Mathematical Physics and Quantum Field Theory,

Electronic Journal of Differential Equations, Conf. 04, 2000, pp. 51-69
http://ejde.math.swt.edu or http://ejde.math.unt.edu

ftp ejde.math.swt.edu or ejde.math.unt.edu (login: ftp)

C*-cross products and a generalized mechanical
N-body problem *

Mondher Damak & Vladimir Georgescu
Dedicated to Eyvind H. Wichmann on his seventieth birthday

Abstract
For each finite-dimensional real vector space X we construct a C”*-
algebra Cg graded by the lattice of all subspaces of X. Then we compute
its quotient with respect to the algebra of compact operators. This allows
us to describe the essential spectrum and to prove the Mourre estimate
for the self-adjoint operators associated with CZ.

1 Introduction

Let C be a C*-algebra of bounded operators on a Hilbert space H and let H be
a self-adjoint operator on H. One says that H is affiliated to C if (H—z2)"1 € C
for some z € C\ o(H). In this case p(H) € C for all ¢ € Cy(R) (the space of
continuous functions which tend to zero at infinity).

Assume that the algebra of compact operators K(#H) on H is included in
C. Then one can construct the quotient C*-algebra C = C/K (), and one can
consider the map H : Co(R) — C defined by H(p) = QD/(I?) = [class of ¢(H) in
the quotient]. This is a morphism, and H should be thought as an “abstract”
self-adjoint operator affiliated to the “abstract” C*-algebra C. The notion of
spectrum of H has an obvious meaning, and it is easy to show that the essential
spectrum of H is given by cess(H) = o(H).

This point of view is not practically useful unless the algebra C has a special
structure. In any case C should be, in some sense, simpler than C. A systematic
treatment of a rather large class of examples in which C and H are explicitly
computed can be found in [4]. In particular, the relevance, in this context, of the
C*-algebras obtained as cross products of algebras equipped with group actions
is pointed out.

Our purpose in this note is to consider the quantum-mechanical N-body
problem from this point of view. By taking into account the kind of potentials
involved in the N-body problem it is natural (at least, a posteriori) to consider
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52 C*-cross products

in this case the algebra C' = C3° constructed as follows. Let X be a real finite-
dimensional vector space (the configuration space of the system of N particles)
and A the C*-algebra generated by functions on X of the form ¢ o my, where
Y is a vector subspace of X, ¢ € Cop(X/Y) and 7y : X — X/Y is the natural
map. The additive group X acts continuously by translations on A. Then we
take C equal to the cross product of A by the action of X.

The definition of cross products used in this paper is adapted to our needs,
and we do not make any explicit reference to the general theory (whose useful-
ness in more complicated situations is, however, shown in [4]). Let #(X) be the
space of square integrable functions on X and denote by @ and P the position
and momentum observables. If A is a *-algebra of bounded uniformly continu-
ous functions on X and if A is stable under translations, then the (norm) closed
linear subspace of B(#H (X)) generated by operators of the form ¢(Q)y(P), with
v e Ay e Cp(X*), is a C*-algebra isomorphic to the “abstract” cross product
A x X of A by the action of the additive group X. Here we simply take this
as the definition of A x X. Thus the algebra Cg is obtained by choosing A
equal to the closed linear space generated by functions of the form ¢ o my with
¢ € Co(X/Y).

In Section 2 we show that such cross products appear quite naturally in the
spectral analysis of quantum Hamiltonians. Assume, for example, that one is
interested in self-adjoint operators of the form H = Hy 4+ V, where Hy, the
kinetic energy, is an elliptic differential operator of order m with constant coef-
ficients and V' is a symmetric differential operator of order < m with coefficients
in A. Assume also that A contains the constant functions. Then the smallest
C*-algebra of operators on H(X) to which all these operators are affiliated (Hy
being fixed) is equal to C' = A x X. The main point of our approach is that
this algebra often has a remarkable structure (determined by certain properties
of A), and this fact alone gives important information on the spectral proper-
ties of H. Note that we construct C starting with a rather restricted class of
perturbations V. However, the class of operators H affiliated to C is very large
and it allows quite singular perturbations (this point is studied in [2] and will
not be further discussed here).

Above X* is the space dual to X and one may assume without loss of
generality that X = X* = R"™. However, our approach is explicitly independent
of a choice of a Euclidean structure on the configuration space. This not only
simplifies the presentation but opens the way to generalizations which allow one
to study many channel Hamiltonians quite different from those of N-body type.
Indeed, one can replace X by a locally compact abelian group and the subspaces
Y by subgroups. The case of nonabelian groups is also interesting, for example
the “symplectic algebra” associated to a symplectic space (to which N-body
Hamiltonians with magnetic fields are affiliated) corresponds to the Heisenberg
group.

Technically speaking, the main result of this paper is Theorem 5.2. We shall
state now several consequences of this theorem. The proofs are quite easy and
will not be detailed (see Section 8.4.3 in [1] and note that the spectrum of a
direct sum, not necessarily finite, of self-adjoint operators is equal to the closure
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of the union of the spectra).

Theorem 1.1 Let H be a self-adjoint operator on H(X) affiliated to Cg. Then
for each w € X, w # 0, the limit lim|y|_,o Tao[H]| = H,, exists in strong-
resolvent sense and

Uess(H) = U U(Hw)' (1'1)

weX\{0}

Here 7,[H] = e!®P) He=#®:P) and (="} f)(y) = f(z +y). Note that H,
depends only on the one dimensional space generated by w. In order to get a
version of Theorem 1.1 which resembles more to the standard N-body version,
we shall consider only a rather particular class of H. Take X = X* = R" and
let A : R® — R be a continuous function such that ¢=(z)2* < h(z) < c(z)?® if
|z| > r, where s, 7, c are strictly positive constants and (z) = (1+|z|?)'/2. Then
Hy = h(P) is a self-adjoint operator whose form domain is the Sobolev space
H*(X). For each linear subspace Y C X let V¥ be a continuous symmetric
sesquilinear form on H?®(X), identified with an operator H*(X) — H*(X),
such that:

(i) [P V] =0 for all y € Y;
(ii) [P, Vo] |lags sp-s = 0if k€Y, k=0

(iif) [|[e"@*) — 1)]Vy|lpen— — 0if k€Y & — 0.

We have denoted e*{@¥) the operator of multiplication by the function e*(®*)

For Y = O = {0} we take Vi = 0. Note that in (ii) (but not in (iii)) the
Euclidean structure of X = R" is used. Furthermore, we assume

Z V¥ (25 53— < 00,
YCX

in particular Vy # 0 only for a countable number of subspaces Y. Finally, we
ask that Vy > —py Hy — by as forms on H*(X), where py,dy > 0 are numbers
such that )y py < 1land ), 0y < oo. Then H = Ho+), Vy is aself-adjoint,
bounded from below operator on H(X), H is affiliated to C5*, and

ess(H) = | o(Hy).

Yem

Here Hy = Hy + ZZDY Vz and M is the set of minimal elements (for the
inclusion relation) of the class of subspaces of the form Y3 N---NY} # 0 with
Y, e {Y: W #0}.

Theorem 5.2 can also be used in order to prove the Mourre estimate for
operators affiliated to CgX. We shall present here only the simplest case when
H, is the (positive) Laplacian and the Vy do not depend on the projection on Y’
of the momentum, so Vy = 1@ VY if H(X) = H(Y) @ H(YL). More precisely,
it suffices to replace (ii) by the stronger condition:



54 C*-cross products

(ii*) [eX@*) V] =0if k€Y.

Now H looks exactly as in the non-relativistic N-body problem, the only
difference is that we allow an infinite lattice of subspaces. Thus we can define
operators HY acting in H(Y*) for each Y C X and these operators have a
structure similar to that of H. Note that in the N-body case the subspaces Y
are usually denoted X,; moreover, one must interchange the réles of Y and Y+
in order to agree with the conventions from [1].

Theorem 1.2 Let H be of the form described above and let D be the generator
of the dilation group in H(X). Assume that the quadratic form [D,(H + i),
with domain equal to the domain of D, extends to a bounded operator which
belongs to C3<. Let L be the family of subspaces of the form Y1 N ---N Yy where
Y; are subspaces such that Vy, # 0. Define the set of thresholds of H by

TH)= |J opHY).

Yel£\{O}

Then the Mourre estimate for H with respect to D holds outside T(H).

The proof is a straightforward application of Theorem 5.2 and of Theorem
8.4.3 from [1] (infinite version). See Section 9.4.1 from [1], or [2] where the
Mourre estimate is proved for more general classes of Hamiltonians.

We would like to thank George Skandalis who, several years ago, mentioned
in a private discussion with one of us (VG) that the algebras defined in relation
(9.2.14) from [1] are in fact cross products.

2 Cross Products and Quantum Hamiltonians

We begin with some notations and conventions adopted in this paper. If X is
a locally compact topological space then C(X) is the C*-algebra of continuous
bounded complex functions on it, Co(X) the C*-subalgebra of functions con-
vergent to zero at infinity, and C.(X) the subalgebra of functions with compact
support. If A is a Hilbert space then B(#) and K (H) are the C*-algebras of all
bounded and compact operators on H respectively. By morphism between two
x-algebras we mean x-morphism. If A, B are subspaces of an algebra C' then we
denote by A - B the linear subspace of C' generated by the elements of the form
AB with A € A, B € B; if C is a C*-algebra then [A - B] is the norm closure of
A-Bin C. A family {C;};cr of subalgebras of C is linearly independent if for
each family {S;}icr such that S; € C; Vi, S; # 0 for at most a finite number of
iand ), ;S;=0,onehas S; =0 for alli € I.

Let X be a finite-dimensional real vector space. For each z € X we denote by
7, the automorphism of Cy,(X) associated to the translation by x, so (7,¢)(y) =
p(y + x). Then the set Cp,(X) of functions ¢ € Cp(X) such that z — 7, is
norm continuous is the C*-algebra of bounded uniformly continuous functions
on X. If X = O = {0} is the zero dimensional vector space then Cy(X) =
Cou(X) = Co(X) = C.
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We denote by H(X) the space of (equivalence classes of) functions on X
square integrable with respect to a Haar measure (i.e. a translation invariant
positive Radon measure on X). There is no canonical norm on H(X), the Haar
measure being determined only modulo a positive constant factor. However, it
is clear that the norms in the spaces B(H(X)) and K(H (X)) are independent
of the choice of the measure. We set B(X) = B(H(X)) and K(X) = K(H(X));
these are C*-algebras uniquely determined by X. If X = O = {0} is the zero
dimensional vector space we set #(X) = C and B(O) = K(0) =C.

We embed Cy(X) in B(X) by identifying a function v € Cyp(X) with the
operator of multiplication by u in H(X). If we denote u(Q), or u(QX), this
operator, then the map v — u(Q) is an isometric morphism of Cp(X) into
B(X). So we realize C(X) as a C*-subalgebra of B(X).

Let X* be the dual space of X. For x € X, z* € X* let (z,2*) = 2™ (x)
and identify X** = X by setting (z*,z) = (x,2*). We shall embed the al-
gebra Cp(X™) of bounded continuous functions on X* into B(X) by the fol-
lowing procedure, explicitly independent of a Haar measure on X. It will be
convenient here to use the notation e*{*-F) for the operator of translation by
x € X, more precisely (e/*7)f)(y) = f(x + y) (this is identical to the action
of 7, on functions). For each v € S(X*) (space of Schwartz test functions on
X*) there is a unique measure 3 on X such that v(z*) = [ ' ®*)7(dz). We
set v(P) = [ e“®P)5(dz) (if X has to be specified we set v(P) = v(PX)).
The map v — v(P) extends to an isometric morphism of Co(X™*) into B(X).
This allows us to realize Cop(X™*) as a C*-subalgebra of B(X) and it is easy to
check that the action of Cp(X*) on H(X) is nondegenerate. This, in turn, will
give us an embedding Cy(X*) C B(X), uniquely determined by the property
u(P)v(P) = (uwv)(P) if u € Cp,v € Cy. Observe that Cy(X™*) is just the group
C*-algebra of the additive group X.

One may define the Fourier transformation as a bijective map F': S(X) —
S(X*) such that Fexp(i{z, PX)) = exp(i(z, QX ))F for all z € X. This defines
F modulo a complex factor and ®x[S] = FSF~! gives a canonical isomorphism
®x : B(X) — B(X*) such that ®x[v(PX)] = v(QX") for all v € Cp(X*).

We now prove a lemma which plays an important réle in our arguments.

Lemma 2.1 If u € Cpy(X) and v € S(X*) then for each number € > 0 there

are points 1,...,xn € X and functions vy, ...,vn € S(X*) such that
N
|lo(P Zu Q + zi)vr(P)|| <e.
k=1

Proof. Set S =u(Q) and S(z) = =P Se=“=P) Then S(z) = w(Q + z), S
is an element of B(X), and the map = — S(z) is bounded by ||S|| and is norm
continuous. Choose a Haar measure dr on X. The measure v is absolutely
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continuous, so we can identify it with a function in S(X) by v(dz) = v(x)dz.

Then
P)Sz/ e P) §5(x)dx :/ S(z)e™P)5(z)da.
b's b's

Let K be a compact subset of X and V a compact neighbourhood of the origin
in X. One can find functions Jy, Ji, ..., Jy of class C° on X such that:

1)0< Jp, <1if0<k< an _oJr(x) =1forall z € X;
J, fO<k<Nand Y5 ,J for all z € X
(ii) K Nsupp Jo = 0;

(iii) there are points z1,...,zy € X and such that suppJp C zp + V if
1<k<N.
Then we write:

N

v(P)S = Z :ck/Jk @ P)5(z)dx

+Z / S(xp)| Tk ()" P15 (2) da

+ /X S(z)Jo(2)e™ P)5(z)dx.

Let v, € S(X*) be defined by Ui (z) = Ji(x)v(x); then the first sum above is
ZQI:I S(zk)vk(P). Denote Ky = supp Ji and let L be the integral of |[v]. We
estimate the last two terms as follows :

||Z / S(am)k () = P)5(x)dz]) < sup sup [15(z) — S(@w)IIL

1<k<N z€K

because ZkN:1 Jr(z) <1, and

H /X S(@)Jo ()6 P)5(x)de]| < |5 / 2)\de.

If K is large enough the second member in the last inequality can be made
< €/2. Finally, we have

sup [|5(z) — S(zp)|| < sup [[S(y) — S
yev

€K
and this can be made < ¢/(2L) because the function S(-) is continuous. &

Corollary 2.2 If A C Cy(X) is a translation invariant subspace, then [A -
Co(X™)] = [Co(X*) - A]. In particular, if A is a translation invariant -
subalgebra of Cpy(X) then [A- Co(X™*)] is a C*-subalgebra of B(X).

If A is a C*-subalgebra of Cy,(X) stable under translations then A is
equipped with a continuous action of the additive group X, so the “abstract”
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C*-cross product A x X is well defined. It can be shown (see [4]) that A4 x X
is canonically isomorphic to the C*-subalgebra [A - Co(X*)] of B(X). For this
reason we shall call this subalgebra cross product of A by X and we use the
notation

Ax X =[A- Co(X)]. (2.1)

Our next purpose is to explain the relevance of this notion in the setting
of “algebras of energy observables” considered in [4]. More precisely, we show
that A x X coincides with the C*-algebra generated by the Hamiltonians of the
form H = Hy + V where Hy, the kinetic energy, is fixed, while the interaction
is given by a potential V' of “type A” in a sense that we shall specify below. So
A x X can be thought as the algebra of all Hamiltonians describing the motion
of a system subject to a certain type (A) of interactions.

Let us fix a C*-algebra stable under translations and containing the constants
A C Cpy(X). We set

A® ={p e ANC*>(X): all the derivatives of ¢ belong to A}.

We notice that A> is a dense *-subalgebra of A. Indeed, let 7 € C°(X) with
[ m(x)dz = 1 and let us set () = e "B(x/e) if € > 0. Then b x p — ¢ in
sup norm as € — 0 if ¢ € A, because ¢ is uniformly continuous. So it suffices
to prove that all the derivatives of 6, * ¢ belong to A. Identifying X = R™ and
taking € = 1, we have for « € N™:

(6 * (p)(a) — (@) 0= /G(Q)(—y)Tygody.

The integral converges in norm in Cp,(X) and A is a closed subspace, so (6 *
@)@ e A

Theorem 2.3 Let A C Cpy(X) be a translation invariant C*-subalgebra con-
taining the constant functions and let h : X* — R be a continuous function such
that |h(k)| — oo when k — oo in X*. Then the C*-subalgebra of B(X) gener-
ated by the self-adjoint operators of the form h(P + k) + V(Q), where k € X*
and V : X — R belongs to A, coincides with A x X.

Proof. Let C be the C*-algebra generated by the operators H = h(P + k) +
V(Q) = Hy + V(Q), with k € X* and V € A*°. By making a series expansion
for large z

(z—H)™ = (2= Ho) ' [V(Q)(z — Ho)']"

n>0

we easily get C C A x X. It remains to prove the opposite inclusion. Let
z € C\ h(X*). Then for 4 € R small enough we have z ¢ o(H,) if H, =
h(P+k)+pV(Q). The function p — (H,—2)~! is norm derivable at u = 0 with
derivative —(Ho —2) 'V (Q)(Ho — 2) ™. Hence (Ho—2)"'V(Q)(Ho—2)"! € C.
Let 0 € C.(R) with 0(0) = 1 and € > 0. Then 0(eHo)(Ho — z) = € '01(eHp) if
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01(t) = 0(t)(t — z/e). Since eHy is affiliated to C, we get 0(eHo)(H — z) € C.
Thus:

0(eHo)V(Q)(Ho — 2)™" = 0(eHo)(Ho — 2) - (Ho — 2)"'V(Q)(Ho — 2) ™" € C.

We can write (Hp — 2)™ = lim, 00 ¥, (P) (norm limit) with 1, € C.(X*).
Then, for each s > 0, 1,,(P) is a continuous map from L?(X) into the Sobolev
space H*(X) and V(Q) € B(H*(X)). Clearly lim. ,o0(eHp) = 1 in norm in
B(H*(X), L*(X)). Thus we see that lim._,00(eHo)V (Q)¥n(P) = V(Q)vn(P)
in norm in B(L?*(X)) for each n. On the other hand, we have |V (Q)yn(P) —
V(Q)(Ho—2)71|| = 0 as n — oo. It follows then that lim._,o 6(eHo)V (Q)(Ho —
2)"1 =V (Q)(Ho — 2)~! in norm in B(L?(X)).
This argument proves that

V(@QM(P+k) -2 =V(Q)Ho—2)"" €C

for each k € X*. This clearly implies V(Q){(Hp) € C for € € C.(R).

The set of 1) € Co(X™*) such that V(Q)¢(P) € C is norm closed and contains
all the functions of the form ¢(P) = £(h(P + k)) with £ € C.(R) and k €
X*. The family consisting of such functions is a *-subalgebra of Cy(X*) which
separates the points of X* (because |h(p + k)| — oo if K — 00). By the Stone-
Weierstrass theorem, we see that this family is dense in Co(X™*). So we have
V(Q)y(P) € C V¢ € Co(X*). Here V is an arbitrary function in A°°. Since
A is dense in A, we finally obtain ¢(Q)y(P) € C for all p € A, € Co(X™).
¢

Corollary 2.4 Let h : X* — R be an elliptic polynomial of order m. Then
the C*-algebra of operators on H(X) generated by the self-adjoint operators
H = h(P)+ W, where W is a symmetric differential operator of order < m
with coefficients in A, is equal to A x X.

Proof. If V € A%, and if we identify X* = R", we have

WP +R) +V(Q) = h(P) + 32 S hO(P) £ V(@) = h(P) + W

jal>1

so we may use the preceding theorem.

3 Graded (C*-Algebras

In this paper we are interested in C*-algebras which are graded by a semilattice
L. The case when L is finite is presented in Section 8.4 from [1]. Below we
extend the formalism to the case of infinite £. Note that in the present context
it is convenient to interchange the roles of the lower and upper bounds in the
definition of the grading, which explains some differences in notations with
respect to [1].
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Let £ be an arbitrary semilattice, i.e. L is a partially ordered set such that
the lower bound aAb exists for all a,b € L. If £ has a least or a greatest element,
we denote it min £ or max £ respectively. We denote by F(L£) the family of finite
subsets F C L such that a Ab € F if a,b € F (the empty set belongs to F(L)).
So each F € F(L£) is a finite semilattice for the order relation induced by £, in
particular it has a least element min 7. We equip F(£) with the order relation
given by inclusion. Since FyNF, € F(L) if F1, Fa € F(L), the set F(L) becomes
a semilattice. Note that for each finite part F© C L the set of elements of the
form a; A -+ Aay, with aq,- -+, a, € F belongs to F(£) and contains F.

A L-graded C*-algebra is a C*-algebra C equipped with a linearly indepen-
dent family {C(a)}qec of C*-subalgebras such that:

(i) C(a) - C(b) C C(a AD) for all a,b e L
(ii) if 7 € F(£) then C(F) := > .+ C(a) is a closed subspace of C
(iti) Upep(e) C(F) = Xqer Cla) is dense in C.

It is clear that for each F € F(L) the space C(F) is a C*-subalgebra of C
and is equipped with a canonical structure of F-graded C*-algebra. The set of
C*-subalgebras of C (ordered by inclusion) is a semilattice and F —— C(F)
is an injective morphism of semilattices (i.e. C(F; N Fy) = C(F1) N C(F2)).
In particular, we have C(F1) C C(Fz) if F1 C F and C coincides with the
inductive limit of {C(F) : F € F(£)}, a directed system of C*-algebras.

We use the notation C(F) =} . » C(a) for an arbitrary subset F of £. If F
is A-stable then C'(F) is a x-algebra, but is not complete in general. In particular
C is just the closure of the x-algebra C(L). For a € L set L, = {b | a < b},
L, ={b|a £ b} and let C,, J, be the closure of C(L,) and C(L]) respectively.
Note that C'(L,) is a *-subalgebra of C' and C(L)) is a self-adjoint ideal in C.
Hence C,, J, are C*-subalgebras of C' and J, is also a closed self-adjoint ideal
in C.

Theorem 3.1 For all a € L one has C = Cy + J, and C, N J, = {0}. The
projection P, : C — C, determined by this linear direct sum decomposition is a
morphism, in particular ||P,|| = 1.

Proof. We clearly have C(L) = C(L,)+C(L),) as a linear direct sum. Let Pg
be the projection of C'(L) onto C(L,) determined by this decomposition. Thus,
if T'e C(L) is given by T' = 3, - T'(b), where T'(b) # 0 only for a finite number
of b, we have Pg[T| = >, ., T(b). Then Po[T]* = Pg[T*| and if S =}, .. S(b)
with S(b) # 0 only for a finite number of b, then

ST =Y _SOT(c)=>_ Y SOT(c).
b,c deL bAc=d

Thus
PolST] = Y > SO)T(e)= Y SO)T(c)

a<d bAc=d a<bAc
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Y SO)T(e) = Pels] PeIT].

a<b,a<c

Hence P? is a morphism of the x-algebra C(L£) onto its x-subalgebra C(L,).
Let F € F(L) such that a € F and T(b) = 0 if b ¢ F (we saw before that
such a F exists). Then P;|C(F) is a morphism of the C*-algebra C(F) onto
the C*-algebra C(F,), with F, = F N L,. Such a morphism always has norm
< 1. Hence we have ||PS[T]|| < ||T||. Since this is valid for each T' € C(£) and
C(L) is dense in C, we see that P? extends to a morphism P, : C — C, with
P.T) =T if T € C,. In particular, P, is also a linear projection of C onto C,
with [|Pg]| < 1. Since C, # {0} (because C(a) # {0}) we have in fact |P,|| = 1.
We have C(L!) = kerP? C kerP,. Since C(L) is dense in C, C(L]) =
(1 -P,)C(L), and 1 — P, is a continuous surjective map of C onto kerP,, we
get that C'(L),) is dense in kerP,. So kerP, = J,. O

One can reformulate the preceding theorem in the following terms: the map
P2 C — C defined by Py (>, T(b)] = > <, T(b) extends to a norm 1 projection
Pa of C onto C, which is also a morphism. Not also that the family of C*-
subalgebras {C, }4c is decreasing: if a < b then C, C C, and

PaPs = PoPa = Po (3.1)

If £ has a least element min £ then C(min £) is a closed self-adjoint ideal in
C, hence one may construct the quotient C*-algebra

C:=C/C(minL). (3.2)

We shall give a more explicit description of this object when L is an atomic
semilattice. We recall that an atom of £ is an element a # min £ such that
b<a=b=minL or b = a. We denote by M the set of atoms of £ and we
say that £ is atomic if each b # min £ is minorated by an atom. Then we can
associate to C a second C*-algebra, namely

C=@p . (3.3)

where the direct sum is in the C*-algebra sense. Observe that there is a natural
morphism P : C' — C, namely

PIT] = (Pa[T]aer-

Theorem 3.2 Assume that the semilattice L has a least element and is atomic.
Then the kernel of the morphism P is equal to C(min L).

Proof. First we note that the result is known (and easy to prove) if £ is finite,
see Theorem 8.4.1 in [1]; this particular case will be needed below. Clearly
Po[T]=0iT € C(min £) and a # min £, so C(min £) C KerP. Reciprocally,
let T € C such that P,[T] = 0 for all @ € M. Then for each € > 0 there
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is F € F(L) and there is S € C(F) such that |T'— S| < e. We assume,
without loss of generality, that min £ € F, hence F is a finite semilattice with
min F = min £. If b # min £ is an element of F then there is a € M such that
a < b, hence Pp[T] = PpP,[T] = 0. We get

[Po[ Sl = [IPo[T = SI| < [T = S| < e.

Here Py is the projection associated to the algebra C. However, it is clear (see
the remark after the proof of Theorem 3.1) that the restriction of P, to C'(F)
coincides with the canonical projection of the F-graded algebra C(F) onto its
subalgebra C(F3), Fp = {c € F: b <c}.

Let NV be the set of atoms of F. Then according to Theorem 8.4.1 from [1],
the map U — (Py[U])sen, sending C(F) into P, C(Fp), has C(min F) =
C(min £) as its kernel. The map C(F)/C(min L) — @, C(Fp) will be an
isometry and since ||Py[S]|| < € for each b € N, the image of S in the quotient
space C(F)/C(min £) has norm < e. From the definition of the quotient norm
it follows that there is So € C(min £) such that ||.S — So|| < 2¢ (in fact < ¢).

Thus, we see that for each € > 0 there is Sy € C'(min £) such that

|T — Soll = |IT — S+ S — So|| < 3e.
Since C(min £) is closed we get T' € C'(min £). &

The preceding theorem gives us a canonical embedding CccC , more pre-
cisely
C/C(min L) = P Cu. (3.4)
aeEM
Although easy to prove, this result is important: it allows one to compute
the essential spectrum and to prove the Mourre estimate under very general
assumptions. The range of the map (3.4) can be explicitly described, but this
is irrelevant for our purposes.

4 ("-Algebras Associated to Subspaces

4.1

Let X be a finite-dimensional real vector space and Y a linear subspace. We
denote my = 7'('1)/( the canonical surjection of X onto the quotient vector space
X/Y and Y the set of z* € X* such that (y,z*) = 0 Vy € Y. We have
canonical identifications (X/Y)* = Y+ and X*/Y+ =Y*.

We shall embed Cy(X/Y) C Cp(X) with the help of the map ¢ — pomy.
Since Cy(X) C B(X), we shall have

Co(X/Y) C Cou(X/Y) C Cpu(X) C B(X). (4.1)

For ¢ € Cy(X/Y) we shall denote ¢(Qy) = (¢ o my)(Q) the operator in B(X)
associated to it. Sometimes it is important to specify in the notations the space
X; then we set 9(Qy) = 0(Q5).
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The relation Y* = X*/Y* implies
Cp(Y*) = Cp(X*/Y ) C Cy(X™) C B(X). (4.2)

For ¢ € C,(Y*) we denote ¢(Py) or 1(P;X) the operator in B(X) associated
to it; we have ¥(Pg) = @X[w(Q})fL] Observe, in particular, that the group
C*-algebra Cy(Y™*) of the additive group Y is embedded in B(X).

Let G(X) be the Grassmannian of X, i.e. the lattice of all vector subspaces
of X with inclusion as order relation. Note that for Y, Z € G(X) one has
YANZ=YNZandYVZ =Y+Z. For eachY € G(X) we have a C*-subalgebra
Co(X/Y) of Cp(X) as explained above. In particular Co(X/0) = Co(X) and
Co(X/X) = C. Note that each Cy(X/Y) is translation invariant, i.e. it is stable
under all the automorphisms 7, z € X.

If F C G(X) is a family of vector subspaces of X then we set

Co'(F) = > Co(X/Y). (4.3)

YeF

This is the linear subspace of Cy (X) generated by Uy » Co(X/Y). Note that
G5 (0) = {0} and G5 (V) = Cgf ({Y'}) = Co(X/Y).

Lemma 4.1 (a) The family {Co(X/Y) : Y € G(X)} of C*-subalgebras of
Cy(X) is linearly independent.

(b) If F C G(X) is finite then C3(F) is a closed subspace of Cpu(X).

(c) For each Y,Z € G(X) the set Co(X/Y) - Co(X/Z) is a dense subalgebra of
ColX/(Y N 2)).

Proof. We give a detailed proof of this simple lemma because the same ar-
gument will be used later on in order to prove Theorem 4.5. Let F C G(X)
be finite and for each Y € F let ¢y € Co(X/Y). Denote ¢¥ : X/Y — C the
function such that ¢y = ¥ o my. Then for each w € X one has (7,¢y)(z) =
oY (my (x) +my (w)) for all z € X. Hence, if we set F, = {Y € F : w € Y}, then

AILH;OT)WJ[Z evl= Y oy (4.4)

YeF YeF,

pointwise on X. In particular

1Y eyl <) evl (4.5)

YeF, YeF

where | - || is the sup norm.
Let us prove that there is a number C such that for all Z € F and all {¢y}
as above

lezll <€l Y~ evl. (4.6)
YeF
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This clearly implies (a) and (b). If the set

Zo=z\JY=2\¥2)

Y#£Z Y£Z

is not empty then (4.5) with a choice w € Zy gives (4.6) (with C' = 1). Since
Y N Z are linear subspaces of Z one has Zy = () if and only if there is Y € F
such that Z C Y strictly. This cannot happen if Z is a maximal element in F,
hence (4.6) holds for such elements. Let F; be the set of Y € F which are not
maximal elements in F. Then we clearly get || > ycr ¢yl < Cil| Yy cr vl
for some constant C;. By what we already proved we see then that (4.6) holds
for the maximal elements Z of Fi, etc.

We now prove (c). Let E = (X/Y) x (X/Z) equipped with the direct
sum vector space structure. If ¢ € Co(X/Y) and ¥ € Co(X/Z) then ¢ ® ¢
denotes the function (s,t) — ¢(s)y(t), which belongs to Cy(E). The subspace
generated by the functions of the form ¢ ® ¥ is dense in Cy(E) by the Stone-
Weierstrass theorem. Let F' be a linear subspace of E. Since each function in
Co(F) extends to a function in Co(E) we see that the restrictions (¢ ® ¢) | F
generate a dense linear subspace of Cy(F).

Let us denote by 7 the map x — (my (), 7z(x)), so 7 is a linear map from
X to E with kernel V.= Y N Z. Let F be the range of w. Then there is a
linear bijective map 7 : X/V — F such that 7 = T omy. So 6 — Qo7 is
an isometric isomorphism of Cy(F') onto Co(X/V'). Hence for ¢ € Cp(X/Y)
and ¢ € Cy(X/Z) the function § = (¢ ® ¢) o T belongs to Cy(X/V), it has the
property oy = pomy -9 omy, and the functions of this form generate a dense
linear subspace of Co(X/V). &

We say that F C G(X) is N-stable if Y, Z ¢ F =Y NZ € F (so Fis a
generalized flag of subspaces of X). Such a F is a semilattice when equipped
with the order relation given by inclusion. We denote by F(X) = F(G(X)) the
set of finite N-stable subsets of G(X).

Corollary 4.2 If F € F(X) then C (F) is a C*-subalgebra of Cy,(X) equipped
with a natural structure of F-graded C*-algebra. This algebra is unital if and
only if X € F. For F1,F2 € F(X) one has

Co' (F1) (G5 (F2) = G (Fr () Fa). (4.7)

In particular, one has C§ (F1) C C5 (Fz) if and only if F1 C Fo.

4.2

We are ready to define the noncommutative versions of the algebras Co(X/Y):
they are cross products of algebras of the form Cy(X/Y") by the natural action 7
of the additive group X. These algebras have been first introduced, in a rather
different form, by Perry, Sigal and Simon in [PSS]. The connection between
our formulation and theirs is clarified by Proposition 4.7 below. See also the
introductions of chapters 8 and 9 in [1].
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Definition 4.3 If Y is a subspace of X then CF(Y) = Co(X/Y) x X is the
C*-subalgebra of B(X) obtained as norm closure of Co(X/Y) - Co(X*). For
each subset F C G(X) let C&(F) be the linear subspace of B(X) generated by
the algebras C3X(Y) with Y € F, so

G (F) =D G (Y). (4.8)

YeF

Observe that C (F) = [CE(F) - Co(X*)] = [Co(X*) - CF(F)]. So for
N-stable F we have Cgf (F) = CF(F) x X.

To each vector subspace Y of X we have thus associated a C*-subalgebra
C3¥(Y) of B(X). The only one which is abelian is

G (X) = Co(X™) = {e(P) | ¢ € Co(X")}. (4.9)

The algebra C3(O) is generated by Cy(X) - Co(X*) and, since the operators of
the form p(Q)yY(P)) with ¢ € Co(X), v € Co(X™) are compact, we have

CX(0) = K(X). (4.10)

The algebras which play the main réle in the N-body problem (as presented
in ch. 9 of [1]) are of the form Cg*(F) with finite 7 and will be studied in this
section. The next one is devoted to the case F = G(X).

We shall need an extension of the automorphism 7, of C(X) to an automor-
phism of B(X): we set 7,[S] = e“®F)Se~4=F} for each € X and S € B(X).
Observe that for ¢ € Cop(X/Y) and ¢ € Cy(X™*) one has

72 [p(Qy )Y (P)] = ¢(Qy + 7y (2))y(P).

This immediately gives the next lemma.

Lemma 4.4 (i) Ify €Y and S € C*(Y) then 7,[S] = S;

(ii) if S € C&(Y) and 7y (z) — oo then 7:[S] — 0 in the strong operator
topology.

Theorem 4.5 (a) The family {Cg(Y) : Y € G(X)} of C*-subalgebras of B(X)
is linearly independent.

(b) If F C G(X) is finite then C& (F) is (norm) closed in B(X).

(c) If Y, Z € G(X) then C&X(Y) - CX(Z) is a dense linear subspace of the C*-
algebra CX (Y N Z).

Proof. Let F C G(X) be finite and for each Y € F let T(Y) € C5*(Y). Then
s— lim m [Y (V)] = Y T(Y) (4.11)
YeF YEF,

where the notations are as in the proof of Lemma 4.1. Indeed, this is an im-
mediate consequence of (i) and (ii) above. Now (a) and (b) follow by the same
argument as in Lemma 4.1.
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We shall deduce (c) from the corresponding assertion of Lemma 4.1. By
Corollary 2.2 C§(Y) is the norm closed linear space generated by the operators
of the form ¢y (P)ey (Qy), with ¢y € Co(X*) and ¢y € Co(X/Y). On the
other hand Cgf(Z) is, by definition, the norm closure of the linear space gen-
erated by the operators of the form ¢z (Qz)Yz(P), with ¢z € Cy(X/Z) and
Yz € Co(X*). By Lemma 4.1 one has ¢y (Qyv)pz(Qz) = ¢v(Qv) for some
py € Co(X/V), where V =Y N Z. So

Yy (P)ey (Qy) - p2(Qz)vz(P) =y (P) - ov(Qv)Yz(P)

which clearly belongs to Cg (Y N Z). This proves that Cg(Y) - C&(Z) C
CX (Y NnZ).

Elements of the form ¢ (P)py (Qv)¥2(P), with ¢1, 12 € Co(X*) and ¢y €
Co(X/V), clearly generate C5X(Y N Z) (because those elements of the form
ov(Qv)¥1(P)Y2(P) do and we may use Lemma 2.1). Hence the density of
C¥(Y)-C&(Z) in CE (Y N Z) follows immediately from Lemma 4.1. < The
following result is an immediate consequence of Theorem 4.5

Theorem 4.6 If F € F(X) then C{X(F) is a C*-subalgebra of B(X). If we
equip F with the order relation given by inclusion then the family {C5X(Y)}yer
of C*-subalgebras of C5 (F) provides Cg (F) with a structure of F-graded C*-
algebra.

4.3

The choice of a supplementary subspace Z of Y in X will give us a canonical iso-
morphism between C(X/Y) and the C*-tensor product of the algebras Co(Y ™)
and K(2):

C(X/Y)=2Co(Y")® K(2). (4.12)

In order to define in a precise way this isomorphism let us introduce some
notations. Since X =Y + Z (direct sum) we have a canonical identification of
X* with Y* & Z*. Let iy, iz be the inclusion maps of Y, Z into X respectively.
By taking adjoints we get an isomorphism (4}-,i%) : X* — Y* & Z* and we may
define for any functions u : Y* — Cand v : Z* — C the function u®v : X* — C
by (u ® v)(z*) = u(iya*)v(iya*). If u € Co(Y*),v € Co(Z*) then clearly
u®uv € Co(X™*). Moreover, the projection pz : X — Z determined by the direct
sum decomposition X = Y + Z factorizes to an isomorphism pr : X/Y — Z and
if for w : Z — C we define w’ : X/Y — C by w” = w o p’,, then w’ € Cy(X/Y)
ifw e CO(Z)

Proposition 4.7 There is a linear continuous map Co(Y*) ® K(Z) — CE(Y)
such that for each u € Co(Y*),v € Co(Z*) and w € Co(Z) the element u(PY)®
[w(Q%)v(P?)] is sent into w’(Qy)(u ® v)(PX). This map is uniquely defined
and is an isomorphism.
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Proof. The uniqueness of the map and its surjectivity follow immediately from
the fact that the elements of the form u(PY)® [w(QZ)v(PZ)l(and w’ (Qy)(u®
v)(PX) span dense linear subspaces in Co(Y*)® K(Z) and C5* (Y') respectively.
To prove the existence and the isomorphism properties observe that we get an
isomorphism J : H(X) — H(Y) ® H(Z) by setting (T f)(y,z) = f(y + 2). It
remains to check that

u(P) @ [w(@?)u(P?)] - T = T -’ (Qy)(u®v)(PY)

which is a straightforward consequence of the definitions. &

The preceding tensor product decomposition of H(X) also gives canoni-
cal isomorphisms Co(X/Y) =2 1 ® Cy(Z) and Co(X*) = Co(Y™*) ® Co(Z*).
This induces a linear isomorphism of the vector spaces Co(X/Y) - Co(X*) and
Co(Y*) ® [Co(Z) - Co(Z*)] which extends to the isomorphism between C3(Y)
and Co(Y*) ® K(Z) indicated above.

If X is equipped with a scalar product « and if H(X) is identified with
H(Y) ® H(Y;), where Y- is the orthogonal space of Y in X, then Cg(Y)
will be equal to Co(Y*) ® K(Y;). The algebras Co(Y*) and Co(Y*) ® K(Y,;')
are denoted T(Y) and 7 (Y3) in [1]. If « is replaced by a new scalar product
0B, so that Y has a different orthogonal subspace YﬁJ-, then Co(Y*) @ K (Yﬁl-)
gives (after the identification #(X) = H(Y) ® H(Y3")) the same algebra as
Co(Y*) ® K(Y;) (cf. Proposition 4.7). So the algebra 7 (Y;) is determined
by Y, independently of any Euclidean structure on X. Our present notation
C3(Y) stresses this fact.

5 The Algebra ¢

5.1
In this section we shall study the C*-algebra

C& :=norm closure in B(X) of C&(G(X)). (5.1)

For this we apply in the present context the general theory of Section 3: we
take £ = G(X) and C(Y) = C§(Y) for Y € G(X). So the algebra Cg is
G(X)-graded and can be identified with the inductive limit of the family of
C*-algebras {CX (F) | F € F(X)}. Indeed, if we order F(X) by the inclusion
relation then Cgf(F;) C CF (F2) if and only if F; C Fy and

U &) =0 (6x) (5:2)

FeEF(X)
is a dense *-subalgebra of Cg. Moreover, for all F;, F in F(X) we have
C (F1) N CF (F2) = Co (F1 N Fa). (5.3)

If Y € G(X) then we denote by C;¥ and J;X the norm closures in B(X)
of the spaces Yy, Cg (Z) and dvez C(Z) respectively. Observe that the
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notations are consistent: if Y = O = {0} then CX = C3’. In the next theorem,
which is an immediate consequence of Theorem 3.1, we point out a canonical
projection (in the sense of linear spaces) of Cg’ onto its subspace C5r .

Theorem 5.1 C5f is a C*-subalgebra of Cg, J5X is a closed self-adjoint ideal
in CX, and C is equal to their direct sum: C = C¥ + J3¥ and CF N J5X =
{0}. The linear projection Py of the linear space C§ onto its linear subspace
C{¥ determined by the preceding direct sum decomposition is a morphism (in

particular it is an operator of norm 1).
The family {C{ | Y € G(X)} of C*-subalgebras of Cg is decreasing

YCZ=C0F CcCy (5.4)
and has a least element C§ = Cp(X*). Clearly (5.4) implies
PzPy = PyPz = Pgz. (5'5)

Our purpose now is to describe the quotient of the algebra C;* with respect
to the ideal C5*(O) = K(X) of compact operators. The next result is an
immediate consequence of Theorem 3.2.

Theorem 5.2 Let P(X) be the projective space associated to X, i.e. the set of

all one dimensional subspaces of X. Denote by 6’3( the C*-direct sum of the
algebras C5¢ with Y € P(X):

= P ot (5.6)

Y eP(X)
Let P : CX — C be defined by
PIl= @ Pv(T] (5.7)
YeP(X)

Then P is a morphism and its kernel is equal to K(X).
So P induces an embedding of the C*-algebra C3* /K (X) into Cg*. We shall
identify CF /K (X) with a subalgebra of C3*:

C¥/K(X) c C¥. (5.8)

5.2

We shall make here some final remarks concerning the algebra C3°. First we
give another description of the maps Py . Observe that by Theorem 4.5(a) each
T € C5(G(X)) can be written in a unique way as a sum T' = ,_» T(Z) with
F C G(X) finite and T(Z) € C&(Z), T(Z) # 0. For such a T we have

Py(T]= Y  T(2) (5.9)

ZEF,ZDY
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and this property uniquely characterizes Py. If w € Y is such that w ¢ Z if
Z € FandY ¢ Z (such a choice is possible because F is finite), then

s — lim 7, [T] = Zz):yT(Z),

by Lemma 4.4. In other terms, for T as above we have

Py[T]=s— lim 7, [T]. (5.10)

In particular we get:

Lemma 5.3 IfY is a one dimensional subspace of X and w € Y \ {0} then
one has for all T € C§:

Py[T] =s— lim 7, [T]. (5.11)

A—00

In particular, we see that the main assertion of Theorem 5.2, namely the
relation Ker P = K (X), is equivalent to the following one: for T € C one has
T € K(X) if and only if w — limy_y00 Taw[T] = 0 for each w € X \ {0}.

Notice that there is an abelian version of the algebra CgX, namely the closure
Cg" in Cp(X) of Yy x Co(X/Y), and everything we have done applies to Cg°
too. In particular, for f € C5X we have: f € Co(X) if and only if limy o f(z +
Aw) = 0 for each w € X \ {0}. A geometric proof of this not obvious fact (if
dim X > 2) has been shown to us by Radu-Alexandru Todor. We thank him
for that.

Certain partitions of unity introduced by Froese and Herbst in [3] have
proved to be very useful in the usual treatment of N-body Hamiltonians. We
shall briefly present them and their relation with the algebras Cgf(F). Below
we assume that a Euclidean norm is given on X.

Let X : X — R be a C function, homogeneous of degree zero outside
the unit sphere. Since the algebra Cg is generated by functions of the form
e(Q)Y(P) (or ¥(P)p(Q)) with ¢ € S(X™*), it is easy to prove that [X(Q),T] €
K(X) for all T € Cg.

Now let Z C X be a subspace and assume that X(z) =0if z € Z, |z| > 1.
Then for each ¢ € Cy(X/Z) the function X - ¢ oz belongs to Co(X) (indeed, if
x — oo and 7z () is bounded, then x/|x| approaches Z), hence X(Q)p(Qz)v(P)
is a compact operator. It follows that X(Q)T and TX(Q) are compact operators
if T € C&(2).

Let us fix F € F(X) with O, X € FandletY € F, Y # X. A C* function
Xy : X — R which is homogeneous of degree zero on |z| > 1 is called (according
to Froese-Herbst) Y -reducing if: for each Z € F with Y ¢ Z and each z € Z,
|z| > 1, one has Xy (z) = 1. By what we said above, we see that

() Xv(Q), Tl € K(X) VT € C(F)
(ii) Xy (Q)T and TXy (Q) belong to K(X)if T € C(Fy) = X ycr vy 7 Co (2).
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Let A be the set of atoms of F. An F-reducing partition of unity on X is
a family {Xy }yen such that Xy is Y-reducing and Y y .\, X3 =1 on X. In [3]
such families are constructed. From (i) and (ii) above we then get: if S € C(F)
and if we denote Sy = Py [S] its canonical projection onto C(Fy ), then there
is K € K(X) such that

S=K+ Z Xy (@) Sy Xy (Q)- (5.12)

YeN

It is clear that F cannot be replaced by an infinite semilattice in the preced-
ing construction. However, these partitions can be used to give an alternate and
more elementary proof of the main assertion of Theorem 5.2, namely that T is
compact if T € CF and w — limy_, o 7o, [T] = 0 for each w € X \ {0}. Indeed,
for each € > 0 we can find F as above and S € C(F) such that |T — S|| < e.
Note that we can assume T and S self-adjoint. Write S = > {S(Z): Z € F}
with S(Z) € C&(Z), hence Sy = Y {S(Z) : Z € F,Z D Y}, and let F,, =
{ZeF:we Z}forw e X\ {0}. Then s — limy oo Ta0[S] = >z S(2)
and from the Fatou lemma we get || >- . S(Z)|| < e. For each Y € N we can
find w € Y\ {0} such that w ¢ Y’ if Y’ € A\ {Y}. Hence we get ||Sy| < e,
or —e < Sy < ¢, for each Y € N. Then —e < > Xy (Q) Sy Xy (Q) < € be-
cause Y Xy (Q)? = 1. So from (5.12) we see that there is K € K(X) such that
IS — K|| < e. This implies ||T' — K|| < 2¢, which proves the assertion.
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