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An abstract existence result and its applications *

Sui Sun Cheng, Bin Liu, & Jian-She Yu

Abstract

By means of Borsuk’s theorem and continuation through an admis-
sible homotopy, we establish an existence theorem for operator equation
with homogeneous nonlinearity. We illustrate our theorem by consider-
ing a perturbed functional differential equation under periodic boundary
conditions.

1 Introduction

Continuation theorems have been used to derive periodic solutions for differ-
ential systems with perturbations. In particular, in [1], existence criteria for
w-periodic solutions are given for the equation

/

2’ = g(x) + elt, )

by means of ‘continuation’ through an admissible homotopy carrying the given
problem to the equation

2’ = g(z),
which admits only the trivial w-periodic solution (see [1, pp. 101-103]).

In this note, we are interested in the study of a similar problem for the
perturbed functional differential system

¥ =g(t,x) +ht,zr), 0<t<w,
with solutions that satisfy the periodic boundary condition
z(0) = z(w).

This will be achieved by first proving an abstract existence theorem utilizing
Borsuk’s theorem and continuation through an admissible homotopy carrying
our given problem to the equation

33, = g(t7xt)7

which admits only the trivial periodic solution.
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2 Main Results

Let X,Y be real normed spaces with respective norms |[-||y and ||-||y. Let L :
dom(L) C X — Y be a linear Fredholm mapping of index zero, and let 2 be an
open and bounded subset of X. It is well known [1, Section 2.2] that there exist
projections P: X — X and @ : Y — Y such that Im P = ker L, ker@Q = Im L
and X =kerL §ker P,Y = ImL ® Im Q. Suppose F : dom(L)NQ — Y has
the form F = L — N where N : @ — Y is L-compact on Q and satisfies the
condition 0 ¢ F(dom(L) N ). Then a coincidence degree Dr(F,(2) can be
defined which satisfies the properties listed in [1, Section 2.3]. As mentioned
above, we will need the following Borsuk’s Theorem: Suppose {2 is an open,
bounded subset of X which is symmetric with respect to the origin and suppose
further that the function F' mentioned above satisfies the additional condition
that F'(—z) = —F(z) for every x € dom(L) N 91, then the coincidence degree
Dy (F,Q) is odd. We remark that there are a number of studies which are
concerned with the existence of periodic solutions of differential equations by
means of coincidence theory, see for examples [2-6].

Lemma 2.1 Let Q = {z € X| ||z|x <1}. Let Ny : X — Y be a continuous
mapping which maps bounded sets into bounded sets and satisfies

[ Noz|y

=0 2.1
lellx e ]|% 24

for some 3 € (0,1]. Suppose H : Q x [0,1] = Y is defined by

pPNo(p=Fz) if pe (0,1]

H(x’“):{o ifpu=0.

Then H is continuous and bounded on Q x [0, 1].

Proof. To show that H is continuous, it suffices to show that H is continuous
at (x,0) where z € Q. For any € € (0,1), in view of assumption (2.1), we see
that there exists a constant p > 0 such that for arbitrary € X which satisfies
lzl|x > p, | Noz|ly < e ||:1:||§( Since N2 maps bounded sets into bounded sets,
hence

M = sup{|Nazly ¢ [lz]ly < p < oo} > 0.

Let po = ( < >1/ﬁ. Clearly,

M+1
Lo\
0<,U()<<M+1> .

For every positive 1 < po and every z € Q, we assert that |H(z, )|y <e. In
fact, if u=" ||z||x > p, then

|H(z,wlly < p||No(u "),
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< Wlelu e
< pPep™ |||k
< LB0P,
1 1-8
< (M—f—l) € <k,

and if =7 ||z||x < p, then

3

M .
M1 <e€

VH (@ m)lly < 1® | Na(u™ )y < 1M <

Thus we have shown that H is continuous at (z,0) € Q x [0,1].

By arguments similar to those just described, we may show by means of the
continuity of H at (z,0) € Q x [0,1] that there exists a constant § > 0 and
a real number M; such that for (z,u) € Q x [0,6], ||H(z,u)|y < M;. Since
N> maps bounded sets into bounded sets, there exists a number M5 such that
|H (z,p)|ly < Ms for (z,u) € Q x [6,1]. Thus H is bounded on Q x [0,1]. The
proof is complete. Let us now consider the operator equation

Lz = N1z + Noz,z € X, (2.2)
where
H1) L is a linear Fredholm mapping of index zero,

H2) N;: X — Y is a continuous mapping which satisfies Ny (Az) = AN(z) for
A€ (—o0,00) and z € X,

H3) Ny : X — Y is a continuous mapping which maps bounded sets into
bounded sets and satisfies (2.1) for some § € (0, 1],

H4) N;, Ny are L-completely continuous.
Theorem 2.2 Suppose the conditions H1-HJj hold. Suppose further that
Lz = N1z (2.3)

admits only the trivial solution. Then (2.2) has a nontrivial solution in dom LN
Q.

Proof. Let Q= {z € X| ||z]x <1}. Let T:Q x [0,1] — Y be defined by

[ Niz+ pPNo(pPz) if pe (0,1]
T ={ oo sy (2.0

Then
T(z,1) = Nz + Noz,x € Q,
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furthermore, in view of Lemma 2.1, T is continuous and bounded on Q x [0, 1].
Since N7 and Ny are L-completely continuous, it is also easy to see that T is
L-compact on Q x [0, 1].

Note that, in view of the assumption that (2.3) admits only the trivial solu-
tion, for any = € 9Q, (z,0) cannot be a solution of

Lz =T(z,u). (2.5)

Note further that if (x, u) € 9Q x (0, 1] is a nontrivial solution of (2.5), then in
view of (2.4) and (H2), p~%z will be a nontrivial solution of (2.2).

Let F = L — T. Suppose to the contrary that the operator equation (2.2)
does not have any nontrivial solutions, then in view of the above discussions,
0 ¢ F((dom(L) N dQ) x [0,1]). Thus the degree Dy (F(-, 1), Q) can be defined
for arbitrary p € [0,1], and it takes constant on [0, 1]. But since

F(-2,0) = —Lz—T(-x,0)=—Lz— Ny(—=z)
= —Lz+ Niz=—Lz+T(z,0) = —F(z,0)
for all z € X, by Borsuk’s Theorem stated above, we see that D, (1*:'(, 0), ), and

(hence) D (F(-,1),Q) are odd. But this is contrary to the existence property
of the coincidence degree. The proof is complete.

Let us now turn back to the perturbed functional differential equation
¥ =g(t,x) +h(t,ze), 0<t<w, (2.6)
under the periodic boundary condition
z(0) = z(w), (2.7)

where z(t) € C(R,R"), z; € BC (R, R"™) are given by z(s) = z(t + s), and
g,h:[0,w] x BC(R, R™) — R™ are continuous mappings that take bounded sets
into bounded sets. Here BC(R, R™) is the linear normed space of all continuous
and bounded functions from R into R™ endowed with the usual supremum norm.

Theorem 2.3 Assume that

g(t, \x) = Ag(t,z),\,t € R;xz € BC(R, R"), (2.8)
and there exists 3 € (0, 1] such that
[ht,2)] _ 0 uniformly in t € [0,w]. (2.9)

lzll—o0 ||z
Suppose further that the boundary value problem
v = glt,z) te0u]
z(0) = z(w) (2.10)
z(t) =x(0) t€ (—00,0]U [w,00)

admits only the trivial solution. Then (2.6) has a nontrivial solution x that
satisfies (2.7).
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Proof. Let
X ={z e C(R,R")| 2(0) = z(w), z(t) = 2(0),¢ € (—00,0] U [w,00)},

and Y = C (]0,w], R™). Then X is a closed subset in BC (R, R™), and therefore
it is a Banach space. Let dom(L) = {x € X| 2’ is continuous on [0,w]}, let
L:dom(L)NX — Y be defined by (Lz)(t) = 2'(t) fort € R,andlet N : X - Y
be defined by

(N2)(t) = (Niz)(8) + (Na)(0),t € R,

where (N12)(t) = g(t, z¢), (N2x)(t) = h(t,x:) for t € R. Then it is easy to show
that the kernel of L is

kerL={x € X|z=ce R"},

ImL = {y€Y| é/ y(s)ds—O},
0

and dimker L = codimIm L = n. Furthermore, if we define the projections
P:X—>XandQ:Y —Y by

(Px)(t) = z(0),t € R,

the image of L is

and
@)0) =7 [ ws)ister.

respectively, then ker L = Im P and ker(Q = Im L. Thus, L is a Fredholm
operator with index zero, and the generalized inverse Kp : ImL — ker P N
dom(L) of L is given by

foty(s)ds fo<t<w
0 ift € (—o0,0]U[w,0),

(Kpy)(t) = {
and is compact. Since

¥ =2 [ “(g(s,22) + his, z.))ds,

w

we easily see that QN () is bounded, furthermore, by the Arzela-Ascoli the-
orem, it is also easily seen that Kp(I — Q)N : Q — X is compact. As a
consequence, N is L-compact on Q.

Note that the conditions (H2) and (H3) follow (2.8) and (2.9) respectively,
and that Lz = Niz admits only the trivial solution. By Theorem 2.2, (2.6) will

have a nontrivial solution which satisfies (2.7). The proof is complete.

As an example, consider the boundary value problem

' =pt)z(t — 1)+ p(t) (—x1/2(t —7)+ a) ,0<t<w,
z(0) = z(w),
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where a,7,w are real numbers which satisfy 0 < w < 7 and a < 1/4. The
function p € C(R, R) is bounded and

/Ow p(s)ds # 0.
Let 8 = 3/4. Then

A7 max p(t)| (|2|** + |al
) (e ea)| ( ),

2|00 El = Jzj—oo |z >4

Furthermore, since z(t — 7) = z(0) for 0 < ¢t < w, = 0 is the unique solution
of the periodic boundary problem

' =pt)zt—7) te0,uw]
2(0) = z(w)
z(t) =2(0) —-7<t<0

By Theorem 2.3, there will be a nontrivial solution of our boundary value prob-

lem. In fact,
() = (=20,
is one of its nontrivial solutions.
We remark that similar results can be obtained for boundary-value problems
involving infinite delay, or problems of the form

—7<t< w,

x(m)(t) =g (t,m;, ...,m§m71)> +h (t,x;, ...,mgmfl)) , 0<t<T,

z@(0) = z9(T),i =0,1,....,m—1.
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