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Existence and number of solutions to semilinear
equations with applications to boundary-value
problems *

P. S. Milojevi¢

Abstract

We present recent and some new existence results on the number of
solutions to nonlinear equations and to (non)resonant semilinear equations
involving nonlinear perturbations of Fredholm maps of index zero. We
apply our results to semilinear elliptic, and to semilinear parabolic and
hyperbolic periodic boundary-value problems.

1 Introduction

Let X and Y be Banach spaces and T': X — Y be a nonlinear map of A-proper
type. Under various conditions on 7', we study in Section 2 the surjectivity
and the finitness of the solution set of the equation Tx = f. In particular,
we look at nonresonant semilinear equations of the form Ax + Nx = f where
A is a Fredholm map of index zero and the nonlinear map N is such that
A+ N is (pseudo) A-proper. We say that this equation is not at resonance if
A and N are are such that it is solvable for each f € Y. Applications to semi-
abstract nonresonant semilinear equations are given in Section 3. Section 4 is
devoted to applications of the results of Section 3 to boundary-value problems
(BVP) for semilinear elliptic equations. In Section 5, some comments on periodic
BVP’s for semilinear parabolic and hyperbolic equations assuming nonuniform
nonresonance conditions are made. The existence of solutions for such problems
has been studied earlier in [12, 13, 14, 22, 6, 7, 9].

2 Number of solutions to operator equations
In this section, we shall study the number of solutions to the equation Tz = f.

The unique (approximate) solvability of this equation has been studied in detail
in [20], using the A-proper mapping approach.
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202 Existence and number of solutions to semilinear equations

Definition A map T': D C X — Y is (pseudo) A-proper with respect to

a scheme I' = {X,,,Y,,,Q,} with dim X,, = dimY,, on D if whenever {z,, €

DN X,,}is bounded and such that @, Ty, — Qn, f — 0 for some f € Y, then

{z,} has a subsequence converging to € D (there is x € D) with Tz = f.
Next, we shall define A-proper homotopies.

Definition A homotopy H : [0,1] x D — Y is A-proper with respect to I on
DitQ,H;: DNX, — Y, is continuous for each ¢ and n, and if {z,,, € DNX,, }
is bounded and t;, € [0, 1] with ¢, — t are such that Q,, H (tx, Tn,) — Qn,f — 0
as k — oo for some f € Y, then a subsequence of {z,, } converges to z € D and
H(t,x) = f.

The classes of A-proper and pseudo A-proper maps are very general. For
many examples of such maps, we refer the reader to [15]-[19].

Nonlinear equations

We say that a map T' : X — Y satisfies condition (+) if {z,} is bounded
whenever Tx,, — f in Y. Let X be the set of all points x € X where T is not
locally invertible and cardT~!({ f}) be the cardinal number of the set T=1({f}).

Theorem 2.1 ([21]) Let T : X — Y be continuous, A-proper and satisfy con-
dition (+). Then

(a) The set T~Y({f}) is compact (possibly empty ) for each f €Y.
(b) The range R(T') of T is closed and connected.

(c) ¥ and T(X) are closed subsets of X and Y, respectively, and T(X \ X) is
open in'Y .

(d) cardT=Y({f}) is constant and finite (it may be 0) on each connected com-
ponent of the open set Y \ T'(X).

(e) if £ =0, then T is a homeomorphism from X toY.

(f) if © # 0, then the boundary 0T (X \ X) of T(X \ X) satisfies 0T (X \ X) C
T(%).

Proof. Since T is proper by Proposition 2.1 in [21], it is a closed map. Since
X \ X is an open set, ¥ is a closed set. Hence (a)-(c) hold, where T(X \ X)
is open since T is locally invertible on X \ X. (d) follows from the Ambrosetti
theorem [A] and (e) follows from the global inversion theorem. Next, (b) and
(c) imply that

T(X)=T(S)UT(X\Z) =T(2)UF(X \ ) = T(X). (2.1)

Moreover, 0T'(X \ ¥) = T(X \ £) \ T(X \ X), which together with (2.1) imply
(£)- ¢
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Next, we shall look at another surjectivity result. Let J : X — 2%~ be the
normalized duality map and G : X — Y be a bounded map such that Gz # 0
for all x with ||z|| > ro for some 79 > 0 and

For each large r > 0, deg(Q,G, B(0,7) N X,,,0) # 0 for all large n.  (2.2)

Theorem 2.2 Let T : X — 'Y satisfy conditions (+) and (2.2), and let

1) For eac S there is an rr > 0 such that
F hfeyY th >0 h th

Tz # AGzx for x € 0B(0,rf), A <O0. (2.3)

(i) H(t,x) = tTz + (1 — t)Gz is an A-proper with respect to T' homotopy on
[0,1] x X.

Then T is surjective. Moreover, if T' is continuous, then T~1({f}) is compact
for each f € Y and the cardinal number cardT~*({f}) is constant, finite and
positive on each connected component of the set Y \ T'(X).

Proof. The surjectivity of T' has been established earlier by the author (see,
eg [17, 19]). Moreover, T is continuous and proper by Proposition 2.1 in [21].
Hence, the other assertions of the theorem follow from Theorem 2.1.

Corollary 2.1 Let ;K : X — X be continuous ball-condensing maps and
T=I1—-F and G=1—-K satisfy (2.2)-(2.3). Then the conclusions of Theorem
2.2 hold for T.

This corollary is also valid for general condensing maps (see [23]). For a map
M, define its quasinorm by [M| = lmsup ., [|[Mz|/[/z|-
Theorem 2.3 (cf. [19]) Let A: D(A) C X — Y be a linear densely defined
map and N : X =Y be bounded and of the form Nx = B(x)x + Mz for some
linear maps B(z) : X — X. Assume that there is a ¢ > |M| and a positively
homogeneous map C : X — Y such that

|[Az — (1 —t)Cx — tB(x)z| > cllz|, = € D(A) \ B(0, R). (2.4)

(i) HL = A — (1 —t)C — tN is A-proper with respect to I' = {X,,, Yy, Qn} for
t€[0,1) and A — N is pseudo A-proper

(i) For all v > R, deg(Qn(A — C), B(0,r) N X,,0) # 0 for each large n.

Then the equation Ax — Nx = f is solvable for each f € Y. If, in addition,
A — N s continuous and A-proper, then (A — N)~Y({f}) is compact for each
f €Y and card(A—N)=1({f}) is constant, finite and positive on each connected
component of the set Y \ (A — N)(X).
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Proof. Regarding the surjectivity of A — N, it suffices to solve Ax — Nz = 0.
Define H(t,z) = Az — (1 —t)Cz —tNz on [0,1] x D(A). Then there is an r > 0
such that

H(t,z) #0 for z € 9B(0,r) N D(A), t €[0,1]. (2.5)
If not, then there are z, € H and ¢, € [0,1] such that ||z,|| — oo and
H(tn,z,) = 0. Let € > 0 be small such that |M| < (|M| + €)||z|| for ||z|| > Ry
and |M| + e < c¢. For each x,, with ||z,|| > Ry we have that

cllanll < [[Azn — (1= )Crn — tB(zn)zn | < (IM] + €)||zall.

Dividing by ||z, ||, this leads to a contradiction and (2.5) holds. Hence, A — N
is surjective by the homotopy result in [16, 17]. Next, it is easy to see that
(A= N)z| — oo as ||z|| — oo by (2.4). Hence, the other assertions follow from
Theorem 2.1.

3 Semi-abstract nonresonance problems

Let @ C R"™ be a bounded domain, V be a closed subspace of W2™(Q) con-
taining the test functions and L : V' — Ly be a linear map with closed range in
H = Ly(Q). Let V4 be a closed subspace of V' and L; be the restriction of L to
V1. Assume

(L1) Each eigenvalue A; of Ly has a finite multiplicity and the corresponding
eigenfunctions {...,w_1,wg, wr,...} form a complete set in V;.

Let A = A; + L for some linear map A; : V — H. For a fixed integer j, define
B:V — H by Bu=—Au+ \ju.

(B1) There is A # A, j = 1,2,..., such that the map B — A\ = —4; — L —
(A= X;)I : V — Ly is bijective.

Let A # )A; for each j = 1,2,... be fixed, I' = {Y,,,Q,} be a projectionally
complete scheme for Ly and X,, = (B — A)"*(Y,,) C V for each n. Then
' = {X,,Ys,Qn} is an admissible or a projectionally complete scheme for
(V, Ly). Since B— Al : V — Lo is linear, one-to-one and A-proper with respect
to I'p, there is a constant ¢ > 0 (depending)only on \) such that

[(B=XDu| > c||lu|lv, weV. (3.1)

Consider the following semilinear equation in V'
Au+ g(x,u, Du,...,D*" " *u)u + f(x,u, Du,..., D*™u) = h(z) (3.2)
For u € H, set u* = max(4u,0). Let r = \j 11 — A;. We require that B has

the following properties:

Property I B is a closed densely defined map in H with closed range R(B),
(Bu,u) > —r~1||Bu||?> and R(B) = N(B)* in H, N(~L1 + A\;I) C N(B) and
(Bu,u) = (—Lu+ Aju,u) on V.
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Property II If (Bu,u) = —r~1||Bul|? for some u € V, then u € N(—L; +
MNI)@& N(—Li + X\jD).

Let us note that if B~! is a partial inverse of B and B~! + 71T is strongly
monotone on R(B), i.e. it is a bounded linear map on R(B) and ((B~! +
r~1u,u) = col|(B~1+r~1)u||? on R(B) for some ¢y > 0, then ([BF]) Property
II holds in the sense that if (Bu,u) = —r~!||Bu||? for some u € V, then u €
N(B)® N(B + rI). If B is selfadjoint or angle bounded in the sense of H.
Amann, it is known that B~! + r~ I is strongly monotone. If B # B* and B
is a normal map, the strong monotonicity of B~! + r~1I has been discussed in
Hetzer [8].

Some properties of B are given next.

Lemma 3.1 Let B have Properties I and II. Suppose that py € Loo(Q) are
such that 0 < py(x) <r for a.e. x € Q and

/Q[er(er)Q +p-(v7)?] >0 for allv € N(—Ly + \;I) \ {0}
and
/Q[(r )W+ (r = p_)(w )2 > 0 for allw € N(=Ly + Aja1) \ {0}

Then the equation
Bu+piut —p_u” =0 (3.3)

has only the trivial solution.

Proof. Definep:Q x R — R by

p(z,u) = py(z) if u =0,
p(z,u) =p_(x)if v <0.

Then
0 <p(z,u) <r for (z,u) €Q xR (3.4)
and, for u € H and a.e. z € Q,
p(z,u(x))u(z) = plz,u(x))u’(z) - plz,u(z))u (z)

= pr(@ut () —p-(2)u” ().

Define P : V C H — H by (Pu)(z) = p(z,u(x))u(x) for a.e. z € Q. Then (3.3)
is equivalent to
Bu+Pu=0, uelV. (3.5)

By (3.4), we have that |Pul|? < r(Pu,u) on V. Moreover, for each solution
u €V of (3.5), we get by Property I that

—r7H[Pul|* = —r~!||Bu]* < (Bu,u) = (—Pu,u)
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and so ||Pu||? > r(Pu,u). Hence, ||Pul|? = r(Pu,u) and (Bu,u) = —r~ | Bul|?.
By Property II, we get that w € N(—Li + A\;I) @ N(—Lqy + A\j111). Hence,
u=v+wwith v € N(—Ly + \;I) and w € N(—Ly + Aj+11). Since u is a
solution of (3.3), we get that

(Bu,u) = Lu+ Aju,u)
Lv+ X\jv,v) + (—Lv + A\jv,w) + (—Lw + A\jw, v + w)

(_
(_

= (—Lw+ A\jpw—rw,v+ w)
(_

rw, w)
and so (—rw,w) + (p(.,u(.))(v + w),v +w) = 0. Then

(v—w,—rw+p(,u(.)(v+w))
= (w+w,—rw+p(,ul.)(v+w)) — 2(w, —rw + p(.,u(.)) (v + w))
= =2(w,—rw+p(.,u(.))(v+w))
= 2Ww+4+w,—rw— B+ w)) + 2(v, —rw — B(v + w))
= 2w, rw+ Bv+w))=—-2(v,Bv+w))=0

since v € N(—Li + A\;I) C N(B) and R(B) = N(B)*. Since

(s u())(v+w)v—w) = (p(,u())v,v) + ([r —p(,u()]w, w)
(Dw, =v) + (p(-, u(.))v, —w)
= (p(u())v, o) + ([r = p(u()]w, w)

iy
=
\
=
V@

we get that

(- u())v, v)+([r=p(, u()w, w) = (p(, u(.)) (v+w), v=w)+(rw, —v+w) = 0.

(3.6)
Since each term in (3.6) is nonnegative by (3.4), we get that each term is zero,
ie.,

/Qp(x, v(z) + w(z))w?(z)de =0 (3.7)
/Q[(r — p(x,v(x) + w(z))]w?(z)dz = 0. (3.8)

Set Q, = {z € Q |v(z) # 0} and Q,, = {z € Q |w(z) # 0}.
By (3.7)-(3.8), we get p(x,v(z) + w(x)) =0 for a.e. z € Q, and p(z,v(x) +

w(z)) =r for a.e. x € Qy and s0 Q, N Qy = 0. If Q, = 0, then u = w and the
equation (3.8) becomes

0= /Q (0 — pla, w(w))w? (2)de = /Q (r = D)W + (r — p_)(w™)?

so that by our hypothesis, w = 0 and therefore u = 0.
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Next, suppose that @, # 0. Then we have that p(z,v(z) + w(z)) = 0 on Q,
and, by (3.8), va rw?(z) =0, i.e., w(z) = 0 for a.e. € Q,. Then by (3.7)

0:/ Pz, v())v* (x) :/ (p+(v+)2+p(v)Q)—/Q(p+(v+)2+p(0)2)'

v v

By our assumption, this implies that v = 0, in contradiction to @, # (). Hence,
Q. =0 and u=0.

Lemma 3.2 Let (L1) and (B1) hold and B have Properties I and II. Suppose
that ax, by € Loo(Q) are such that 0 < ax(x) < by <r for a.e. z € Q and

/Q[a+(v+)2 Fa (v )2 > 0 for allv e N(=Li + ;D)\ {0} (3.9)
and
/Q[(r—b+)(w+)2+(r—b_)(w)2] > 0 for allw € N(—Ly+ X1 1)\ {0}. (3.10)

Then there exists € = €(ax,br) > 0 and 6 = §(ax,br) > 0 such that for all
Pt € Loo(Q) with

A

at(z) —e < pp(x) <by(z) +e (5.11)
p—(z) <b_(z) +e (3.12)

IN

a_(x)—e€
for a.e. x € Q and for all w € V, one has

|Bu+pyut — p_u|| = 6ullv- (3.13)

Proof. If this is not the case, then we can find the sequences {uy} C V, with
|lug|ly = 1 for each k and {p%} C Loo(Q) such that

as(r) =kt <pi(z) <bi(z) +Ek'ae onQ (3.14)
and
Bug 4+ phuy —pPu, =vp =0 as k — . (3.15)
Then p% — py weakly in H with ay(2) < pi(x) < bi(z) a.e. on Q. Let p # A,
and consider the identity
ugp + (B = )70 = pi)uyd — 08 —po)uy] (3.16)
= (B — pI) ™ (=pyuff +pouy — pauy, + vp).
By the compactness of the embedding of V into Ly, we have that up — u in Lo

as well as uf — ut in Ly. Since (B — puI)~! is continuous both as a map from
Lo to V and from Lo to Lo, we get that

(B — pI) ™M (=pyuy +p_uy — pug +vg) = (B — pI) " (—prut +pu” — pu)
(3.17)
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in Ly and V. Next, we shall show that p& — pru® weakly in H. For ¢ €
C§°(Q), we have that

(0 (uf —u®),¢) + (0} —pr)ut,9)
clluf —ut| + (0% — p)ut, ¢)

(Phuf = pru®, ¢)

IN

which approaches zero as k approaches co. Hence, p’iuz — prut weakly in
Ly by the density of C§°(Q) in L, and similarly, p* u, — p_u~ weakly in Ls.
Hence, (3.16)-(3.17) imply that u = (B — pI)™Y(—pyu®™ + p_u™ — pu), ie.,
Bu + piut —p_u~ = 0. Moreover, for each v € N(—Ly + A\;I) \ {0}, we have
that

[ e 4072 [ arloh 4o >0
Q

Q
and, for each w € N(—L1 + Aj+11) \ {0}, we have that

/ (= pa) (W) + (r — p)(w™)?] > / [(r = b)) + (- — b_)(w™)?] > 0.
Q Q

Hence, by Lemma 3.1, u = 0 a.e.on Q. Thus, uxy — 0 in Lo, |Juklly = 1 and
Iphuf — pFu;, — pur|| — 0. By (3.1), we get that

vV

1Bux +p§ — pL |l | Bug — pug|| = [lpur, — puf + pEug||

Y

c— it — PP uy — pu.

By (3.15), passing to the limit as k — oo, we get that 0 > ¢ > 0, a contradiction.
Hence, the lemma is valid.

Remark 3.1 Modifying suitably the proof of Lemma 3.2, condition (B1) can
be replaced by

(B2) dim N(B) < oo and the partial inverse of B is compact.

Let R** be the vector space whose elements are £ = {&, : |a = (a1,...,a,)|
k}. Each ¢ € R* may be written as a pair ¢ = (1,¢) with n € R, ¢
{6 | ol = k} € Rt = Ro% and €] = (5, p [€al)/2 Set n(u) =
(Du,...,D?*" ) and £(u) = (u, Du, ..., D*™u). Define Nu = g(x,u, n(u))u
Fu, where Fu= f(x,&(u)). Set k = sgm—1 — 1.

For our next result, suppose that dim N(—Lq + \;I) = 1 and is spanned by
a positive function w;.

[ IA

_|_

Lemma 3.3 Let B have properties I and II. Suppose that p+ € Loo(Q) are such
that 0 < pi(z) <7 a.e. x € Q and for r = Ajr1 — Aj

/ [(r = p)(w")* + (r = p-)(w™)?] > 0 for all w e N(~L + A1) \ {0}

Then, if u is a solution of Bu+ piut —p_u~ =0, then u € N(—Ly + \;1).
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Proof. If not, then arguing as in Lemma 3.1 we get that v = 0if Q, = 0. Next,
suppose that Q, # (. Then it follows from the properties of the eigenfunction
w; and the fact that v = aw;(z) for some a € R and therefore @, = Q. Hence,
we must have that p(z,u(z) = 0 for a.e. z € Q. By (3.8), we get that w =0
and hence u = v. Thus, in both cases, u =v € N(—L1 + \;I).

Theorem 3.1 Let (L1) and (B1) hold, B have properties I and II and there
are functions v+,I'y € Loo(Q) such that for some j € J C Z, one has

Aj <yx(x) <Ti(z) < Ajy1 forae z€Q),

‘me—An@ﬂ2+w—&xvvﬂ>o (3.18)
for allv e N(Ly — X\;I)\ {0}, and
K;uﬁJ—r4Xw+F+wa1—ILXwF1>o (3.19)

for all w € N(L1 — Aj+11) \ {0}. Also suppose that for € > 0 and § > 0 given
i Lemma 3.2,

(G1) there is p > 0 such that for a.e. x € Q
v (@) — e < gla,u,n(u)) <Ti(x) + e if u>p,n(u) € RF
v-(2) — e < g(z,u,n(u)) <T-—(z) + € if u<—p,n(u) R
(G2) There are functions b(z) € Loo(Q) and ks(z) € L2(Q) for each s > 0
such that
lg(z, u,n(w)| < sb(@)( Y D uf)? + ky(z),u € V.
la|<2m—1
(F) ||Full = | f (@, u, Du,...., D*™u)|| < Bllullv +~ for B € (0,8),7 > 0.
(H) H o =A—MNI—tF:V — H is A-proper with respect to I'g for t € [0,1)
and Hy = B — F is pseudo A-proper.
Then (3.2) has at least one solution in V for each h € H. If Hy is A-proper,
the set of solutions S(h) of (3.2) is compact for each h € Ly and card S(h) is

constant, finite and positive on each connected component of the set Lo \ (A —
N)(%).

Proof. Let g1 : @ x RxRF — R be given by g1(z,u,n(u)) = g(z,u,n(u)) — ;.
Then define functions
9o (z,u,m(u) = g1(z,u,n(u)) for all (z,n(u)) € Q x RF,u>p
g1 (5, u,m(w)) = g1(2, p,7(w)) for all (z,7(w)) € Q x R¥="1,0 <u < p,
9 (2,0, 7(w)) = g1(2,w,7(w) for all (z,7(x) € Q x R, u < —p,
g (2, 0,7(w) = —g1 (2, —p,(w)) for all (z,n(u)) € @ x R, —p<u <0,
a(2,0,7(w)) = g1(z, 0,n(w)) for all (z,7(u)) € Q x ",
q(z,u,n(u) = g1(z, u,n(u))u — g4 (z,u,n(u))u for all (z,n(u)) € Q x R
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and u > 0. Also define

g(z,u,n(w)) = g1 (@, u,m(u)u — g—(z,u,n(u))u for all (z,n(u)) € Q x R*
and u < 0. Then ¢ satisfies Caratheodory conditions. Set at(z) = v+ (x) — Aj
and by (z) =Ty (z) — Aj. Then
a;(z) =€ < gy (2, u, () <bi(z) +¢ on Qx Ry x R
a_(z) —e < g_(x,u, <b_(z)+e€ on QxR_ xR
Then in V, problem (3.2) is equivalent to

BU+9+($7u+7U(U))U+ —g_(ac, _u_7n(u))u_ + f('rvg(u)) +CI($:U777(U)) = —h.

Then for u € H, set Q4+ (u) ={z € Q | u(z) >0}, Q_(u) ={z € Q | u(z) < 0}
and let xgo, be the corresponding characteristic functions. Define the maps
E:H — L(Q), F,G,H :V — H, respectively, by

E(u)(z) = g4+ (z,ut (2),n(u) X0, (u) + 9- (@, —u™ (x),n(w))Xq_ (u)
G(u)(z) = [E(u)(z)]u(z) = (E(u)u)(z) so that

G(u)(@) = g¢(z,u” (2),n(w)u" () — g (2, —u” (z),n(w))u" (),

F(u)(z) = f(z,&(u)) and H(u)(z) = q(z,u(x),n(uw)). Hence (3.2) can be writ-
ten in the operator form

Bu+Gu+ Fu+ Hu=—h, ueV. (3.20)

We know that G, F' and H are well defined, continuous and bounded in H.

Let C': H — H be defined by C(u)(z) = by (z)u™ () —b_(z)u™ (x). Clearly,
C is a positively homogeneous map and C,G, H : V — H are completely con-
tinuous maps, i.e. they map weakly convergent sequences in V' into strongly
convergent sequences in H. Indeed, let us show this, for example, for G. Since
V is compactly embedded in H, it follows from the construction of G and (G2)
that if {ug} C V converges weakly to ug in V, then ([K])

g+ (@, widy m(ur)) — g— (2, —uy s n(ur)) — g4 (2, ug , n(uo)) + - (=, —ug , 1(uo))||

approaches 0. Hence, the map G : V — L,, is completely continuous since
[Gur — Guoll = [|[E(ur)ur — E(uo)uoll

1B (uk) (ur — uo)l| + | E(ur) — E(uo) | lluo|

max{|a oo + [|a—[lco + 26 [[b+[[co + 10— loo
+2e}Jur, — uol| + | E(ur) — E(uo)| [luoll = 0.

INIA

Thus, we have that H, = B + (1 —t)C + t(F' + G + H) is A-proper for each
t€[0,1) from V — H and H; : V — H is pseudo A-proper.
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Next, by construction

(1—-t)Cu+tGu = [(1—t)by(z)+tgy(z,ut,n(uw))u’(z)
—[A =) (z) +tg—(z, —u™, n(u))]u” (z)
and, for a.e. € Q, n(u) € R¥

a;(z) — e < (1= )by (2) + tgo(z,u™ (2),n(w)) <
(@),

b+(l‘)+€
a-(z) — e < (1= t)b_(2) +tg_(w, —u(z),n(w)) < b

(:E) +e€

and |g(z,u,n(u))| < dy(x) for a.e. x € Q and all (u,n(u)) € R x R¥, where
d, € Lo(Q) is independent of u since g (and hence g;) grows at most linearly.
Hence, by Lemma 3.2 with p,(z) = (1 — t)by(z) + tg4(z,u™(x),n(u)) and
p_(x) = (1 —=t)b_(z) + tg—(x,—u"(x),n(u)), we get for some ¢ > 0

| Bu+ (1 —t)Cu + tGul| > §||ul|? for all u € V.

It is left to show that deg(Qn,(B+C), BeNV,,0) # 0 for all n. Let n € (0,7) be
fixed. Then, for each t € [0, 1], and a.e. z € @, we have that 0 < (1—¢)n+tby <
r. It is easy to show that p; = (1 — t)n + tby and p_ = (1 — t)n + tb_ satisfy
0<ps <rforae ze€@,and

/ [p+ (T2 +p_(v7)?] > 0for allv € N(—Ly + \; 1)\ {0}
Q
and
/Q[r )W)+ (r—po)(w )2 > 0 for all w € N(—L1 + Ajpal) \ {0}

Hence, one gets that the equation
Bu+[1—t)n+thiut +[(1—t)np+tb_Ju” =0 (3.21)

has only the trivial solution for each ¢ € [0,1]. Since the homotopy given by
(3.21) is A-proper, there is an n > ng such that for each R > 0 and all n > ny,

deg(Pn(B + bJr(‘)Jr - b*()in(O?R) N Hpy, 0)
= deg(P.(B+nl),B(0,R)NH,,0)==1.

Hence, (3.2) is solvable in V' by Theorem 2.3. The other assertions also follow
from this theorem.

Remark 3.2 Conditions (3.18)-(3.19) hold for a wide class of nonlinearities g.
For example, they are implied by A; < Aj+¢€ <yi(x) <Ty(z) < Ajyq and A <
vo(z) <T_(x) < Ajg1 —€ < Ajp1, or Aj < yy(x) <Ti(z) < Ajp1—e < Ajp
and Aj < Aj+ € <v_(z) <T_(x) < Aj;1, in the case when the eigenfunctions
associated to \; and Aji1 change sign in Q.

Next, we shall give some concrete assumptions on f and g that imply (F)-(H)
in Theorem 3.1.
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Theorem 3.2 Assume that (L1) and (B1) hold, B have properties I and II and
there be functions y£,T'y € Loo(Q) such that for some j € J C Z, one has

Aj <Ax(x) <Ti(z) < Ajy1 forae z€Q

/Q (s =A@ + (v = AW )] > 0 for allv € N(Ly — \T)\ {0},
/Q (a1 L))+ (Asr ~T_)(w )] > 0 for all w € N(Ly — AjsaD)\ {0}

Suppose that for the e > 0 and § > 0 given in Lemma 2.2,
(G1) there is p > 0 such that for a.e. © € Q, n(u) € R¥

V() —e < gz, u,n(u) <Ty(z)+e if u>p
V-(@) —e < g(@,u,n(u)) <T_(z) +€ if u<—p

(G2) There are functions b(z) € Loo(Q) and ks(x) € La(Q) for each s > 0
such that

g, u,n(w)| < sb(@)( Y D) 4 ko(z),u e V.

la|<2m—1

(F1) There are functions a(x) € Loo(Q) and dr(z) € L2(Q) for each r > 0
such that

f(z, &) < ra(@)( D |Du*)? +do(x), forall ueV.

o <2m
(F2) There is a constant k > 0 such that k < ¢ and

|f(:11,77,<)7f(113,77,</)|§k Z |<a_C&|

|a|=2m

for a.e. x € Q, alln € R and ¢, € R2m = Rs2m — RS2m=1_ where ¢ is
a constant in (3.1).

Then there is a u € V that satisfies (3.2) for a.e. x € Q. If k < ¢, then all
other assertions of Theorem 3.1 also hold.

Proof. It is easy to see that (F) of Theorem 3.1 holds. Hence, it remains to
verify (H) of that theorem, i.e. that H; = B—tF is A-proper with respect to I'g
for each t € [0,1) and H; is pseudo A-proper. Since the embedding of V' into
H is compact, it suffices to show these facts for Fy = L —tF. Set B, = B — ul
for some p # A; for each j. Then, for each ¢ € [0,1], it follows from (F2), the
Holder inequality, and an easy calculation that

(Fyu = Fev, By (u —v)) > (1 = k/c)[|Bu(u = v)|* + ¢(u — v) (3.22)
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where the functional ¢ : V' — R is given by
P(u —v) = t(M(u,v) — M(v,v), Bu(u—v)) + p(u — v, Bu(u — v)),

with M : V x V — H being the continuous form M (u,v) = f(z,n(u),{(v)).
The functional ¢ is weakly continuous. Indeed, let uy — u weakly in V. Then
ur — u in the ng_l—norm by the Sobolev imbedding theorem and by the
results from [10], it is not hard to show that ¢(ur —u) — 0 as k — oco. If k < ¢,
then (F2) implies that F} is A-proper with respect to I'p (see, e.g., in [16]-[18]).
If k = ¢, then F; is again A-proper for each t € [0,1) and it is easy to see that
Fy is pseudo L,-monotone. Hence, F is pseudo A-proper with respect to I'p
([18]) and (H) of Theorem 3.1 holds.

Corollary 3.1 Let the conditions of Theorem 3.2 hold with (G1) replaced by

(GD) v (2) < liminf g(z, u,n(u)) < limsup g(z, u, n(u))
u—r+o00

u—+oo

< Fi(tv JI)

uniformly for a.e. (z,n(u)) € Q x RX. Then there is a uw € V that satisfies (3.2)
for a.e. x € Q.

Proof. It is easy to see that (G1’) implies (G1).

4 Strong solvability of elliptic BVP’s

A. We shall apply the results of Section 3 to strong solvability of elliptic boundary-
value problems in V' of the form

Z Ao (2)D%u(z) + g(z,u, Du, ..., D*'w)u+ f(z,u, Du, ..., D*™) = h,
lal<2m
(4.1)
under non-uniform non-resonance conditions. Here ¢ C R™ is a bounded
smooth domain, V is a closed subspace of W2™(Q) containing the test functions,
the linear part is elliptic and h € Lo(Q). Assume the linear map L : V' — La(Q),
induced by the linear elliptic operator in (4.1), has closed range in H = L2(Q)
and satisfies conditions (L1), (B1) in Section 3 with B = —L + A;I. Here,
Li=Land A; =0.

Let A # A; for each j = 1,2,... be fixed, I' = {Y,,,Q,} be a projectionally
complete scheme for Ly and X,, = (B — A)"*(Y,,) C V for each n. Then
'y, = {X,,Y,,Q.} is an admissible or a projectionally complete scheme for
(V, Ly). Since B— Al : V — Ly is linear, one-to-one and A-proper with respect
to 'z, there is a constant ¢ > 0 (depending) only on A) such that

(B = Alul > clully, ueV. (4.2)



214 Existence and number of solutions to semilinear equations

Theorem 4.1 Let B = —L + A;1 be a closed densely defined map in H such
that R(B) = N(B)*, (Bu,u) > —r~}||Bul|? on V and if (Bu,u) = —r~1|| Bul|?
for someu € V, then w € N(—L+ M\;I) & N(—L + Xj+1I). Suppose that there
are functions v+,T'y € Loo(Q) such that for some j € J C Z, one has

Aj <vx(x) <Ti(z) < Ajyq1 forae z€@

and
[l =)@+ (1 = )@ P) > 0 for allv € N(L = 41\ {0)
Q
and
1O = E @2 4+ (Agsa = T)(w ) > 0 o allw € N(L= Ay D)\ {0}
Q
Suppose that for € > 0 and § > 0 given in Lemma 3.2,
(G1) there is p > 0 such that for a.e. x € Q
v (@) — € < g(x,u,n(u)) <Ty(z) + € if u> p,n(u) € R*
v-(2) — e < g(z,u,n(u)) <T—(z) + € if u<—p,n(u) R

(G2) There are functions b(z) € Loo(Q) and ks(x) € La(Q) for each s > 0
such that

9, u,n(w)| < sb(@)( Y D) + ko(z),u e V.

la|<2m—1

)
)

(F) |Full = | f(z,u,..., D*™u)|| < Blullv +~ for some B € (0,5), v > 0.
(H) H = L —tF : V — H is A-proper with respect to I'y, for t € [0,1) and
L — F is pseudo A-proper.

Then (4.1) has a solution uw € V for each h € Lo. If L — F is A-proper,
S(h) = (L — F)~L({h}) is compact for each h € La and card S(h) is constant,
finite and positive on each connected component of the set Lo \ (L — F)(X).

Proof. It follows from Theorem 3.1 with L; = L and A; = 0. &
As before, we give now some concrete conditions on f, g so that (H) holds.

Theorem 4.2 Let B = —L + A\;I be a closed densely defined map in H such
that R(B) = N(B)*, (Bu,u) > —r~}||Bul|? on V and if (Bu,u) = —r~1||Bul|?
for someu €V, then w € N(—L+ M\;I) & N(—L + Xj+1I). Suppose that there
are functions v+,T'y € Loo(Q) such that for some j € J C Z, one has

Aj <yx(x) <Ti(z) < Ajg1 forae z€Q),

/Q[(’V+ = X)) + (7= = A)(©7)*] > 0 for allv € N(L — A1) \ {0},

/Q[()‘j+1 =T w")? + N =T-)(w™)?] > 0 for allw € N(L = Aj411) \ {0}

Furthermore, suppose that for the e > 0 and § > 0 given in Lemma 3.2,
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(G1) there is p > 0 such that for a.e. x € Q
v (@) — € < g(a,u,n(u)) < Ty (x) + e if u>p,nu) € RF
v-(@) —e < gz, u,n(u)) <T_(z) + € if u<—p,n(u) €R"

(G2) There are functions b(z) € Loo(Q) and ks(z) € L2(Q) for each s > 0
such that

gz, u,n(w)| < sb@)( Y D)V +k(z),ue V.

la|]<2m—1

(F1) There are functions a(x) € Loo(Q) and d-(x) € L2(Q) for each r > 0
such that

|f(z,&(uw))| < ra(z)( Z |DYu|?)Y/2 + d,(x), for all ueV.

la]<2m
(F2) There is a constant k > 0 such that k < ¢ and

[f@n,Q) = f@n ) <k Y [Ca—Cl

|| =2m
for a.e. x € Q, alln € R* and ¢, € R2m = Rs2m — R2m-1 where ¢ is
a constant in (4.2).

Then there is a w € V that satisfies (4.1) for a.e. © € Q and all other assertions
of Theorem 4.1 are valid if k < c.

Proof. It follows from Theorem 4.1 with L; = L and A; = 0. &

For our next result, we assume also

(L2) There is an integer j > 1 such that A; < A\j11 and Lw = Ayw for k = j
and k = j + 1, has the continuation property, that is if w(z) = 0 on a set
of positive measure, then w(z) =0 a.e. on Q.

Theorem 4.3 Let L satisfy (L1)-(L2) and (B1) with B = —L + X\;I and let
¥(z),T'(z) € Loo(Q) be such that

(H1) Nj < ~v(z) <T(x) < \j11 withmeas{z € Q|\; # vy(x)} > 0 and meas{x €
QP11 # T(@)} > 0.
Suppose that (G1) of Theorem 8.4 holds and for ¢ > 0 and § > 0 given by
Lemma 3.2

(H2) v(z) — e < g(z,&) < T'(x) + € for all (z,£) € @ x R%2m~1
(H3) | Full = ||f(z,u, ..., D*™u)|| < Bllullv +~ for some B3 € (0,4), v > 0.

(H4) He = L — tF is A-proper with respect to I'y, for t € [0,1) and L — F s
pseudo A-proper.

Then (4.1) has a solution w € V and all other assertions of Theorem 4.1 are
valid.
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Proof. Clearly, (L2) and (H1) imply the integral inequalities in Theorem 4.2.
Hence, the conclusion follows from this theorem.

Theorem 4.4 Let L and vy(z), T'(z) be as in Theorem 4.3. Let f : Q x R®™ —
R and g : Q x R*>-1 — R be Caratheodory functions such that

(F1) There are functions a(x) € Loo(Q) and d,.(x) € L,(Q) for each r > 0
such that

(@, &w)| < ra(@)( Y [D*u)'/? +do(x), for all ueV.

la|<2m
(F2) There is a constant k > 0 such that k < ¢ and

[f(@,n,¢) = f@mn ) <k > [¢a— Gl

|| =2m
for a.e. x € Q, alln € R* and ¢,(’ € R%m = R%>m — Rs2m-1,

I'(z) < Ajy1 uniformly for z € Q and the non-u components n(u).

(G2) There are functions b(x) € Loo(Q) and ks(x) € Ly(Q) for each s > 0
such that

g, u,n(w)| < sb(@)( Y D) 4 ko(z),u e V.

la|<2m—1

Then there is a uw € V that satisfies Eq. (4.1) for a.e. x € Q and all other
assertions of Theorem 4.1 are valid if k < c.

Proof. It follows from Theorem 4.2, as in the case of Corollary 3.1. O

Theorem 4.2 extends the existence result of Beresticki-de Figueiredo [3] who
assumed f = 0 and g to depend only on w. A simplified proof of their results
has been given by Mawhin [13]. If f does not depend on derivatives of order
2m, the existence part of Theorem 4.4 reduces to a result of Mawhin-Ward
[14]. Their proofs are based on the Leray-Schauder and the coincidence degree
theories respectively.

B. In this subsection we shall look at boundary value problems

Lu=XMu+g(z,u)=h, in Q, ulspg =0 (4.3)

where L is either selfadjoint or non-selfadjoint second order elliptic partial differ-
ential operator, and A is the first (resp. principal) eigenvalue of the selfadjoint
(resp. nonselfadjoint) operator —L, h € L,(Q) withp >nand g: @ xR — Ris
a Caratheodory function which grows at most linearly, i.e. there are a constant
¢1 > 0 and a function ¢z € L,(Q), p > n, such that

lg(z,u)| < ci|u| + ca(x)
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for a.e. x € @Q and all u € R. We assume that L is such that the Bony’s
maximum principal (see eg. [4, 2]) and the abstract Krein-Rutman theorem
[11] imply the existence of a real simple eigenvalue Ay > 0 of

—Lu= Mu, ulagg=0

of minimal modulus such that there is a corresponding smooth eigenfunction
wp > 0 in Q and Ow1/0n < 0 on 0Q), where 9/0n stands for the outward
normal derivative. Moreover, if L is nonseladjoint then A; is also an eigenvalue
for the adjoint problem

—L*u = M\u, ulsg =0,

such that there is a corresponding smooth eigenfunction wj > 0 in @ and

Ows/0n < 0 on 9Q.

Now, using Lemma 3.3, we shall prove the following existence result for
(4.3) when the nonlinearity f(z,u) = \u + g(z,u) ”lies” between the first two
eigenvalues A\; and \2. We assume, without loss of generality, that the following
upper bounds are nonnegative

9+ (z) =limsup g(z,u)/u <T4(z), ae. on Q (4.4)
g—(z) =limsup g(z,u)/u <T_(x), a.e. on Q. (4.5)

Since g grows linearly, we can suppose, without loss of generality, that I'y €
L,(Q), p>n.

Theorem 4.5 Let g : Q X R — R be a Caratheodory function that grows lin-
early, g+(x) and g_(x) are different from zero on a set of nonzero measure,
and

g(z,u)u >0 (4.6)
for a.e. x € Q and all u € R. Suppose that (4.4)-(4.5) hold and

0<Ty(z)<r(=A2—X\1), foraexecq@, (4.7)

/ [r — Ty ]w?de + / [r —T_Jw?dz >0, forall, we N(L+X1I)\{0}.
w>0 w<0

(4.8)
Then Eq. (4.3) has at least one solution v € W2(Q) N Hg(Q), p > n, for each
h € L,(Q). Moreover, u € CHH(Q).

Proof. Let v be a fixed constant with 0 < v < r and define the operator
E:W2Q)NH(Q) € CH(Q) — Lp(Q) by

Fu=Lu-+ M\u+ru.
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We shall show that there exists a constant C' > 0 independent of t such that
|ullcr < C for all possible solutions u € W2(Q) N Hj(Q) of the homotopy

H(t,u) = Lu+ Mu+ (1 — t)yu + tg(x,u) = th,t € [0,1). (4.9)

Clearly, (4.9) has only the trivial solution for ¢ = 0. If such a C' does not exist,
then there exist ¢ € (0,1) and uj, € W2(Q) such |Jug|| — oo and

Euy, = ty[yur — g(tk, ux) + h(z)], ulag = 0. (4.10)
Set v, = ug/||ukl|c:- Then, (4.10) becomes

Buy, = tplyvr — g(x, uk)/||lukllcr + b/ |lukllcr], vilag = 0. (4.11)

We may assume that ¢, — ¢t and g(z,u)/|lukl|cr — K(z) in Ly(Q) since g
has a linear growth. Since g(z,ug)/||ukllcr = g(z, uk)/uk(z).vi(x) = G(z)v(x)
with G(z) # 0 on a set of positive measure, we get that K(z) = G(z)v(z) # 0
on a set of positive measure. Using L,-estimate and the compact embedding of
W2(Q) into C*(Q), we can deduce from (4.11) that vy — v in CH(Q), |Jv[|c1 =1
and v|apg = 0. Moreover, {Lvy} is also bounded in L,(Q) by (4.11). Hence,
by the reflexivity of L, and the weak closedness of L, we may assume that
Loy — Lv in L, with v € W2(Q) N Hj(Q) and v solves the equation

Ev = t[yv — K(z)], v|lsg =0. (4.12)
As in [9], Eq. (4.12) is equivalent to
Lv+ Mo+ py ()t —p_(z)v” =0, v|ag =0 (4.13)

where pi(x) = (1 — t)y + tk] (z) and p_(z) = (1 — t)y + tk, (z) and k,(z) =
K(x)/v(z) if v(z) # 0 and k, = 0 if v(z) = 0 since 0 < k,(z) < Ty(z) if
v(z) >0 and 0 < k,(z) <T_(x) if v(z) < 0. Hence, by Lemma 3.3 (or Lemma
11in [9]), we get that v € N(L + X\ I)\ {0}.

Next, passing to the limit in

(Lk + Mok + (1 = t)yoe + trg(@, ur) /urllor, vi) = (Exh/||uklcrs ve)

we get
(1 —=t)yv+tK,v) =0.

Note that ¢ # 1, for otherwise (4.12)-(4.13) imply that p4(z)v — p_(z)v™ =0
which leads to K (z) = 0 a.e. on Q, a contradiction. Hence, (K, v) < 0 since (1—
t)y|[v||? = —t(K,v). This contradicts the fact that 0 < t(g(z, ux)/||uk o1, vr) —
t(K,v). Hence, we have shown that all solutions of (4.9) are bounded and, by the
Leray-Schauder homotopy theorem, Eq (4.3) has a solution in W2(Q) N Hg(Q)
for each p € L,(Q). &

Theorem 4.5 extends Theorem 1 in Tannacci-Nkashama-Ward [9] who showed
the solvability of Eq (4.3) only for h € L,(Q) that are orthogonal to wy but
without assuming that g4 (z) and g_ (x) are not zero on a set of positive measure.
On the other hand, their result extends some earlier ones of de Figueiredo and
Ni [6], Gupta [7] and others. Asin Theorems 4.4, it will be shown elsewhere that
Theorem 4.5 can be extended to include nonlinearities depending on derivatives
up to the second order.
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5 Time periodic solutions of BVP’s for nonlin-
ear parabolic and hyperbolic equations

The semi-abstract results in Section 3 have been used in [21] to prove the exis-
tence and the number of solutions of generalized periodic solutions (GPS), under
nonuniform nonresonance conditions, for the nonlinear parabolic equation

ug + Aou + g(t, x, u,up, Dy, . .., D™ Yu)u 4 f(t, 2, u, ur, Dy, . .., D>™u) = h
in H = Ly(), where Q = [0,27] x @ with @ C R™, Ay is a uniformly strongly
elliptic operator of order 2m in x € Q for each ¢t € [0,27], and the nonlinear

hyperbolic equations with damping

out +uw + Aou = g(t,x, u, ug, usr, Dyt . .y Dimflu)u
+f(t, x, u, us, ugt, Dyu, . . Dimu) +h

with h in H, o # 0, boundary conditions
u(t,.) € H(Q) for all t € (0,27),
and periodicity conditions
u(0,2) = u(2m,x) forall z € Q.

These results extend the corresponding existence results in Nkashama-Willem
[22], who assumed only the u dependence in g and f = 0 and used the coinci-
dence degree theory.
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