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A numerical method for solving heat equations
involving interfaces *

Zhilin Li & Yun-Qiu Shen

Abstract

In 1993, Li and Mayo [3] gave a finite-difference method with second
order accuracy for solving the heat equations involving interfaces with
constant coefficients and discontinuous sources. In this paper, we expand
their result by presenting a finite-difference method which allows each
coefficient to take different values in different sub-regions of the interface.
Our method is useful in physical applications, and has also second order
accuracy.

1 Introduction

Consider the heat equation

Ut = (/Bua:)m + (ﬂuy)y + f(:]:,y,t) » (1)

where t is in [a,00) and (z,y) in an open region Q C R? which is divided into
two sub-regions QT, Q= by an irregular interface T'.
Let Q = QT UT UQ~ be an open rectangular region in R?, and let

_ [ Br, if(z,y) € QF,
/B(x’y){ﬂ, if (2.y) € O

where 37 and 3~ are positive constants. Assume that f is continuous in each
sub-region, and may have jumps of discontinuty across I'. The solution u(z, y,t)
and its normal derivative u,(z,y,t) crossing the curve I have prescribed jumps

[u] = u™(x(s),y(s),t) — u™(x(s),y(s),t) = w(s, 1), (2)
[un] = uf{(x(s),y(s),t) - u;(x(s),y(s),t) = g(s,t), (3)
where s is a parameter of I', the superscripts + and — denote the limiting

values of a function from one side in Q7 and another side in Q= respectively.
Throughout this paper, we use [G] = G — G~ to denote the difference of the
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limiting values of a function G from different sides of the interface as in (2), (3).
We also assume that the initial condition at ¢ = a and the boundary condition
on OB are known. In 1993, Li and Mayo [3] gave a finite-difference method
with second accuracy for solving (1), assuming that f is discontinuous but 3
is constant. In this paper, we present a finite-difference method for solving
(1), which allows § to be taken different values in different sub-regions of the
interface. This feature is useful in physical applications.

We organize this paper as follows: In Section 2, we establish local coordinate
systems around the interface. In Section 3, we give the correction terms for the
finite-difference method. In Section 4, we show that our method is second order
accurate. Finally, in Section 5, we give some numerical examples, in which the
actual solutions are known, to confirm the theoretical result.

2 Local Coordinate Systems

We first give local coordinate systems along the interface I', as in [2, 3]. When a
point (zg,yo) on the interface is fixed for the origin, we use the normal direction
as the ¢-direction, which has an angle 6 with the z-axis. Rotating the £-direction
by ninety degrees counter-clockwise, we obtain the 7-direction. Now we express
the curve I' as a function of the independent variable 7 locally.

§=xm) (4)
We express (2),(3) locally by using the 7 coordinate.
[ = v —u” =wnt), (
[un] = w) —u, =g(n,1), (6)
where w and ¢ are known in advance. From (4) and (6), we have

gy + [te]

g=[un] = m

Using differentiation with respect to 7, noting x,,(0) = 0, we have

[un] = wy, (7)
[ue] = g, (8)
[um] = —gxum + win, (9)
[uen] = wpXum + gn- (10)
Changing (1) locally, using
& = (x—xp)cosh + (y — yo)sind, (11)
= —(z—x)sind + (y — yo)cosb, (12)

we have
Ugz T+ Uyy = Ugg + Uy,
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therefore,

Uy = /6'“55 + /Bunn + f(ga 7, t)v (13)
where f(&,7,t) = f((&,n),y(&,n),t). (13) implies

[uee] = [uech + {%] ; (14)

where

[ueelt = gxnn — wyn — [%1 . (15)

In (7)-(10)and (14)-(15), all functions in the right-hand sides are known except
for [u;/0] in (14) which will be explored in the next section.
3 Correction Terms

We first discretize in both of the z-direction and the y-direction with a mesh of
size h.

1

Ugw R OzlUij = ﬁ(ui—l,j — 2ui 5 + Uit1,5), (16)
1

Uy N Oyl = g (i1 = 2Uig + i) (17)

We group all the grid points in 2 into two sets. The set Syeg consists the regular
points, each point in one sub-region has no neighbor point in the another sub-
region. The set S, consists the irregular points, each point in one sub-region
has at least one neighbor point in the other sub-region. For a regular grid point,
the local truncation error of (16),(17) from Bug, + Byy + f is O(h?).

For an irregular grid point, we need add some correction terms in (16),(17)
such that the local truncation error is O(h), therefore the global error of the
solution for solving the heat equation is O(h?) after the discretization of time
t in certain way. At first, we relate the jumps with respect to x and y to the
jumps with respect to £ and n by (11) and (12).

[uz] = [ug]cosf — [u,]sind,
[uy] = [ue]lsing + [u,]cos®, (18)
[Uzz] = [uzz]1 + [%] cos’ 0,
g
where
[uzz)t = [uge]r cos® O — 2[ugy] cosOsin b + [u,,] sin® 0,

[uy,] = [uyy]1+{%} sin? 6, (19)
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where
[uyyl1 = [uge]1 sin® 0 + 2[ug,] cos Osin @ + [u,,] cos® 6.

By (7)-(10) and (14)-(15), all the terms in the right-hand sides of (18)-(19) are
known except for [u;/0].

Now we consider an irregular grid point in the z-direction, there are four
cases:

Q-, e Qt

(d) (@i, y;) € 7, (zim1,y;) € QT

For case (a), let the intersection of the line segment connecting (z;, y;), (Ti+1, y;)
and I' be (z*,y;). Using Taylor’s series around z*, we have

1
ﬁ(u(xifla yj) - 2’LL(LL‘“ y]) + u(xiJrla yj))
1 * [uzz] *\2 —
= 3 [l [ue](@ivs = 2%) + 5 (@i — %) ¢+ uge + O(h),
which implies

(% ](ei1 — )

Upy = 6$um’ + Cxui,j - oh2 + O(h), (20)
where
Coi = 35 | + luel(ois — %) + 2 iy — 22
Wi, 5 — h2 T i+1 2' i+1 .
Similarly, for case (b), we have
Ul (g — z*)?
Uz = Ui  + Catyj + M + O(h), (21)

2h?

where

* Uzz|1 %
Cpu;j = 5 {[u] + [ugl(@im1 — x¥) + [ 2!] (i1 — )2}
For case (c), we have

(% ](ei1 —a)?

Ugx = 6wui,j + Cwu'i,j + oh2

+ O(h), (22)

where

1 [ua:a:] 1

ooy = g {1 + fualies = o) + Pl i - a2}
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For case (d), we have

(] (i1 — 2*)?

e +0(h), (23)

Uge = 6a:ui,j + Cwui,j -

where

1

Cotiid = 12

{[u] + [ug)(zio1 — ) + M(xi,l - :1:*)2} .

Analogously, in the y-direction, we also have four cases. We add correction
terms such that the local truncation is O(h).

Now using these correction terms in both z-and y-directions, we obtain a
system of ordinary differential equations

(uij)e = B(ozuij+ dyuij) + fi;

ug | T (Tig — %)% cos? 6
+5 Z {Cxui,j+ {E] 2 57,2 (24)
(Tig,y*)ESirr

*\2 o2

> o — 0

+3 {Cyui,jJr {ut] Tyo (Yio y2) sin }+O<h)’
(2* Y50 ) € Sixr B 2h

where ig =7 —1ori+1,jo=j—1orj+1. 74, 7y =1 or —1 according to
(20)-(23). We have

3] -

{%} — (uiy): H + % +O(h), (25)

which imply

5 5

where =" if 3= 8", 3= 4T if 3= ", and w is defined in (5). Using (25),
we have the following system of ordinary differential equations

(wij)e = F (i1, Win1,5s Wi,j Wit 55 Wi,j41)
with the right-hand side F' is equal to

B0ati g + Oytij + Do, gy Catiii + Do )€ Cuting) + fig

Tagg (zig—z*)% cos? 6 Ty (yjo—y*)?sin?2 6’

1 1
1- Z(x,:o,y*)esm /B[E] 2h2 - Z(x*,yjo)esm /B[E] 2h2

(26)
where
Taig (Tig — %)% cos® 0
2h?

Cxuij = Cxuij + =

and )
= _ wi Ty (Yjo — y*)*sin” 0
Cyuij = Cyuij + ﬁ . 2h2 :
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At a regular grid point, the local truncation error of the right-hand side of
(26) from Bugy + Byy + f is O(h?). In the next section, we will show that at an
irregular grid point, the local truncation error is O(h).

Finally, we discretize time t by choosing At = h. We use Crank-Nicholson
method.

Uijkt1 = Uijk + AU0SF (Ui -1k, Wi1,5,ks Wi,j ks Wit1,5,ks Yirj+1,k)  (27)

F0.5F (Wi j—1,k415 Wim1,5,k+15 Yi j k1 Wit1,5,k+1, Wi jr1,k+1)),

which implies the local truncation error for discretizing on t is O((At)?), [1, 4].
To solve for u; j k41, from (27), we use S.O.R. iteration with a certain parameter

A. Set
WO
i,g,k+1 — Yigks

and forn =1,2,..., set
(n+1) (n) .
Ui = (L= 2u i + A
F0.5F (i j—1,k, Wi,k Wi hor Witk 1,5,k Ui, j+1,k) (28)
(n+1) (n+1) (n) (n) (n)
FOSF (w57 k10 Wi peras Wi ks Wi g k1o Wit kb)) -

4 Accuracy Analysis

We first show that the denominator of the right-hand side of (26) is bounded
below and above by positive constants. Let

1 - i — *)2 29
Di; = 1- Z /B[B}T ,(@ 2:2) cos (29)

(Tig,y*)ESirr

_ Y F] Tyso (Yjo — y7)* sin’ 0
5 .
(w*»yjo)esirr /6 2h

and
_ 17 7o, (Tig — %)% cos? 6
Ei,j = 1+ Z 6 |:B:| 0 57,2 (30)
(Tig,y*)ESirr
17 75, (50 — y*)*sin® 0
+ 3 Pl 207 |
(Y50 ) € Sirr
Lemma 4.1 Let D;; and E;; be as defined above. Then
min(/g+7/67) + 3= 1
Di,j 2 W and El’] S 1+ max(/@ ,/6 ) B s (31)

where io =i—1ori+1l,jo=j—lorj+1 7 , 7y

(20)-(23).

5o = 1 or =1 according to
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Proof: At first we prove the lower bound. Look at the first summation. In
z-direction, we have four cases.
(a) (xhy]) € Qi? (xiJrlayj) S Qt. Then Tiy = Ti+1, Twio = _17 /8 = ﬂ77 and

3 [%} Tayy = 1— g—; which is positive iff 5~ < B7.

(b) (ziyy;) € QF, (zic1,y5) € Q7. Then i, = @1, 7o,y = 1, 8 = 7, and

Jé] [%} Tay = 1 — g—t which is positive iff 8T < 5.

(c) (zi,y;) € QF, (ziy1,y5) € Q. Then xy, = xi41, 7oy = 1, B = 7, and

Jé] [%} Tagy = 1 — g—t which is positive iff 8T < 5.

(d) (zs,9;) € Q7 (wiy1,y;) € QF. Then iy = x;1, 70, = —1, 3=, and

3 [%} Tayy = 1— g—; which is positive iff 7 < 87T
For all cases, a term in the first summation is positive iff 3 = min{8", 3" }.
Similarly we can show that a term in the second summation is positive iff § =
min{3*, 3~} too. Only the positive terms will reduce the lower bound of the
left-hand side of (29). So the left-hand side is bounded below by

min(,@*,,@’)) B 0.5<1 _ min(ﬁtﬂj) _ min(8*,87)

Dij>1-05(1-

max(8+, 87) max(3+,37)/  max(8+,5)
Now we turn to the upper bound which can be proved directly from (30).
1 1 1
E;; <140.58 ‘ [E} ' + 0.55' {B] ‘ <1+ max(8",87) ‘ {B] ‘ .

The lower bound (31) is useful for the stability of the numerical scheme and the
upper bound (31) will be used in the proof of the following theorem.

Theorem 4.2 At irreqular grid points (z;,y;) in Q,
Bt g1, i g, Ui g, Uit Wi jr1) = (Btae + Bty + f)(2i,y;) = O(h) . (32)
Proof: From (24), (25), (26), and (31), we have

F(,5-1, Wim1,55 Wi gy Wit 1,5, Wi j+1) = (Ui j)e

= B(ézui,j + 6yui7j + Z éxuiJ’ + Z 5yui,j>

(zig,y*)ESirr (z*,Yj¢ ) € Sirr
17 7o, (zig — %)% cos? 6
+fig+ (Uz])t{ Z I¢] [5} o Tio o
(Zig»y* )€ Sirr

17 Tys, (Yjo — y*)? sin? 0
P [5] 2h? }

(*,Y50 ) €Sirr




Zhilin Li & Yun-Qiu Shen 107

= B(0auij + dyuij) + fi;

o [ue] T (w5, — %)% cos® 0
+8 Y {Cwum + [ﬁ} T }
(ig,y*)ESirr
ug | Ty, (Yjo — y*)? sin? 0
8 Y {Cu+ [ﬂ o }+om)

(x*vyjo)esirr
= (ﬂuww + /guyy + f)(xiv yj) + O(h),

which proves (32).

At a regular grid point, the local truncation error is O(h?). At an irregular
grid point, the local truncation error is O(h) by Theorem 4.2. The local trunca-
tion error from the discretization of time is O((At)?) = O(h?). All these imply
that the numerical solution has global error O(h?).

5 Numerical Examples

We choose some examples in which the actual solutions are known; therefore,
numerical error computations can be obtained to confirm the theoretical result
of our method. We choose

Q=(-1,1)x(-1,1), te[l,00),
Qt ={(z,y) €Q |2? +y* > 1/4},
Q" ={(z,y) €Q |z +y* <1/4},
I ={(z,y) €Q |2* +y*=1/4}.

The exact solution for f =0 is
w(z, y,t) = %67<z2+y2>/<4m>, (33)

We give the initial condition when ¢ = 1, and the Dirichlet boundary condition
when x and y are equal to 1 or —1. We choose A=1.75 in (28). For different
pairs BT and 37, in t from 1.0 to 1.5, we obtain the data shown in Table 1.

The error is computed using the infinity norm. It shows that when h is
divided by 2, the error becomes approximately a quarter of its previous value,
which confirms that the numerical solution has second order accuracy.
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h Bt 3~ error ratio
0.100 | 1000 1 2.227782D-04 -
0.050 | 1000 1 5.391984D-05 | 4.13
0.025 | 1000 1 1.307318D-05 | 4.12
0.100 1 1000 | 2.392997D-05 -
0.050 1 1000 | 6.703319D-06 | 3.57
0.025 1 1000 | 1.766744D-06 | 3.79
0.100 ) 1 2.629529D-04 -
0.050 ) 1 6.351060D-05 | 4.14
0.025 ) 1 1.550294D-05 | 4.10
0.100 1 5 5.461059D-05 -
0.050 1 ) 1.309861D-05 | 4.17
0.025 1 ) 3.263757D-06 | 4.01

Table 1: Accuracy of computations
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