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Infinitely many solutions for an elliptic system
with nonlinear boundary conditions *

Julian Ferndndez Bonder, Juan Pablo Pinasco, & Julio D. Rossi

Abstract
In this paper we prove the existence of infinitely many nontrivial so-
lutions of the system Au = u, Av = v, with nonlinear coupling at the
smooth boundary of a bounded domain of RY. The proof, under suitable
assumptions on the Hamiltonian, is based on variational arguments and
on the Fountain Theorem of the critical point theory.

1 Introduction.

In this paper we study the existence of infinitely many nontrivial solutions of
the elliptic system

Au = u, Av =, (1.1)
in  with nonlinear coupling at the boundary given by
0 0
8_:; =H,(z,u,v), 6—2 = Hy(z,u,v), x€0f. (1.2)

Here (2 is a bounded domain in RY with smooth boundary (say C*¢), a% is the
outer normal derivative and H : 92 x R x R — R is a smooth positive function
(say C1) with growth control on H and its first derivatives.

Existence results for nonlinear elliptic systems have received a great deal
of interest in recent years, in particular when the nonlinear term appears as a
source in the equation, complemented with Dirichlet boundary conditions. For
the system (1.1)-(1.2), existence of solutions and of positive solutions, have been
proved in [9] under similar assumptions on the Hamiltonian H that we made
here. See also [10] for an existence result for (1.1)-(1.2) without any variational
assumption on the nonlinearities. For this type of results in the semilinear case
see, among others, [1, 2, 4, 5, 7, 12] and the survey [3].

This work is inspired by the articles [1] and [8] where the authors study

—Au = Hy(z,u,v)
—Av = H,(z,u,v),
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142 Infinitely many solutions for an elliptic system

with Dirichlet boundary conditions in Q C R", a smooth bounded domain.

The crucial part in the nonlinear boundary conditions case, is to find the
proper functional setting for (1.1)-(1.2) that allows us to treat our problem vari-
ationally. We accomplish this by defining a selfadjoint operator that takes into
account the boundary conditions together with the equations and considering
its fractional powers that satisfy a suitable “integration by parts” formula. For
the proof of our multiplicity result we use a Fountain-type theorem (see [17]) in
a version due to Felmer and Wang [8] (see also [1]).

Let us now state the precise assumptions on the Hamiltonian H.

Hypotheses on H:
|H (z,u,v)| < C (JufP™ + [T +1), (1.3)
and for small positive r, if |(u,v)| < r, then
H (2, u,0)| < C (Jul + |v]?), (1.4)

where the exponents satisfy p+1>a>p>0and g+ 1> (> ¢g > 0 with

1>1+1 (1.5)
oa B’ '
D q q p+1 p q+1 1
E <1l4+—-—, 1.6
maX{a+,8 i+l a ptr1 B } TN -1 (1.6)
p qg+1 qg p+1
— = <1 and —=——<1. 1.7
p+1 g+1 « (1.7)

If N > 4, we have to impose the additional hypothesis

(1.8)

{p q g p+1 D q+1} N+1
max M 5 M 2

a B g+1 a p+1 B (N-1)

On the derivatives of H we impose the following conditions
|%—Ij(x,u, v)| <O (|ulp + |v|PlatD)/(p+1) 4 1),
B (z,u, )] < € (Jul 1 @D/ 4 [o]g 4 1)

And for R large, if |(u,v)| > R,

10H

H
_— [ > .
- (z,u,v)u + (z,u,v)v > H(x,u,v) >0, (1.10)

G Ov

We also impose the following symmetry condition

H(z,u,v) = H(z,—u, —v). (1.11)
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Remark 1.1 (1.5)-(1.8), imply that there exist s and ¢ with s+t =1, s,¢ > 1/4
such that

a—p>1 25 —1/2 ,B—q>1 2t —1/2

« 2 N-1' B8 ~2 N-1°
_p(q+1)>l_2s—1/2 1_q(p+1)>l_2t—1/2
Bp+1) " 2 N-1~ alg+1) - 2 N-1~

Remark 1.2 When o = p+ 1 and § = ¢ + 1, conditions (1.5), (1.6) and (1.8)
become

1 n 1 -1 1
p+1 g¢g+1 N-1

1> if N > 4.

_|_
< _
PS5

Remark 1.3 We observe that from (1.10), it follows that (see [6])
|H (z,u,v)| > e (Ju]* + |v]?) - C.
The main result in this paper is the following Theorem.

Theorem 1.4 Assume that H : 90 x R x R — R satisfies (1.8)-(1.11). Then
there exists a sequence of nontrivial strong solutions {un, v, } to (1.1)-(1.2) such
that

wnllw@tv/@ @) + [[vnllwresn/e @) — 0.

The rest of the paper is organized as follows, in §2 we establish the functional
setting in which the problem will be posed and prove a regularity result for weak
solutions of (1.1)-(1.2). In §3 we prove the main theorem.

2 The functional setting

In this section we describe the functional setting that allows us to treat (1.1)-
(1.2) variationally.

Let us consider the space L?(£2) x L?(92) which is a Hilbert space with inner
product, that we will denote by (-, ), given by

((w,0), 6.9) = [ s+ /6 o,

Now, let A : D(A) C L?(Q) x L?(09Q) — L*(Q) x L2(09Q) be the operator defined
by

9
Au, u |og) = (—=Au +u, 8—;‘),

where D(A) = {(u,u |s0)/u € H?()}. D(A) is dense in L?(Q2) x L*(09).

We observe that A is invertible with inverse given by

AN, 9) = (u,uoq),
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where u is the solution of

—Au+u=f inQ,

g—z =g on 9Q. (2.1)

By standard regularity theory, see [11, p. 214], it follows that A~! is bounded
and compact. Therefore, R(A) = L?(Q2) x L?(0N) thus in order to see that A
(and hence A1) is selfadjoint it remains to check that A is symmetric [15, p.
512]. To see this let u,v € D(A) and by Green’s formula we have

ou Ov
Au,v :/ —Au+uv—|—/ —vz/u—Av—i—v +/ u— = (u, Av);
< > Q( ) aq On Q ( ) o On < )

therefore, A is symmetric. Moreover, A (and hence A~1) is positive. In fact, let
u € D(A) and using again Green’s formula,

(Au,u)z/(—Au—l—u)u—i—/ @uz/ |Vu|* +u? > 0.
Q 00 On Q

Therefore, there exists a sequence of eigenvalues (A,) C R with eigenfunctions
(¢, n) € L%(Q) x L2(09) such that 0 < A\ < Xy < ... <\, < ... S 400 and
¢n € HQ(Q)a ¢n |BQ: wny

—A¢p + ¢p = Anpp  in Q,

aa;?]” = A\¢n  on 0fd. (2.2)

Let us consider the fractional powers of A, namely for 0 < s < 1,

A% D(A%) = LA(Q) x LA(99), with A=Y X\an(én, ),

n=1
where u = > an(dn, ¥n). Let E* = D(A®), which is a Hilbert space under the
inner product
(’U,, ¢)Eb = <Asu7 AS¢>
Note that E* C H?%(Q2). In fact, if we define A; : H2(Q2) C L*(Q) — L*(Q2) by
Aju = —Au+u,
and As : H2(Q) C D(As) C L?(09) — L2(09Q) by

ou
Agu = &4
2U 87]7

then A = (A1, Ay) satisfies
A=A |('u.,u) u € D(A1) N D(As2),

and hence ~
A® = A° |(u,u) u € D(A]) N D(A3).
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As D(A;) = H?(Q2) C D(Az) we have, D(A3) C D(A$), therefore
E® = D(A®) = D(A)).

Now, by the results of [16, p. 187] (see also [13], [15]), as € is smooth, it follows
that ES = D(A$) C H*(Q).
So we have the following inclusions

E* < H*(Q) — H>*"Y2(8Q) — LP(3Q).
More precisely, we have the following immersion Theorem,

Theorem 2.1 Given s > 1/4 and p > 1 so that % > % — % the inclusion

map i : E* — LP(9R) is well defined and bounded. Moreover, if above we have
strict inequality, then the inclusion is compact.

Let us now set E = E° x E* where s+t = 1, s,t given by Remark 1.1 and
define B: Ex E — R by

B((u,v), (6,9)) = (A%u, A"p) + (A°¢, A'v).

F is a Hilbert space with the usual product structure, and hence B is a bounded,
bilinear, symmetric form. Therefore, there exists a unique bounded, selfadjoint,
linear operator L : E — FE, such that

Now we define
1 1
Q(z) = iB(z,z) = §(LZ,Z)E = (A%u, A'v).
The following Lemma gives us a characterization of L,

Lemma 2.2 The operator L defined above can be written as

L(u,v) = (A5 Alv, A7t A%u).

Proof. Let z = (u,v), n = (¢,%) and Lz = (w,y). Then we have
(Lz,m)e = (w,9), (6, ¥)E = (w,9) B + (y,9) B = (A°w, A°¢) + (A'y, A¥Y).
On the other hand
(Lz,m)g = B(z,m) = (A%u, A')) + (A%¢, Av).
Now if we take 1) = 0 we obtain,
(A*w, A%¢) = (A'v, A%9),

then
(Asw — Alv, A%¢) = 0.
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As A% is invertible, it follows that ASw = A'v and hence w = A~*Atv. Analo-
gously, y = A"t Asu. O

Next, we consider the eigenvalue problem Lz = Az. Using Lemma 2.2 we
can rewrite this as

A7 A = M, AT A%y = Mo,

where z = (u,v). As A® and A! are isomorphisms, it follows that A = 1 or
A = —1. The associated eigenvectors are

for \=1, (u,A"'A%u) VYu € E*,
for A\ = -1, (u,—A"'A%u) Vu € E*.

We can define the eigenspaces

Et ={(u,A7"A%u) : u € E5},

E = {(u,—~A~A%) : u € E°), (2:3)
which gives the natural splitting
E=Et®E". (2.4)

By (1.3), Remark 1.1 and Theorem 2.1 we can define the functional, H :
EF —Ras

H(u,v) = H(z,u,v).
19)

Proposition 2.3 The functional H defined above is of class C' and its deriva-
tive is given by
H(wo)od) = [ Hiouoo+ [ Hizuow,
oQ oQ

Moreover, H' is compact.

Proof. From (1.9) we have

I8

By Holder inequality and Theorem 2.1 we have

I8

In a similar way we obtain the analogous inequality for H,,.

Thus H' is well defined and bounded in E. Next, a standard argument gives
that # is Fréchet differentiable with H’ continuous. The fact that H’ is compact
comes from Theorem 2.1 (see [14] for the details). O

OH

—(z,u,v)p §C/ ulP + |plPlarD)/(p+1) 4 ).
7 ( >] (el 1o )19

o | <l

1 1
e+ ol 1) g

Es-.

ou
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Now we can define the functional F : E — R as
F(z) = Q(z) — H(z). (2.5)

F is of class C'! and in the next section we prove that it has the structure needed
in order to apply the minimax techniques.

Let us now give the definition of weak solution of (1.1)-(1.2).
Definition 2.4 We say that z = (u,v) € E = E¥x E" is an (s, t)—weak solution
of (1.1)-(1.2) if z is a critical point of F. In other words, for every (¢,v) € E
we have

(A%u, A') + (A°¢, A'v) — | Hu(z,u,v)¢ — [ Hy(z,u,0)p =0. (2.6
o o0

Now, we prove a Theorem that gives us the regularity of (s, t)-weak solutions.
In [9] Theorem 2.2, it is claimed that (s,t)-weak solutions of (1.1)-(1.2) are
strong solutions. However, the proof given there only shows that they are weak
solutions in the following sense

/ VuVeo + ugp — H,(z,u,v)p =0,
Q a0

/ VoV +vp — H,(z,u,v)p =0,
Q a0

for all smooth ¢, .

Theorem 2.5 If (u,v) € E¥ x E' is an (s,t)-weak solution of (1.1)-(1.2) then
u € Whieth/a(Q), v € WhHPHD/P(Q) and (u,v) is in fact a weak solution of

(1.1)-(1.2).
Proof. Let us first consider ¢ = 0 in (2.6), then

(A%, A'v) — | Hy(w,u,v)¢ =0, (2.7)
o0

for all ¢ € E*. If we take ¢ € H%(Q), we have

(456, 4%) = (a6) = [ (o ap+ [ Fo (2.8)

On the other hand, using (1.9) we find
H,(z,u(z),v(z)) € LPHD/P(9Q).

Then from basic elliptic theory (see [11]), there exists a function w € Wb Q)
such that

Aw=w in Q,

ow
an = Hy(z,u(x),v(x)) ondN.
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Now, integration by parts gives us

0
0= /(—Aw +w)p = / w(—A¢ + @) —|—/ w—d) — H,(z,u,v)¢. (2.9)
Q Q aa  On o0
Combining (2.7),(2.8) and (2.9), we obtain
0
-4 = [(-u)-Bo+9)+ [ (w-u)gE =0,
Q 0 on

from where it follows that v = w. We argue similarly for w. O

3 Proof of Theorem 1.4

In this section we present an abstract theorem from critical point theory from
[8] (see also [1]), that provides us with infinitely many critical points. Next,
we prove that it can be applied to our functional setting stated in the previous
section.

Let E be a Hilbert space with inner product (-,:)g. Assume that E has a
splitting £ = X @Y where X and Y are both infinite dimensional subspaces.
Assume there exists a sequence of finite dimensional subspaces X,, C X,Y,, C Y,
E, = X, Y, such that U2 E, = E. Let T : E — E be a linear bounded
invertible operator.

Let F € CY(E,R). Instead of the usual Palais-Smale condition we will
require that the functional F satisfies the so-called (PS)* conditions with re-
spect to E,, i.e. any sequence z; € E,, with ny — oo as k — oo, satisfying
f|/Ek (2x) — 0 and F(zx) — c has a subsequence that converges in E.

Then we define the basic sets over which the linking process will take place.
For p > 0 we define

S=8,={yeY|l|lylle = p}
and for some fixed y; € Y with ||y1||z = 1 and subspaces X; and Xo, we
consider
X @ span{y1 } = X1 & Xo.

Without loss of generality we may assume that y; € X5. Next, we define for
M,oc >0

D= Dyo = fo1 +22 € X1 8 Xo| 21]l5 < M, [laa]ls < o).

Now we can state our abstract critical point result whose proof can be found
in [8]:

Theorem 3.1 Let F € C'(E,R) be an even functional satisfying the (PS)*
condition with respect to E,,. Assume that T : E,, — E,, for n large. Let p > 0
and o > 0 be such that o||Ty1||g > p. Assume that there are constants o < f3
such that

inf F>a, sup F<a, sup F <

SNEn T(0DNE,,) T(DNE,)

for all n large. Then F has a critical value ¢ € |a, ().
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Next, we show how the functional setting introduced in §2 can be applied in
Theorem 3.1. Let ¢, be the eigenfunctions defined in (2.2). We define

E, = span{¢1, ..., dn} x span{¢1, ..., dn}

and it is easy to see that U2, E,, = E.
Next, we prove that F satisfies the (PS)* condition with respect to the
family F,.

Lemma 3.2 The functional F satisfies the (PS)* condition with respect to E,

Proof. Let (zx)x>1 C En, be a sequence such that

F(zx) > c and F

En, (Zk) — 0. (31)

Let us first prove that (3.1) implies that (zz) is bounded. From (3.1) it
follows that there exists a sequence ¢ — 0 such that

|F' (zi)w| < egl|w|| g, Yw € E,, . (3.2)

Let us take
af 1

wi = ((wi)1, (Wg)2) = a——f—,ﬁ(auk’ %vk), where z;, = (ug, vg).

Now, using (3.1) and (3.2), for k large,

c+ 1 +5]€H’wkHE
> Flzk) — F(zk)wk

= (Aup, A'v) — [ H(z,up, o) — (A%up, A'(wy)2)
B

_<As(wk)17Atvk>+ Hu('rvukvvk)(wk)1+ Hv(w,Uk,’Uk)(’wk)g
o0 o0
B

1 1
= _Hu T, Uk, Vg )Uk + _H’U T, Uk, Vk )Vk - H X, Uk, Vk
O [ v+ S H e — H )

+ (aof/@ — 1) ” H(x,ug,vg).

Now, by (1.10) and (1.5) we obtain C(1 + ||zx||&) > [5q H (2, ur, vx), and then,
by Remark 1.3,

/ el + o l® < O+ ke + ogll0)- (3.3)
onN

Next we consider w = (¢,0), ¢ € E;, . From (3.2) we have

Es-.

(A%, Aloy) < /69 |Hy (2, ug, vr) @] + exl|¢|
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Now, by (1.9)

/ |Hu<x,uk,vk>¢|<c</ |uk|p|¢|+|vk|f’%|¢|+|¢|>.
oN oN

Using Holder inequality the last term is bounded by

q+1
kI o 191, 225 (o + Hvk||LZ+£1)Q Kl LA o0 + 9l a0)-

Now, by Theorem 2.1 and Remark 1.1, we get that the last equation is bounded
by

k2 o o 1911 + [0els5 a9l + 1611
Thus,
[(A%¢, Alu)| <

e (Fk oy + ol +1)
By duality (A® in invertible over E®) we get
focller < € (unlEoom, + oy +1)- (3.4
Analogously, we obtain
q
ol <€ (onlony + sl iy +1) (3.5)

Now combining (3.3), (3.4) and (3.5), we obtain

+1
el - + el e < e (nukn”/a ol 4 oell 42+ s 1) ,

and as all the exponents are less than one, we get that z; in bounded.

Now, by the compactness of H' and the invertibility of L we can extract
a subsequence of z; that converges in E. In fact, we can take a subsequence
2k, that converges weakly in E, as H' is compact, it follows that H'(z,) con-
verges strongly in E. Hence, using the fact that F'(zx;) — 0 strongly and the
invertibility of L, the result follows. |

Now we define the splitting of E,,. Fix k € N and for n > k let

Xp=(Bf @ ©E,)®(Ef @ 0E ) and Y, = (B & & E),
(3.6)
where EJ” = span{(¢;, A" A*¢;)} and E; = span{(¢;, —A"'A°¢;)}. By (2.4)
we have F,, = X,, ®Y,.

Lemma 3.3 There exist ai > 0 and pi, > 0 independent of n such that for all

n>k
inf  F(z) > ag

2€8,, NYy

where S,, ={y € E* | |yl = pr}. Moreover, oy, — o0 as k — oco.
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Proof. We first recall that by Theorem 2.1, E® is embedded in L7(9) for

any 7 € [1, 2¥=2] hence there exists a = a(v) such that

s for all u € E°.

lullL~ a0y < allul

AlsoforzeE,j@'HEBEf@---Wehave

Izl = AP 2 Lagany

with A\ — o0 as k — oo.
Now consider z = (u,v) € Y;,. For a constant a independent of n, we observe
that there exists k£ > 0 such that

+1 2/k (2N—=2)/[(N—4s)r']
”u”ip-f-l(ag) < HUHL2 ) H HL(2N72)/(N745)(6Q) W” |
Analogously, we obtain
a +1
||U|\Lq+1 o) < WHUW
A

for some 6 > 0.
Then for z = (u,v) we have

a
J«z)Z|u|%—w7<AmmB¢bmn@ﬂ@2w}nwxﬂv|%“,|v|?*}+1>
k

max{p—i—l,q—i—l} min{s,t} min{2/k, 2/6}
k

Then we choose pj,
as k — oo.
Therefore, for z € S,, NY,, we find that
F(2) > - C. (3.7)
Defining «y, as the right hand side of (3.7) and noting that both pi and ay are
independent of n > k we complete the proof of the Lemma. O

Next we define, for z = (u,v) € E

and observe that pr, — oo

T,(z) = (o* tu, 0" ) (3.8)
where p and v are such that
1 1
g L
a p+1 8 v+1’

a and [ are given by (1.4).

Lemma 3.4 There exist By, > 0, o, and My, > 0 independent of n such that
for all m > k they satisfy o, > py,

sup F <0 and sup F <0k
T,, (0DNE,) T, (DNE,)

where

D={z€E @B & L |[7| <M, [z7] <or}.
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Proof. Let us consider z = Ty (u,v) with (u,v) € D. Then we can write
z = (oh~tut ov"twt) + (o#1u~, 0% tv™). Using the definition of Q and the
spaces Et and E~ we have

Q(z) = o (|l = 127 ]1?).

On the other hand we have that
H(z,z)dS > C (/ oDt oy |+ P Dot 407 dS — |8Q|> .
le) o0

The functions uT and v~ can be written as
k k
ut = Z 0 and u- = Z%(bi +a,
i=1 i=1

where %~ is orthogonal to ¢;, i = 1,...,k in L?(Q) x L?*(09Q). Using Holder
inequality we get

k
SOXNTHO 4+ 0v) = (whuT, A )
=1

IA

[u® 4+ u™ || Lo x Lo (00) HAs_tqu”LEX’(Q)XLQ’((?Q)‘
Then there exists a constant C} such that
k
S OXTHO? 4 0ii) < Crllut + uT || pe@)xze@o) I L2 @) xr200)- (3:9)
i=1
In a similar way, using that v* = A*"fu™ and v~ = —A* "'y~ (see (2.3)) we
have that there exists a constant C} such that

k
Z ATHOF = 07i) < Crllv™ + 07 |zsayxrsoolut 2200y (3.10)
=1

Depending on the sign of Zle APy we use (3.9) or (3.10) to conclude that

lut|lz2@)xr200) < Ckllu® + u™ || Le(@)xL=(09)

or
™[l L2y <2 09) < Ckllv™ +v7 s (@)« 1800
and hence
F(z) < o 2(|lz11% — Cro® ™ Vlut |22 gy x £2(a0) + C109
or

F(z) < UMJHHQ(”ZJF”?E - Ckaﬁ(yil)HquHﬁz(Q)xLz(aQ) + C[09.
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Thus we may choose ||21| g = oy large enough in order to obtain oy > pi and
F(z) <0. Then taking ||27|| < ox and ||z~ || = My, we get

F(z) < a,’;+"_2 (0,% — M,?) + C|09Q|

and then choosing M}, large enough we find that F < 0. In this way we have
finished with the proof of the first part of Lemma 3.4. Then we choose G so
that the second inequality holds. O

Proof of Theorem 1.4: For a given k > 1, Lemmas 3.3 and 3.4 allows us to
use Theorem 3.1. As a consequence the functional F has a critical value ¢ €
[k, Br]. Since ap — oo we get infinitely many critical values of F. Therefore
we have infinitely many solutions of (1.1)-(1.2).
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