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Behaviour near zero and near infinity of solutions
to elliptic equalities and inequalities *

Marie-Francoise Bidaut-Véron

Abstract

Here we consider elliptic equations and inequalities involving quasilin-
ear operators in divergence form and nonlinear lower order terms:

—div (A(z,u, Vu)) > |z[°u® (Q > 0,0 € R),

in dimension N > 3. We study the asymptotic behaviour of the solutions
and give a priori estimate and non-existence results.

1 Introduction

Here we study the existence and the asymptotic behaviour near zero and near
infinity of nonnegative solutions to elliptic problems involving quasilinear oper-
ators in divergence form. We study equalities of the form

— div [A(z, u, Vu)] = |z]|7u®, (1.1)
and more generally inequalities of the form
— div [A(z, u, Vu)] > |z]|7u?, (1.2)

where Q,0 € R, Q > 0, in an open set Q of RN (N > 3). A great part of the
results extends to systems of the form
— div [A(z, u, Vu)] = |z|u5vE,

1.3
—div [B(z,v, Vv)] = |z|*u®0T, (13)

where @, R, S,T > 0, and to systems of inequalities; see for example [6, 9].
Let B, = {|z| <r} with r > 0. Let Q be either RY or R¥\ {0}, or an
exterior or interior domain

Qe={zeRV||z|>1}, Q={zeRY|0<|z|<1}=5B\{0}
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30 Behaviour of solutions to inequalities

or the half-space RV + = {:c ERN | zx > 0}, or
QF =Q.NRY T, Qf =, NRN T,
Our aim is to point out many results on this subject and to show some short

proofs to some results. We cannot present a complete survey, because it would
be too long, we rather give references that seem to be significant.

2 The Laplacian case
We begin by the model case of the Laplace operator, with the equation

—Au = |z|7u?, (2.1)
or the inequality

—Au > |z|7u?, (2.2)
where 0 € R, Q > 0,Q # 1. By solution of (2.1) or (2.2), we mean any

1
nonnegative function u € C°(Q) N WI})’CI (Q) with Au € L] (9), solution in the
sense of D'( ). We set

Qo =(N+o0)/(N-2).
Recall that the equation admits a particular solution of the form
u* = C*|x|~ 3/ (@1, (2.3)

for some C* > 0 if and only if Q@ > Q, > 1, or Q < Q, < 1. First remark that
the problem in Q; or €. are equivalent to solve, and in the same way in Qj or
QF, from the Kelvin transform: setting

uo(z) = [2[* Nuly), y=a/la?
then (2.2) is equivalent to
—Aug > |y|°ug, oo =(N—-2)Q— (N +2+0) (2.4)
Now let us recall the Brézis-Lions theorem in €; in its simplest form:

Theorem 2.1 ([13]) Letw € Li (%) be any nonnegative superharmonic func-

loc

tion, such that Aw € L (). Then f = Aw/q, € Li (B1), w € MY/ N2 (B,

loc loc loc

|[Vw| € MN/(Nfl)(Bl) and there exists A > 0 such that

loc

—Aw = —Aw/QL + Aoy in D/(Bl).
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Then one gets a first nonexistence result concerning inequality (2.2), given
in [4]. Up to some changes of variable, in the radial case of the equation, it
comes from the study of Fowler [16, 17], of the equation

—y” =19,
0 € R. He made a complete description of the solutions, with the restriction
Q@,0 € N because the phase plane techniques for ODE’s were not known; see
also [2]. This result was extended to the inequality in the radial case with more

general operators by Ni and Serrin [25]. The result was also found again in the
case 0 = —2 by [12].

Theorem 2.2 Assume @ > 1.

i) There exists a nontrivial solution of (2.2) in Q; if and only if o > —2.

ii) There exists a nontrivial solution of (2.2) in Q. if and only if Q > Q,-.

i4i) There exists a nontrivial solution of (2.2) in RN or RN\ {0} if and only if
Q> Q, and o > —2.

Proof. i) and ii) For the part ”if”, the particular solution (2.3) is a solution
in R\ {0}, hence in Q; and .. For the part "only if”, the problem reduces to
the radial one. By Kelvin transform we reduce to the case of {2;. Suppose there
exists a nontrivial solution u of (2.2). Let

1

u(r) = ST Jons u(r, 0) do (2.5)

be the mean value of u on the sphere of center 0 and radius r. Then @ also
satisfies (2.2), from the Jensen inequality, that is

_(TN_lﬂr)r > ’I“N_H_UHQ,

and 7 > 0 . Then either lim,_,o 7V 1%, € (0, +0o0]; then lim, ,ou = C > 0 and
we reach a contradiction. Or @, < 0 near 0. By integration we get

i,
rN-17, +EQ/ tN=Hogi <0
0

hence ¢ + N > 0 and
7 9%, + 77 /(N +0) <0.
Integrating again it implies that o > —2, and we have the estimate near 0:
T < Cr~(2+0)/(@-1) (2.6)

iii) The part "only if” is obvious. For the part ”if”, when Q > Q, and o > —2,
the function u(z) = ¢(1 + |z|?>T7) =/ (@1 is a solution of (2.2) in RV, hence in
RN\ {0} if ¢ is small enough. This example can be found in [22] when o = 0. {

Now we consider the case Q < 1. The following was proved by [28] for the
equation, and extended in [10] and [6].
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Theorem 2.3 Assume Q < 1.
i) There exists a nontrivial solution of (2.2) in Q; if and only if Q < Q..
it) There exists a nontrivial solution of (2.2) in Qe if and only if o < —2.

Proof. Assume there is a nontrivial solution in €;. Then u > 0, and we can
define w = 1/u. It is subharmonic and satisfies

—Aw + |z]7w™ <0
with m =2 — @ > 1. Then from Osserman’s estimate (see [6]),

||~ RF)/(m=1)if 5 £ 2
[In |m||_1/(m_1) ifo=-2

wgC{

in %Qz That means

" { |m|(2+o)/(1762) if o # -2,

|In|z||"/0-9)  if ¢ = —2. (2.7)

But |z|°u® € L (B(0,1)), hence in any case Q < Q,. For the part "if”, see

loc

[28]. &

Remark 2.4 Here also the problem could be reduced to the radial one. Indeed
we have the following property, which proves that @ satisfies an inequality of
the same form as (2.2).

Lemma 2.5 ([7]) Letw € C?(£);) be any nonnegative superharmonic function.
Then there exists a constant C(N) > 0 such that for any x € %Qi,

w(z) > C(NY(Ja). (2.8)
Remark 2.6 In particular, the exterior problem

—Au > u®
in . has no solution except 0 for any 0 < Q < N/(N —2), Q # 1.

Remark 2.7 The non existence results are very linked to the estimates of .
In case of §2; we have for any solution of (2.2), from (2.6) (2.7) and the super-
harmonicity,

1
u < Cmin(r*(ﬂ")/(Q*l),r%N) in 591 if Q> 1,

1
Cyr#F9)/(1=Q) <3 < Cyr* N in S Q<1
In the case of €2, it follows that
7 < Cmin(r~+9)/@=D 1) in 20, ifQ > 1,

CrrH/(1=Q) < < 0y 20, if Q< 1.
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Now let us come to the case of the equation. In the radial case, we have a
well-known nonexistence result in whole RY.

Lemma 2.8 There ezists a nontrivial radial solution of (2.1) in RN (that means
a radial ground state) if and only if

N+2+20

QZQ;:ﬁ>1 (29)

Proof. Assume (2.9). First one constructs a local solution near 0 such that
u(0) = 1 and u,(0) = 0. By concavity it extends to a solution of the equation

—Au = |z|7 [u|? " u

in [0, +00). Now suppose that u(rg) = 0 for some 79 > 0. The change of variable
(first used by Fowler)

ur) = U@ =5 =~
reduces the equation to an autonomous one:
Uy — AU, — BU+|U|®'U =0
with A=N—-2-2y>0and B=~v((N—2-+) > 0. Then the energy function

2 2 Q+1
poUi U U

2 2 " Q+1
is nondecreasing, since E; = AUZ, with lim;_, 1 E(t) =0, and E(—1Inrg) > 0.
Then E(t) = Ei(t) = 0 for ¢ > —Inrp, hence U is constant, and we reach
a contradiction. Reciprocally suppose there exists a ground state. Then first
o > —2. Suppose Q < Q7. Then FE is nonincreasing, hence nonnegative, and
bounded. Then lim;, o E(t) = L > 0 and lim;—,_o Us(t) = 0, since Uy is
bounded and fi)oo U2 < +00. Then limy_, o, U(t) = £ = (B(Q +1)/2)"/(@=1,
By linearisation U(t) = ¢, hence a contradiction holds. &

Remark 2.9 The existence in RY\ {0} is obviously different: there exists a
nontrivial radial positive solution of (2.1) in RV\ {0} if and only if Q > Q, > 1.
Indeed the particular solution (2.3) exists in that range.

Now let us come to the nonradial case. Here the results are not complete:
they require that

N +2
Q< Qi =3,
where the well-known Q) is the limit value of () for the compacity of the Sobolev
injection from L2*! into W12, Or they require additional assumptions on the
behaviour at infinity, see [32]. They require difficult techniques, either linked
to the Bernstein method of a priori estimates of |Vu|2, or to the moving plane
method of Alexandroff. The pionneer works are due to Gidas, Spruck and
Caffarelli [18], [14].
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Theorem 2.10 ([18]) i) Assume that 1 < Q < Qf. Then any solution in
(resp. ) satisfies

1
u(z) < C |z|" T/ Q@D 4y §Qi (resp.in 292) (2.10)

where C' does not depend on u.

i) Assume that 1 < Q, < Q < Q. If Q < Q%, then any solution u in RM\ {0}
is singular at 0. In particular there is no nontrivial nonnegative solution in RN .
If Q > Q7 then either u = u* or u is a solution in RN (ground state).

Remark 2.11 The result was extended to the case @ = Qf in [14]. When
Q@ > Qf the result is not known. In the case @ = (N +1)/(N —3), 0 =0, it is
shown in [8] that(2.10) cannot hold with a constant independant on u.

Now let us give a few results concerning the case of the half-space. Concern-
ing the inequality (2.2), the usual proofs of nonexistence lie on the use of the
first eigenvalue A\; = N — 1 of the Beltrami operator on the half sphere (V1)
with Dirichlet conditions on (S™ 1)+, and the corresponding positive normal-
ized eigenfunction ¢, and extend to cones and systems. We refer for example
to [2] and [11] . In case of the half space, we have the following theorem.

Theorem 2.12 Assume that N > 2, and Q > 1. o
DIfQ < (N +140)/(N —1), the problem (2.2) in QF, with u € C*(Q), has
only the solution u = 0. L

i) If Q@ + o + 1 < 0, the problem in Q;, with u € C*(Q\{0}) has only the
solution u = 0.

Proof. We follow the method of [15] given in the case u € C*(RN\ {0}). They
still show that the problem can be reduced to a radial one, by considering the
mean value function

1

ug(r) = TSN—1y7] ( u(r, 0) ¢ do. (2.11)

SN—1)+

Namely function uy satisfies the inequality

—r N (T (T uy),),) = —Auy + (N — 1)% > r"u?.

By Kelvin transform we are reduced to the case of Q. Let v = 7~ uy. Then

_(TNJ’_IUT)T > rN+Q+‘7'UQ,

and 7 > 0 . Then either lim,_,o 7V *1v, € (0, +0c0]; then lim, ,ov = C' > 0 and
we reach a contradiction. Or v, < 0 near 0. By integration we get

T
rN'HvT + ’UQ/ tN+@+oqr <
0
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hence N + @ + o > 0 and
v %, + 17T/ (N +Q + o) <0.
Integrating again it implies that o + @ + 1 > 0, and we have the estimate near
0:
uy < Or—(2+0)/(Q-1)

¢

In the case of the equation (2.1), Gidas and Spruck have obtained a better
result:

Theorem 2.13 ([19]) Assume that Q < (N+2)/(N —2). Then equation (2.1)
with o =0 has no nontrivial solution in RN T,

3 The p-Laplacian case

Now we consider the case of the p-Laplace operator (p > 1):
—Apu = —div(|Vul[" > Vu) = |z]7u? (3.1)
and the inequality
—Apu > |z]7u®. (3.2)

In the radial case, the first estimates concerning (3.2) are due to Guedda and
Véron [20], where they give the behaviour in ; and some global properties; and
the first nonexistence results are given in [24], [25]. Then the non-radial case
was studied in [4], where one can also find a complete description of the radial
case.

Here one cannot use any Kelvin transform, so that the behaviour at infinity
cannot reduced to the behaviour near 0. Also one cannot use the mean value
of u since the problem is not linear. But many of the results can be extended.
The equation has a particular solution

p+o

* — * - I-\ _ * .
u(z) = C*|z| ™, o, c* >0, (3.3)
if and only if @ > Qsp >p—1, 0r Q < Qsp < p— 1, where
Qop=(N+0)(p—1)/(N —p). (3-4)

First theorem 2.2 extends to the p-Laplacian. This was proved in [4] for equation
(13.1) in Q. without mentioning the critical case @ = Qo p, but the proof extends
to the general case and we reproduce it here. The idea is the following: if (3.2)
has a solution w in €; or ., then we can construct a radial solution of (3.1)
which is less than u. So that we still are reduced to the radial case, and with an
equation.

Theorem 3.1 Assume Q >p — 1.
i) There exists a nontrivial solution of (3.2) in Q; if and only if o > —p.
ii) There ezists a nontrivial solution of (3.2) in Q. if and only if Q > Qs p.
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Proof. Let us prove for example ii). Suppose that Q@ < Q. , and that (3.2)
has a nontrivial solution w. Then uw > 0 from the strong maximum principle.
Let m = min|,— u(x). Let n € N* be fixed, such that n > 2. By minimization
we construct a sequence (U, i )ken of radial nonnegative functions with u, 0 =0
and

—Aptn ik = 2|7 Up k-1 for 2 <|z| <n,
Unp =m for |z| =2,

Unk =0 for |z|=n.

Then 0 < ty g < tn pr1 < ufor 2 < |z < n. And (N1 [ (Un1)r [P (Unk)r) pen
is equi-continuous on [2,7n]. Thus it converges in C'*([2,n]) to a radial fuction
uyp, such that u, r <u, <uand

—Apuy, = |z|%u, for 2 < |z| <n,
u, =m for |z| =2,

u, =0 for |z| =n.

By extraction of a diagonal sequence, there is a subsequence of (uy,)nen converg-
ing in CL_([2,4+0o0]) to a radial solution w of equation (3.1) in 29, nontrivial,
since w = m for || = 2. But the radial equation has no solution when Q < Qo p,
by an argument analogous to the one of theorem 2.2 . &

The theorem 2.3 extends immediately to the case of the p-Laplacian, by the
same proof, since Osserman’s estimate extends.

Theorem 3.2 Assume Q <p — 1.
i) There exists a nontrivial solution of (3.2) in Q; if and only if Q < Qs p.
it) There exists a nontrivial solution of (3.2) in Qe if and only if o < —p.

Now let us come to upper estimates. First the Brézis-Lions lemma extends
in the following form, where for simplicity we supposed p < N.

Theorem 3.3 ([4]) Let 1 < p < N. Let w € C(;) be any nonnegative

super-p-harmonic function, such that Apw € Li, (). Then f = —Apw/q, €
1 -1 N/(N—p) p—1 N/(N-1) ;
Li,(B1), wP™" € M. (B1), |Vuw| € M. (B1) and there exists

A > 0 such that

—pr = _Ap'l,U/Qi + Aoy in D/(Bl). (35)

Proof. It is divided in four steps.

i) Function f is in L'(By). In order to obtain estimates on f, the idea is to
multiply the inequality by a function P(u)p, with ¢ with compact support in
Bi, and P is decreasing in u, in order to obtain some coercivity. One takes
Pu)=(n+1—u)", withn e N.
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ii) Function w is in L (B;) for any 1 < k < N/(N — p) and it satisfies the
integral estimate for p < 1/2:

/ wh < CpN-(N=p)k/(p=1) (3.6)
Bp

Here we use a test function introduced by Serrin [29] and capacity methods in
order to estimate min|,—, w(x), and then the weak Harnack inequality.

iii) Function |Vw|?~" is LE (By) for any 1 < k < N/(N — 1) and also satisfies
an integral inequality.

iv) The Marcinkiewicz estimates and (3.5) hold. Here we use ideas of P. Bénilan.

O

This showed that we can obtain some integral estimates on w, even for a
nonlinear problem, replacing the estimates of the mean value for the Laplacian.
Indeed defining for any nonnegative g on 2 and any w C 2

fo=ml
9=771 9
w o @l e
then (3.6) can be written

(7{ wk)”’“ < Cp-N-P)/-1)
B(0,p)

which extends the classical estimate u(r) < Cr?=N in case of the Laplacian.
This was a motivation to extend also the estimate @(r) < Cr~(2t9)/(@=1) of the
problem (2.2) to the problem (3.2) and more general operators. One gets the
following, where C,, ,, = {p1 < |z| < p2}.

Theorem 3.4 ([9]) Assume that N > p > 1. Let u be a nonnegative solution

of (8.2) in Q; (resp. Qe).
i) If Q > p — 1, then for small p (resp. for large p)

(fé w?)" <op (3.7)
P/2,p

it) If @ <p—1, either u=0, or

1
u(@) > Clz|™" in 5(21- (resp. in 282.). (3.8)

Proof. We just give the proof of i). Let u be a nontrivial solution of (3.2) ,
hence u > 0. Let 1 —p < o < 0. By computation the function u, = u!+e/(®=1)
is also superharmonic and satisfies

—Apuq > C(a) (Jz]” u®t™ + w1 |VulP)
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for some C(a) > 0. Then we multiply by a test function ¢ = ¢* with \ large
enough, and ¢ € D(2) with values in [0, 1], such that & = 1 for p/2 < |z| < p
and |V¢| < C/p. We get (with other constants C' = C'(a, \))

f e s [t e
Q; Q;

I

c / Vo[~ 1 |V
Q;

I

c / u® [V ||
Q;

and setting 0 = Q/(p — 1+ @) > 1 we get from the Holder inequality
Qi Qi

1/6 , 1/6’
< c</ﬁ _uQsA) </Q _5”9’|V5|’”") (3.9)

Now we take £* as test function directly in (3.2) and get by using the same o

/Q o] ue* < )‘/ﬂ |Vul? ™ Ve

< )\/ wle=D/p |Vu|l7*1u(1—a)/p/§)\—1 Ve|

i

1/p’ 1/p
c ( I |Vu|”§*) ( [ o |V§|”)

And from (3.9), choosing « small enough such that 7 =Q/(1 —a)(p —1) > 1,

1/6p'+1/1p
/ W@ < Ccpe ( / uQ§A> x
Q Q

i

b’ o' 1/0'p’ N o 1/7'p
3 %3 3 IV¢| -(3.10)
Q Q

And 1/0p" +1/mp=(p—-1)/Q =1— (1/0'p' + 1/7'p), hence (3.7) follows. <

IN

Remark 3.5 In the case Q > p — 1, Theorem 3.1 can be found again in a
longer way by using these upper estimates. Indeed following the technique of
comparison of theorem 3.1, one can prove lower estimates. Consider the radial
elementary p-harmonic functions in R™V \ {0}, that means functions

r(pr)/(pfl) if N > P,

Prp(r) =1, Dap(r) = { Inr if N=p.

Then any super-p-harmonic function u in €; (resp. Q) satisfies
1
u>C®y), in 591 (resp. u>C®y, in 2Q.);

see [9].
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Above all, the integral estimates can give punctual estimates in the case of
the equation (3.1), in the subcritical case. The following is proved in [4] when
o =0, and in [9] in the general case.

Theorem 3.6 Assume that N > p > 1. Let u be a nonnegative solution of
(3.1) in Q;. Assume that

0<Q<Qop=N(p-1)/(N—p).

Then wu satisfies the Harnack inequality. Consequently, if Q >p —1,
w(z) < Cmin(|z| ™", [2|*~ /@Dy ip Zq,; (3.11)
ifQ <p-—1, then

w(z) < C || P~ V/P=Dy gy %Q

Proof. First suppose @Q > p — 1. We write the equation under the form
~Apu=huP"t, h=|z|7u9 P,

If ¢ = 0, we remark that u@ € L'(B, /2) from the Brézis-Lions theorem. Hence
h* € L'(By)s) for s = Q/(Q —p+1) > N/p, since Q < Qo. Then we can apply
Serrin’s results of [29], and conclude. In the general case o € R, we use the
estimate (3.7)

Jo =

This implies the Harnack inequality, and (3.11) follows. Now suppose Q < p—1.

We observe that h(z) < C |z| * near 0, from (3.8) if Q@ < p— 1. Then h satisfies
(3.12) for any s > 1, and the Harnack inequality still holds. &

As in the case p = 2, the question of the estimates is harder in the case @ >

Qo,p- Serrin and Zou have announced in January 2000 the following beautiful
result, which extends the one of [18] and of [4]:

|JI|US UQ < pas/ ’U,Q < CpN—i-crs—l"Q _ CpN_ps. (3.12)

Pr/2,p r/2,p Cp/2,p

Theorem 3.7 ([31]) Assume that 1 < Q < Q5,, = (N(p—1) +p)/(N — p).
Then any solution of (3.1) with o = 0 in ; satisfies

_ _ 1
u(z) < C|z| p/(QF1=p) 591; (3.13)

where C' does not depend on u, and u satisfies the Harnack inequality. Moreover
there is no nontrivial nonnegative solution in RN .

At last we consider the case of an halfspace. First following the ideas of the
proof of theorem 3.4, we get upper estimates when @ > p — 1:
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Theorem 3.8 Assume that N > p > 1, Q > p— 1. Let u be a nonnegative
solution of (3.2) in Qf (resp. QF) . Let Ko = {z € RN | an > ala|} for any
a > 0. Then for small p (resp. for large p)

1/Q
(j[ uQ) <Cop T (3.14)
KaNCp/2,p

Here also we can find lower estimates by comparison to the p-harmonic
functions which vanish on the set x = 0. In the case p = 2, they are given by
x+— zy and  — zn/ |m|N In the general case, they are given by

Uy () =2y, Up(z) = % (3.15)

for some unique B, y > 0 and w € C*(SV~1), @ > 0, with maximum value
1, from [21]. The exact value of (8, v is unknown if p # 2, except in the case

N = 2. We prove that any super-p-harmonic function u in Ct (Q_:r\ {0}) (resp.
CH(QF)) satisfies

1
u>CW¥;, in 591 (resp. u>CUy, in 2Q.).

So that we deduce a new nonexistence result:

Theorem 3.9 ([9]) Assume that N >p>1, and Q >p— 1.
i) If Q < qop, where

Gop =P~ 1+ (+0)/Bpn,

the problem (3.2) in QF, with u € CI(Q_ZF), has only the solution u = 0.

i) If @ + o + 1 < 0, the problem in Q;, with u € Cl(Q_j'\ {0}) has only the
solution u = 0.
4 More general operators
Some of the above results are still valid for problems of the form

— div [A(z, u, Vu)] = |z|"u?, (4.1)
or

— div [A(z, u, Vu)] > |z]7u?, (4.2)

where A : Q x RT x RV — R is a Caratheodory function, satisfying suitable
assumptions. The radial case has been studied by many authors, among them
we refer to [27, 15].
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We shall say that A is strongly p-coercive if

|A(x,u,77)| < K |77|p—1 )

4.3
Az, u,m)n > Ko nf” . (45)

for some K1, Ko > 0, and for all (z,u,n) € 2 x RT x RN, Up to some variants,
the condition (4.3) is a classical frame for the study of quasilinear operators, see
[29]. It implies the weak Harnack inequality, and hence the strong maximum
principle.
We shall say that A is weakly p-coercive if

Ale,u, ) > K | Az, u,n)]” (4.4)
for some K > 0, and for all (z,u,n) € Q x RT x RY. This condition (4.4) is
clearly weaker than (4.3), and does not imply the Harnack inequality. It is sat-

isfied in particular by the mean curvature operator u — — div(Vu/y/1 + |Vul?)
with p = 2.

Operators with a weak coercivity

For a general weakly p-coercive operator, first we can extend Theorem 3.4.

Theorem 4.1 ([9]) Assume that N > p > 1, and A is weakly p-coercive. Let
u be a nonnegative solution of (4.2) in Q; (resp. Q). If Q > p—1, then (3.7)
holds for small p (resp. for large p). If Q <p—1, for any £ >p—1—Q, then

(7£ )" =0 (4.5)

Pr/2,p

Proof. It is an extension of the one of theorem 3.4: we multiply the inequality
by u®p, where 1 —p < a < 0, and ¢ is a test function, in order to get coercivity,
then directly by ¢. &

Then one can give nonexistence results in whole R :

Theorem 4.2 ([9]) Assume that N > p > 1, Q > p—1, and A is weakly
p-coercive. If Q < Q,.p, there exists no nontrivial solution of (4.2) in RN .

Proof. From the a priori estimate of theorem 4.1, one deduces

/ 2|7 u? < Cp’
BP

with § = (N —p)(Q — Q,)/(Q —p+1) <0. If § < 0, then as p — +o0, we
deduce that [,y |z|7u® = 0, hence u = 0. If § = 0, then [z|"u? € L'(R"),
hence lim f, =~ |z|°u® = 0. And we show that

an an

(r-1)/Q
/ lz]7u® < C(/ |a:|‘7uQ>
Ban c

2n12n+1
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hence again u = 0. &

For some weakly p-coercive operators which only depend on the gradient of
u, we can also extend the nonexistence results in €2; and €.

Theorem 4.3 ([9]) Assume that A(z,u,n) = A(|n|)n, with t — A(t)t non-
decreasing and

A(t) < MtP™2, fort >0,

4.6
A(t) > M~HP72 for small t > 0, (46)

for some M > 0. If o < —p , there exists no nontrivial solution of (4.2) in ;.
If Q < Qo p, there exists no nontrivial solution of (4.2) in Q..

The result applies in particular to the mean curvature operator with p = 2.

Operators with a strong coercivity

For a general strongly p-coercive operator, one can give nonexistence results in
RM\ {0}. The method is a combination of the two techniques of multiplication,
either by u®(a < 0) or by (k —u)™(k > 0).

Theorem 4.4 ([9]) Assume that N > p > 1, Q > p — 1, andA is weakly
p-coercive. If Q < Q,p, there exists no nontrivial solution of (4.2) in RN\ {0}.

Moreover Theorems 3.3 and 3.6 extend completely, see [5] (with more general
assumptions on A) and [9]. This problem with @ > Qg , for such operators is
open.
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