15) by virtue of its simplicity can be used for the generation
of quasi-conformal grids in the physical domain D with the angles satisfying the
inequality a3 4+ as + as + a4 # 27 as well. For this purpose it is sufficient to
substitute in (3.13)—(3.15)

ap +az + a3+ oy .
Pi = Q; — 1 , 1=1...,4.

3.4 The harmonic parameterization of P on a surface of
constant curvature

Let P be a geodesic quadrangle on a surface of the constant curvature K = 44,

where ¢ = sin[(¢1 + @2 + @3 + ¢4)/2]. Let us define for ¢ = 1, 2 the angles w; of

the intersection of sides A; and A;;2 of the geodesic quadrangle P, constants
A; and functions SH(§w;), CH (§w;):

[ arccot(d;/b;), if 1; >0, A — +1, if 1; >0,
T coth™(di/by), if 1; <0, T -1, if 1 <0,

_f sin(€ws), if >0,
SH(Ewi) = { sinh(§w;), if 1 <O,

| cos(éwsi), if 1;>0,
CH(8w:) = { cosh(w;), if 1; <0 (3.16)

where [; = a? + 46¢? and
ay = —sin(p1 + p2) + 0r{ sin(p1 — @2),
az =sin(p1 + p4) — 0rg sin(p1 — pa),

b1 = \/Wsign& by = \/Wsigné,
€1 = T1C0SP2, C2 = T4COS Py,

di = cos(ip1 + p2) — 077 cos(p1 — p2),

da = cos(p1 + ¢4) — 072 cos(p1 — p4).
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Here we suppose that signd = 1if § = 0.
Consider P as an intersection of two geodesic bundles

C(by,a1,&wr)z — S(by, a1, wr)y + c1SH(Ew1)[1 — 6(2* + y*)] =0,

0<¢<1, (3.17)
asSH (nws)x — baCH (nws)y + coSH (nws)[1 — 6(z? +y?)] =0,
0<n<l1, (3.18)

where

C(b1,a1,&wr) = —by cos 1 CH (wr) + aq sin p1 SH (§wy), (3.19)

S(b1,a1,€wr) = by sin 1 CH (§wy) + a1 cos 1. SH (Ewr). (3.20)
Introducing functions
C(b, az,b1,a1,éwi,nwa) = boCH(qw2)C(b1, a1, Ewn)
—asS H (nws)S (b1, a1,&wr), (3.21)
S(ba,az,b1,a1,fwr,nws) = baCH(nwz)S(by,ar, {wr)

—l—CLQSH(’I’]’LUQ)C(bl,(JJl,f’wﬂ. (3.22)
we can write the desired parameterization of P in the form
z(€,m) (3.23)
2¢2SH (nw2)S (b1, a1, &wr) — 2¢1b2SH (w1)CH (nws)
C(bs, az, by, a1, Ewy, qws) + Agy/C2(bz, az, by, ay, Ewy, nwa) + 4h(€,n)

y(&,m) (3.24)
25 H (nws)[e2C (b1, a1, Ewr) — crasSH (Ewr)]

é(b27 az, b17 ai, gwlv an) + AO\/C’2(b27 az, b17 ag, £’U.)1, 77U’2) + 46h(£7 77) ’
where we have set

Ay =sign {SH(nwsz)[c2C(b1,a1,&wr) — c1aeSH(Ewr)|},

h(&,mn) = C%S’HQ({wl)[ag,S’HQ(nwg)+b§CH2(nw2)]
+e3SH (1qw2)[a] SH? (§wn) + b1CH? (§wn))]

—2c1c2SH (§wr)SH (nw2)S(be, az, b, a1, Ewr, nwa).
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Figure 5. An example of “harmonic” parameterization.
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3.5 Riemannian metric of the harmonic parameterization

of P
The calculation of z¢ and y¢ is based on the relationships:
0
8_§C(b1’ ar,wy) = wiS(a1,b1, Ar&wr), (3.25)
0
8—§S(b1,a1,§w1) = —wiC(a1,b1, Ar€wr),
o _ _
8—§C(b2,a2,bl,a1,§w1,nw2) = wiS(b2,az,a1,by, Ar§wr, nws),
0 - _
% (b2,a2,b1,a1,§wi,nwz) = —wi1C(be,az,a1,br, A1&wr, nws),
0 = _
8_nc(b27a27b17a17§w17nw2) = _wQS(a27b27b17a17§w17A2nw2)’ (326)

We use the abbreviations

C = C(ba,a2,b1,a1,éwr,qws), S = S(ba,az,b1,a1,wr, nws),
h=h(&mn), Cyp=C(ba,as,a1,br, Aréwr, nws),
Cy = C(ag, ba, by, a1, Ewr, Aonws), 20 = AoV C? + 46h,
Sy = S(ba,az, a1, b1, A1éwr, nws), 21 =C + 2,
Sy = S(az, bz, b1, a1, Ewr, Agnws),
and find
9 (Cbr,ar, 6wn) /2]
o¢
= w [S(al,bl,Aléwl)C’ — C(bl,al,gwl)g} /(z120)
+26 [2w1hS(a1,bl, Aq&wn) — hg@(bl,al,éwl)] /(zfzo),
9 _ B
% [SH(Ew:1)/z1] = wi [CH(Ew)C — SH(§w1)S1] /(2120)
+20 [2w1 hCH (éwy) — he SH (wr)] /(2320),

3¢ 1S(br, a1, un) o
= —u [C(al,bl,A1£w1)6_'+ S(bl,al,éwl)gl] /(z120)
—20 [2w1hC(a1, b1, Ar§wr) + heS(b1, a1, {wn)] /(zfzo)
It is easily seen that
S(ay, by, Aréw;)C — C(by, a1, &wy)S = —arbiazSH(nw),
CH(¢w;)C — SH(éw1)S1 = b1C (b2, ag, —mws),
C(a1,b1, Aréwy)C + S(by, a1, éwr)Sy = a1b1baCH (nws),
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and we therefore have

¢ (3.27)

= —2b1bywiCH (nws) [c1C(b2, az, —mwz) + cza1 SH (nw2)] /(2120)
—|—45{ 2w1h[c1b2CH (§w1)CH (nws) 4+ c2C(a1, by, A1éwr)SH (nws))
hel-crbaSH(€un)CHmua) + oS (br,an, €un) SH(mea)] b/ (320),

Ye = —2a9biwiSH(nws) [c1C (b2, a2, —mw2) + caa1SH (nw2)] /(z120)
—4(55H(1’]’LU2) { 2w1h[cla20H(§w1) — CQS(al, bl, A1§’LU1)]— (328)
—helcrazSH (§wr) — c2C (by, a1, Ewn )]} /(23 20),

where
he = 2un{ S H(Ew) CHEu)WECH? ) + a3 HOpwn)

+c3SH? (1w2) SH (§wi)CH (Ew )[af — A7)
_ClcQSH('I’]'LUQ)[CH(g'LUl)S_’l — SH(£w1)6_'1]}

Next we calculate x, and y,. Using (3.26) we find
0

an [SH(nwz)/z1] = ws [CH(nw2)C + SH(nw2)S2] /(2120)
+26 [2wahCH (nwe) — hySH (nw2)] /(z%zo),
8877 [CH(nwz)/z1] = —wsz [A2SH(nw2)C — CH(nw2)S2] /(2120)

—26 [2A0wahS H (nws) + hyCH (nw2)] /(23 20).
It is also clear that

CH (nw2)C + SH(nw2)S2 = baC (b, a1, Ewr),
AQSH(’I’]’U)Q)C — CH(?]UJQ)S’Q = _GQS(bh a17£w1)7

and we therefore have

Ty = 2b2’LUQS(b1, a1,£w1)[—61a25H(§’LU1) + CQC(bl, CL1,£’U)1)]/(2120) (329)
+40{2woh[Asc102S H (Ewq)SH (nws) + ¢25 (b1, a1, Ewr)CH (nws)]
+hyleiba SH (wi)CH (nws) — 2S5 (b1, a1, Swl)SH(an)]}/(zfzo),

Yy = [c2C(b1,a1,&wr1) — C1a25H(§w1)]{2b2w20(b1,a17§w1)/(212’o)

+46[2wohC H (nw3) — hySH (nws)] }/(zfzo), (3.30)
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where
hy = 2w {cfSH2 (€w1)SH (nws)C H (nws)[a3 — Agb3)
T BSH (w2) CH () B3C HA (€wy) + a2 SHA (6w )]

—c1coSH (€wy)[CH (nw2)S + S’H(nwg)c_'g]}.

Thus, introducing functions (3.16)—(3.20) and (3.21), (3.22) we have found
Z¢, T, Ye, Yn and therefore coefficients of the metric tensor

g =T+, g =, +ys, gi2 = TeTy + Yely (3.31)
for all (¢,m) € R.

3.6 Fixed boundary points

Consider a geodesic quadrangle P with sides 4;,7 = 1,...,4 and its four bound-
ary points (zq,yq) € A1, (@r,yr) € Az, (Tu,yu) € As and (x;,y1) € Ay such
that A4 or A; will not contain both points (z4,y4) and (z1,y;).

Then equations of the geodesics passing through (z4,yq4) and (24, y.), and
through (z;,y;) and (x,,y,) respectively, are as follows:

ayt +byy — [1 =0z +4%)] = 0, (3.32)
ant + by +[1-6(x*+4%)] = 0. (3.33)

Now we will find the point © = x5, y = Y, of intersection of (3.32) and
(3.33). Denoting

a:ahbvig“vbh’ b= (an + ay)? + (b + by)?,

we find:
_(bh +bv) ap + Ay

Toph = ——— et =
vk a++va? + b Yol a+ Va2 + b

In order to calculate the coefficients g;; of the metric tensor of the mentioned
quasi-isometric transformation (3.34) that maps R onto P we can use different
explicit formulas. For this purpose we place one of the vertices of a cell of the
grid in the origin by means of the motion group (2.2) and use formulas (3.6) or
(3.27)—(3.28), (3.29)—(3.31).

(3.34)

4 Variational method for the generation of
quasi-isometric grids
4.1 A certain class of Riemannian manifolds

Consider a geodesic quadrangle P with given angles aj,...,a4 and sides of
Euclidean lengths r1,...,74. Let 0 € X4, a = (ag1),--+)Q(4)), and r =



Gennadii A. Chumakov & Sergei G. Chumakov 75

To(1)- Consider one-parameter family of geodesic quadrangles P, with angles
Qg (1), -, Ay(4) and parameter r € (r(‘;“(i{‘),r(‘;“(af)‘). Every mapping of the form
(3.4), (3.23)—(3.24) or (3.34) of the unit square R onto a quadrangle P, has the
following form:

Z‘:m(&na’r)a ?J:y(ﬁﬂ%r)a (4'1)

and the mapping generates the class of conformally equivalent metrics. Let the
following metric be a representative of the class:

ds® = g11(&,m,7)dE + 2g12(&,m, r)dédn + go2(€,m, 7)dn>. (4.2)

So we can define the Riemannian manifold N (g;;(§,n,7), R) with the coor-
dinate domain R, the metric tensor g;; and the parameter . Then the Riemann
mapping theorem implies the unique existence of the parameter r* such that
the Riemannian manifold N (g;;(&,n,7*), R) can be mapped onto given curvi-
linear quadrangle D conformally with respect to the metric (4.2). The mapping
is quasi-isometric if all sides of D are smooth enough (belong to C?) and in
addition P« and D have the same angles [19, 14].

Thus the main problem consists of finding the parameter »* and a mapping
X*(&,m), Y*(&,n) such that this mapping is conformal with respect to the metric
(4.2) with metric tensor g;;(&,n,7*).

4.2 Functional &

Using the the class of functions g¢;; = g;;(&,n,7) we can define the class of
admitted functions A = A(&,n,r), B= B(&,n,r), C = C(&,n,r), where

A(é,n,r):w7 3(577777“):%,

C(m,r) = 7911(59,77,@7 9% = g11922 — g3a -

Let us also introduce the class of admitted mappings X = X(§,n), ¥ =
Y (&, 1) of the computational region R onto D that has the following properties:

1. X(&n), Y(&n) define a quasi-isometric correspondence between OR and

oD;
2. X(& 1), Y(&n) can be continued inside R in such a way that the func-
tional
11
2XY,r) = [ [AnrXE+ Y] - 2B(E 0 XX, + YeY))
00
+C(&m,m)[ X} + Y dEdn, (4.3)
is bounded.

The minimum value of the functional is equal to the area Sp of the domain
D, as it was shown in [10]. Functions X*(&,n), Y*(£,n) from the described class
and the number r* that provide the minimum of the functional ®, give us the
desired mapping of the Riemannian manifold N (g;;(&,n,7), R) onto D.
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4.3 The variational principle

In order to find X*(¢,n), Y*(¢,7) and r* we will construct a minimizing se-
quence {X™, Y™ r™} that has the following property:

(XL Yy et < (X Y ™), lim M(Prn) = M(Pre) = M(D).

n—oo

To begin the minimization process we assume that the functions X"(&,n),
Y™(¢,n) and r™ are known to us.

On the first step, using the Montel variational principle from the conformal
mapping theory, we obtain "1 such that

B(X™ Y™ ") < (X™, Y™, 1),
In particular,

A(X™ Y™ ) — V(XY™ )

= VAX™, Y™ ) + V(XY ) (4.4)
where
11
weYn) = [ [agnnixd +y2 dan
00
11
V3(X,Y,r) = / / C(&m,r)[X7 + ;7] dé dn.
00

Then we calculate the new coefficients of the functional

A=A n,mY), B=B(EnmY), C=C0@En ).

In (4.4) we can use u = 1/+/g11(1,0,7) and v = —%/ g22(0,1,7) [7]
On the second step for computation of new approximation X™*1, Y"+! such
that

CI)(XnJrl’YnJrl’rnJrl) < (I)(Xn,yn,TnJrl),

we use obtained A, B, C as coefficients of the elliptic equations that represent the
variational Euler — Lagrange equations for the functional (4.3) being minimized
on X and Y:

0 0X 0 _0X 0 _0X 0 _0X
2o "o (ag an " on 85) " (+5)
0 0Y 0 _0Y 0 _0Y 0 _0Y
T 8_n+<8_538_n+3_nB@_$> -0 09

The solution of the system (4.5)—(4.6) with appropriate boundary conditions
can be used as a new approximation X1, y"+1



Gennadii A. Chumakov & Sergei G. Chumakov 77

N
R
X
&
%
QK
bogese
5%
::0
S5
'l

N

N
X
N
e
SR
XX
SRR
KL
9%
03030
%000
KR
4%0%05%
%0
X
XX
”'

R
R

(XXX
XXX
‘Q’

KRR

XX
XX
o

00»‘{‘

%

OQ’Q
%
%
% 5
XS
05

B

%
RS
QQﬂﬁgﬁ

%
B
KRR
XA
KR
K
0
KK
00008
R
%
R
X

%
XX
XX
X
X
S
XX
X
XX

TR
':,:o:'::::»“
S

b0t
KKK
%
0%
%
3

XS
R

X

X
A

=

%
K5

%%
X
\

&
X
X
R

Figure 7.

Figure 8. Figure 9.

Steps 1 and 2 are to be repeated till the desired accuracy of determining the
solution of the variational problem is achieved.

Note that the formula (4.4) is invariant with respect to the metric chosen,
i.e., the iteration process does not depend on the way the metric depend on
the varying parameter. This feature is one of major developments in our paper
comparing with works [10, 5].

5 Grid examples

In Figure 6, the boundary points are free on the straight boundaries, fixed on
the outer half-circle and ”same as opposite” on the wing surface. In figure 7,
all boundary points are fixed. In figure 8, the grid is nearly orthogonal. And
figure 9 demonstrates that the grid cells remain parallelograms near corners as
the grid is refined.
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