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Generalized boundary value problems for
nonlinear elliptic equations *

Laurent Véron

Abstract

We give here an overview of some recent developments in the study of
the description of all the positive solutions of

—Au+ |ul"tu =0 (1)

in a domain 2 where ¢ > 1.

1 Introduction

Given a partial differential equation in a domain Q of RY a natural question is
to find a way to describe all its solutions by means of their possible boundary
value. For example, if Q is smooth, any nonnegative harmonic function u in
Q admits a boundary trace which is a Radon measure p on 092 and the Riesz-
Herglotz representation formula holds,

u(z) = /6 Pla)du(y) (2)

for any = € Q, where P(x,y) is the Poisson kernel in . If Q is not smooth, the
Poisson kernel is replaced by the Martin kernel and a representation formula
holds.

This article is concerned with is the description of the positive solutions of
(1) and this study is known as the nonlinear trace theory. A description as
in the linear case is still far out of reach, but thank to the works of Le Gall
[24, 25, 26], Marcus and Véron [28, 29, 30, 31, 32|, Dynkin and Kuzneztsov
[11, 12, 13, 14, 15] this program is now well advanced. In this survey I want
to present the historical progression which led to the nonlinear trace problem,
and in particular present the preliminary works of Gmira and Véron (1989-
1991) [17] dealing with the measure boundary data and the isolated boundary
singularities, the question of existence and uniqueness of the large solutions in
particular in non-smooth domains and the role of the Borel measures and the
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314 Generalized boundary value problems

boundary capacities framework for representing all the positive solutions. We
shall also give applications to conformal deformations of hyperbolic space.
The associated boundary value problem (or generalised Dirichlet problem)
is the following,
—Au+ |u[97tu =0, in €,

u = g on 0}, (3)

where g may be a function (regular or not, a Radon measure, a generalized

Borel measure).

2 The regular non-linear Dirichlet problem in
regular domains

By using convex analysis, LP and Schauder’s regularity theory of elliptic equa-
tions, it is classical that for any g in C%(9€2) there exists a unique u in C%*(£2)
solution of (3). The extension to merely integrable boundary data is due to
Brezis [4]

Theorem 1 Assume g € L'(9N), then there exists a unique function u €
LY(Q) N LY(Q, podz) , where po(z) = dist(z, 0Q such that

/ (—uAC + Ju| 'u() do = —/ —gdHN_1 (4)
Q a0 OV
V(¢ € Cé’l(Q), Moreover the mapping g — uw = P3(g) is increasing and
l[ur = U'QHLl(Q) + llpa (h(u1) = h(uz)) ||L1(Q) < Cllgr - 92HL1(69) (5)
where u; = Pd(g;), 7 =1, 2 and h(r) = |r|9" r.
In this statement, dH N _1 de_notes the (N — 1)-dimensional Hausdorff mea-
sure. Notice also that ¢ € Col’l(Q) = |¢{(z)|] < Cpa(x), which gives its meaning

to the condition u € L1(Q, padz). The key point in Brezis proof is the following
result

Lemma 1 For any (f,g9) € L*(Q, padx) x L1 (0Q) there erists a unique v €
LY(Q) such that

B o¢
_/QvAgdac —/Qfgclan—/aQ —8ngHN_1 (6)
V¢ e Col’l(Q). Moreover, if ( >0,

—/Q|U|A§dac+/m%|g|dHN_1 g/ﬂfgsign(v)dx M)

and the same estimate holds if one replaces |v| by v;.
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3 The a priori estimate of Keller and Osserman

One of the most striking aspects of the equation (1) is the fact that all the
solutions are locally uniformly bounded. More precisely, by using suitable local
radial supersolutions of (1), Keller [20] and Osserman [34] proved independently
that there always holds

lu(2)] < C(N, g)pa(a)*/ 0. (8)

One of the important consequence of this inequality consists in the construction
of positive solution of (3) with a boundary value g belonging to C(9%; [0, o¢]).

Theorem 2 Let Q) be a Lipschitz bounded domain. Then for each g in
C(09;]0,00]), there exists at least one solution of (3).

Proof. For any positive integer k let ug be the solution of

—Aug + |u|,* ug =0, in Q,
ug = gr = min(k, g) on 99,

By the maximum principle, the sequence {uy} is positive and increasing. More-
over it is locally bounded thanks to (8). Therefore it converges to some solution
wof (1). If zp € 09 is such that g(zg) < oo, then the continuity of g and
the elliptic equations boundary regularity theory imply that the set of functions
{ur} remains equicontinuous in some neighborhood of zy. Consequently the
limit function u achieves the value of g in a relative neighborhood of g on 92.
If g(xzo) = oo, then {ug(zo)} is not bounded from above.

The Lipschitz regularity assumption can be relaxed and replaced by the
Wiener regularity criterion. The problem of uniqueness remains open up to 1993
when Kondratiev and Nikishkin [21] discovered that there may exist infinitely
many solutions in the framework of boundary data in the class of continuous
functions with possibly infinite value. This will be completely understood in
the framework of the boundary trace theory.

4 Measure boundary data

In this section € is a smooth bounded domain. The Poisson formula which
expresses the Poisson potential of a boundary Radon measure is the following

Pu(z) = / P, y)duy) (9)

The first extension of Theorem 1 to measure boundary data, is due to Gmira
and Véron [17] for the existence part (1989-1991) and Marcus and Véron [31]
for the stability part (1996).
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Theorem 3 Suppose that 1 < ¢ < (N +1)/(N — 1), then for any p € M(99)
there exists a unique u € L*(Q) N LIY(Q, podzx) such that

o,

o O (10)

/ (—uAC + [u| ) do = —
Q

V(¢ € COI’I(Q), Moreover the mapping g — u = P(p) is increasing. If pn
converges weakly to p when n goes to infinity, u, = P3(un) converges to u =
P& (n), locally uniformly in Q.

Proof. Uniqueness follows from estimate (5). The proof of existence relies
on the following well-known estimates on the Poisson kernel: there exists C' =
C(€) > 0 such that

Clp(@)e —y| ™" < Pla,y) < Cpla)le —y| ™"
for all (z,y) € Q x Q. Consequently

IPC)llir) < Bpa VI<p<N/(N-1) Vyeod,
1P Lo (upaa) < Epo VI<p < (N+1)/(N—-1) VyeoQ.

Let {gn} C L'(09) such that g, — p in the sense of measures, and set u,, =
P&(gn). From the maximum principle,

_PgE SU”SPgI'

Since

Pg?f = /69 P(x7y)grzi:(y)dHN*17

we take f € LP' () with p’ = p/(p—1) and 1 < p < N/(N — 1), and we have

/ P () f(x)dz / P, 1) () dHx 1 () f (2)de
Q Q Jon

/m (/Q P(x,y)f(x)dx> 9= (y)dHy_1(y)

< KP7Q||f||LZD(Q) /69 gf(y)dHN_l(y)
This implies
Hng HLP(Q) < KPﬂ”ger[”Ll(aQ) <K. (11)
Similarly
* + *
Hpﬁ LP (Q;pda) < Kp,ﬂHgn HLl(aQ) < K7, (12)

for 1 <p< (N+4+1)/(N—-1). If we take ¢ < p in (11), and 1 < p in (12),
we deduce that {u,} and {|u,|? 'u,} are uniformly integrable and therefore
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weakly compact in L'(Q) and L'(£; pdx) respectively. From the Osserman-
Keller estimate {u,, } remains also locally uniformly bounded in §2 and by Ascoli’s
theorem there exist a sequence {uy, } and a C?(Q)-function u such that u,, — u
locally uniformly and weakly in L!(£2). Moreover [un, | un, — |u|?™ " u weakly
in L'(Q; pdz). Letting n — oo in the next exprssion

_ ac
_ q-1 - _ >
/Q ( unkAg + |u|nk unkg) dx /69 8VgndeN—17

yields to (10).

The stability result is proved by the same device. If p, — p weakly in
M(0R) , it remains bounded in the total variation norm and therefore { P, }
remains bounded in LP*(Q) N LP2(Q; pdz) for any 1 < p; < N/(N — 1) and
1<py <(N+1)/(N—1). Since |P3(pn)| < P, |, the needed compactness in
order to let {n;} in

¢

—d .
o0, O My,

[ (Zm A+ [ i) dr =
Q
Therefore the full convergence result follows from uniqueness.

Remark. The problem (3) may not have a solution for any measure when
g > (N+1)/(N —1). For example there exists no solution if y = J, for some
a € 092. The full treatment of the solvability of (3) is now well understood
thanks to the works of Dynkin and Kuznetsov ((N +1)/(N —1) < ¢ < 2), Le
Gall (¢ = 2) and Marcus and Véron (¢ > 2). This treatment involves the notion
of removable sets which are associated to Bessel capacities. It will be presented
in Section 9.

Remark. A more elaborated analytic tool (weighted Marcinkiewicz spaces)
allowed Gmira and Véron [17] to prove an existence and uniqueness result for
the general problem

—Au+g(u) =0, in Q,

u = p on 0, (13)

where g is continuous and non-decreasing, u € M(99), and

/ |9(Plu)|p(z)dz < oo.
Q

By a solution we mean an integrable function u defined in {2 such that g(u) €
LY(Q; pdzx) which satisfies, for every ¢ € Cy'(Q),

[ (usc gz = [ Zocan (14)
Q 19]

Qal/

The above integrability condition appears to be more general, however in the
particular case where g(r) = r|r[9=1, it may not be satisfied even with y =
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hdx € L'(09Q) when ¢ > (N + 1)/(N — 1). It is then natural to isolate the
singular part of the measure by writing the Lebesgue decomposition

B = ps + 1R

where pg is the regular part (with respect to the (N-1)-Hausdorff measure), and
1ts, the singular one. If g satisfies a As-condition,

lg(r +7") < 0(lgl(r) + lg(r"))

for some 6 > 0, whenever rr’ > 0, Marcus and Véron [41](1996) proved the
existence of a solution (always unique) under the mere condition

/ |91(Py ;) p(z)da < oo.
Q

The case of the exponential is different. For example if g(r) = €2" the existence
of a solution of (13) is insured if, for some p € (1, o0], there holds

exp(2P,,) € LP/(P=1)(9Q), (15)
exp(2ur) € LP(09).

This was obtained by Grillot and Véron in 1997 [18].

5 Isolated singularities

As we have seen it above, if 1 < ¢ < (N+1)/(N —1) and a € 09, for any k > 0
the function uy,, = P3(kd, is a solution of (1) which vanishes on 9Q \ {a}.
Moreover, when k increases, it is the same with uj,. From the Osserman-
Keller estimate, this sequence is locally uniformly bounded in Q , therefore it
converges to some positive solution 4, of (1). By using some local estimate on
the boundary it can be checked that {uxq} is equicontinuous on any compact
subset of Q. Therefore ue, o vanishes on 9Q \ {a}. This function v 4 is a
solution of (1) has the maximal blow-up rate at a among the solutions vanishing
on N\ {a}. As for the behaviour of ug, near a it can be obtained from
perturbation theory, since the blow-up estimate on Poisson’s kernel yields to

0 < PL(ké,) < Pps, = kPs, = kP(x,a),

that is
0 <upq <Cklz— a|_NpQ

Finally it is possible to prove that the non-linear term is negligible near a in
some sense and

lim Uka
z—a P(m,a)

(16)

Always in the range 1 < ¢ < (N +1)/(N — 1), the function 4, has a much
stronger blow-up than uj,. The precise expression of this blow-up is made
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clearer by introducing spherical coordinates centered at a. In fact there exists
a unique function w defined on the half unit sphere S iv ~1. the equator of which
belongs to the plane T,012 tangent to 0€) at the point a, such that

lim |z — a*’ " Vg o(2) =w ((z — a)/|z — al) . (17)

r—a
Moreover U o is the unique solution of (1) vanishing on 9Q\ {a} which satisfies
(16) with k = oo.
The following result due to Gmira and Véron [17]asserts that the behaviours
(16) and (17) characterise all the isolated singularities of the solutions of (1)
which coincide on 99\ {a} with a continuous function h € C(9).

Theorem 4 Suppose 9 is smooth, a € 00, 1 < g < (N +1)/(N —1), and
u e C(Q\ {a}) N C?(Q) is a positive solution of (1) in Q which coincides with
h on 0Q\ {a}. Then

(i) either u = PA(h), and u is regular in Q;

(ii) or there exists k > 0 such that u = Pi(h + kd,) and u = uyq in the
sense of (16);

(iii) or u = P(h + 00d,) = limg oo u = P3(h + kdy) and u = ueo,q in the
sense of (17).

Remark. It is always possible to assume that w vanishes on the boundary
except the point a. Actually, if it is not the case, it follows by the maximum
principle that there exists a solution @ of (1) vanishing on 9Q \ {a} and such
that

u(z) — @(2)| < sup [h(y)l, Vo Q.
yEeON

Remark. The above classification can be extended to changing sign solutions
when (N +2)/N < ¢ < (N+1)/(N —1): in case (ii) there is no sign restriction
on k, and in case (iii), we have either u & Uso,q O U & —Uco,qg-

Sketch of the proof of Theorem 4. The full proof is highly technical,
therefore we shall restrict ourselves to the case where 0f2 is flat near a. By scaling
and translating it can be supposed that a = 0 and 92 D TodQN{z : |z| < 1} We
shall not impose the positivity of v in order to see at what level this condition
versus (N +2)/N < q< (N +1)/(N — 1) appears. Let (r,0) € Ry x SV~1! be
the spherical coordinates, then u solution of (1) satisfies

N -1 1
Orpt + ——0ru+ S Agn-1u = lu|9 (18)
r T

in (0,1] x S¥~!, and vanishes on (0,1] x 9SY~'. Setting ¢t = In(1/r) and
w = r2/(@=Yy, then w is bounded and it satisfies

Auw + By nOw + Agn—1w + ag yw = |[w| w (19)
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in [0,00) x SY !, where

qg+1 2 2q
—29" . _Nandayy= — (2L _nN).
/B‘LN q—]. and g, N q—l (q—l

Since w is bounded in [0,00) x S¥ ! and vanishes on [0,00) x dSY ™1, it fol-
lows from the regularity theory of linear elliptic equations that Vg@f w remains

uniformly bounded for any || + |3 < 3 (here Vg is the covariant derivative
symbol). Multiplying (19) by d;w gives

dE
2 _
/Bq,N /Si’—l(atw) do = i (20)
with
1 1 Qq,N 1
FE = i <§|VS”U}|2 —+ p +1 |w|q+1 _ q2 |’U.)|2 _ 5(8{[1})2) do
+

But B4,n # 0 since ¢ # (N +2)/(N — 2). Since E is bounded,

/ / (Opw)*dodt < oo. (21)
o Js¥!

By differentiating (19) with respect to ¢ and multiplying by 0w, there also

holds -
/ / (Onw)?dodt < oo, (22)
o Jsi—!

and by using the previous regularity estimates and (21), (22), it follows
lim O;w = lim dyw =0, (23)
t—o0 t—o0

in L2(SY ') and actually uniformly on S . Consequently, the w-limit set
of the trajectory 7 = [J,>o{w(t,.)} is included into a non-empty, compact and
connected component of the set

S = {go € C2(SV ) Agv-rp+agne =0l o in SY L o =0on asf*l}

1I-Iffagyn < N-1= /\1(Sf_1), which is equivalent to ¢ > (N +1)/(N — 1),
S is reduced to the zero function. This is easily done by multiplying by ¢, and
integrating over S iv -1

2- If 2N = )\Q(S_;,]Y_l) < ag,n < A1, which is equivalent to (N + 2)/N < ¢ <
(N +1)/(N — 1), the set S, besides the zero function, contains two nonzero
elements, w and —w, which keep constant sign ((w > 0 for example), and are
rotationally invariant.

3-Ifl<g< (N+1)/(N-1) SNnC2((SY 1) ={0,w}
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It follows that either if w > 0 or if (N +2)/N <q < (N +1)/(N — 1), the
function w admits a limit £ at infinity, and ¢ € {0, w, —w}.

If £ = 0 a fine analysis similar to the one performed by Chen, Matano and
Véron [7] yields to the existence of some & > 0 such that

lw(t, o) < Ce =t

for t > 0. This type of estimate is not easy to obtain. It is obtained by
contradiction and the fact that either aq n is not an eigenvalue of —Ag in
VVO1 ’2(S iv ~1), or, if it is, the equivariance properties of w are not compatible with
the ones of the element of ker(—Ag — oy nI). From this follows an improved
estimate of the following type

lw(t,o)| < Cmin(e™ %t N -1-2/(a=1)t)

where 0 = (N, ¢q) > 1. This estimate is of linear type and easy to obtained by
a representation formula. Since 6, a final estimate of the type

lw(t,o)| < CeN—1=2/(a=1)t

is derived in a finite number of iterations. The projection of w onto ker(—Ag —
(N —1)I) yields to the existence of some ¢ € ker(—Ag — (N — 1)I) such that

lim /@ D=N+Dty ¢ ) = ()

t—o0

in the CQ(Sf_l—topology. Finally, if ¢ = 0, comparison of u with +eP(.,0)
implies that v is actually the zero-function.

Remark. If the assumptions on ¢ and the sign of u are relaxed, the only
thing which can be proved is that the limit set of the trajectory 7 is included
into a connected component of the set S. However, in such cases exept for the
constant-sign solutions, and the zero function, the connected components of S
are continuum. Therefore it is not possible to assert that w converges precisely
to a particular element.

6 Large solutions

Let Q be a domain with a compact boundary. By a large solution of (1) we
mean a positive solution u such that

lim u(z) = oo. (24)

p(x)—0
Since it is classical to approximate 2 by an increasing sequence (2,, of smooth
subdomains, on each of them we can construct a positive solution u,, of (1) in
Q, with infinite value on the boundary , we obtain a decreasing sequence of
solutions of (1), each of them dominating in §2,, any solution u of (1). Therefore
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the sequence {u,} converges to the maximal solution @g of (1) in © (this is
essentially the results of Keller and Osserman). The questions which are raised
are therefore

1- Existence of large solution or, equivalently, is the maximal solution a large
solution? This question is linked to the regularity of 0fQ.

2- Uniqueness of the large solution.
The first question which is a problem linked to the regularity of 92, and it has
been solved in the case ¢ = 2 by Dhersin and Le Gall [8] , by probabilistic
methods. If a € 99, they proved that a Wiener-type criterion at the point a,
associated to some Bessel capacity is a necessary and sufficient condition for the
existence of a solution u of (1) such that

ilir}l u(z) = oo.
Their methods heavily relies on probability theory and the question remains
open to cover the full range of exponent ¢ > 1. The following easy to prove
result is essentially due to Marcus and Véron [28] (although not explicitely
written in this reference, it clearly corresponds to their cone condition with
dimension 0).

Theorem 5 Suppose 1 < ¢ < N/(N — 2), then there exists a large solution of
(1) in Q.

Proof. At every point a € 99 the maximal solution @ constructed above is
bounded from below by the explicit positive singular solution U, of (1)

2+ Ug(z) = af/§ Dz — o079, (25)
Notice that the existence of U, is insured by the positivity of og, n, which is
equivalent to 1 < ¢ < N/(N — 2).

When g > N/(N — 2) large solutions may exist provided 0 satisfies some
weak geometric constraint. For example Marcus and Véron [28] proved

Theorem 6 Suppose 1 < g < (N —1)/(N — 3), and Q satisfies the exterior
segment property, then there exists a large solution of (1) in Q.

The exterior segment property asserts that there exists € > 0 such that, for
any a € 0§, there exists a segment I, , C Q¢ with length € and a as one of its
end-points. It is also proved in [28] that if ¢ > N/(N — 2), the blow-up rate of
the maximal solution may be much weaker than the one given by (25).

The first result of uniqueness of the large solution are due to Iscoe [19],
Bandle and Marcus [1, 2] and Véron [42]. The technique used by Bandle and
Marcus or Véron needs a C2-regularity of OQ and relies on a precise blow-up
estimate of any large solution u at the boundary, namely

lim p?/ @Y (z)u(z) = C(q) >0 (26)
p(x)—0
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From this estimate and the maximum principle it follows

u<(1+¢e)a inQ,

if w and @ are two maximal solutions, and this holds for any € > 0. Letting
¢ — 0 and exchanging the role of u and @ implies u = @. The result of Iscoe,
only stated in the case ¢ = 2 gives uniqueness without the possible existence in
the case where () is star-shapped with respect to some point, say 0. It use the
equi-variant properties of equation (1)under the transformation

u > uy, where u(z) = k¥ Yuy(kz), Yk > 0.

If w and @ are two large solutions in €, then uy, is a large solution in € = k~1Q.
If k> 1, Qp C Q and therefore up > 4. Letting k¥ — 1 and exchanging again
the role of v and 4 implies uniqueness.

In 1995 Marcus and Véron [28] proved a uniqueness result extending Iscoe’s
one to a wide class of domains

Theorem 7 Suppose 0N is locally the graph of a continuous function, then
there exists at most one large solution of (1) in Q.

The proof of this result is not easy. The key point is that the assumption on
0f) implies that any two large solutions u and @ satisfy
u(z) _

p(x)—0 ’LL(.'ZJ) ( )

Finally, in 1997 Marcus and Véron [29] introduced a new technique for prov-
ing uniqueness of a wide class of solutions of (1) with positively homogeneous
boundary data. In the case of uniqueness of large solutions, their results is the
following

Theorem 8 Suppose 1 < q¢ < N/(N — 2) and 9 = 0Q°, then there erists
exactely one large solution of (1) in Q.

Proof. The meaning of positively homogeneous boundary data is that they
are unchanged by any multiplication by positive real numbers: they take only
two possible values, 0 and oo. Existence of the maximal solution agq follows
from Theorem 5. Let u be another large solution and assume u # @g. Then
u < uQ.

Step 1 There exists a constant K = K(N,q) > 1 such that

<K, Vreq. (28)

Since 92 = 9Q¢; for any a € 05, there exists a sequence {a,} C Q¢ such that
a, — a when n goes to infinity. Because u blows-up on 99 and the explicit
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Uy, <win Q. If z is any point in €, let a € 9Q such that po(x) = |z — a|. Then

solution U,, (defined in (25)), is finite, U,, < w, and letting n go to infinity,

w(@) = Ua(w) = ay {0 Vle = a0 = agnpff 0 (@).
But, by the Keller-Osserman estimate (8),
fo(2) < Cla. N2/ 0=
tug(z) < C(g, N)pg ().

Consequently (28) holds with K (N, q) = C(q, N)/aéfjs,q*l)).
Step 2 End of the proof. Set

Because of Step 1,
L + L <w <
9 Tog )T

which implies in particular that w blows-up on 0€2. Moreover

Aw— 1_|_i u‘]_iﬂ‘]< 1_|_i u—iﬂ q_wq
- 2K 2K — 2K 2K B

which means that w is a super solution for (1). Since (1 + 5% )u is a subsolution,
there exists a large solution u; of (1) which satisfies

1+1 <u < d @ >1+1(‘ )
5 2Ku u; < U an uQ — Uy = oK ug —u

in Q (see [35] for an a proof of this classical result under these conditions).
Iterating this process, we consruct a sequence {u,} of large solutions of (1),
which always satisfy ug = u,

uUQ S K’Ltn,

and

1 1 _ 1 _
§+ﬁ Up—1 < Up < Up—1 and Ug — Uy > 1+ﬁ (B — Un—1)-

Consequently

_ 1\"
ug—un2<1+ﬁ> (i — u).

Because g — u is locally bounded in 2, we derive a contradiction by letting n
go to infinity.
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Remark. It is clear that uniqueness cannot hold if @ = QUF, where F = {a;}
is finite. In that case, 9Q = 0Q U F and a large solution « of (1) in  may have
a weak blow-up such as

u(z) = clz — aj|27N(1 +o(1)

for any ¢ > 0 near a; (we assume N > 2, the cases N = 2,1 needing only very
minor modifications). However, it has been noticed by Chasseigne and Vazquez
[6] that a large solution w is unique if one imposes the strongest blow-up on 912,
that is

lim p(z)N~2u(z) = oco.
p(z)—0

7 The boundary trace

For simplicity of exposition, in the next sections, we shall restrict ourself to
the case where Q = B = {z € RY : |z| < 1}, although all the results we
shall propose extend to a C? bounded domain. We recall that (r,o) are the
spherical coordinates in R . It is classical, and easy to check, that every positive
harmonic function u in B possesses a boundary trace given by a positive Radon
measure g € M(0B) which is attained in the sense of weak convergence of
measures:

lim u(r,o)((o)do :/ C(o)dp (29)

r—1 SN-1 SN-—-1

for every ¢ € C(SN~1) and u = P,. In this writing, we identify B and SN~1.
The trace result is still valid if harmonic is replaced by super-harmonic [9] and
a representation formula holds. Moreover, the positivity assumption on u can
be replaced by an integrability condition such as Au € L'(B; (1 — r)dz) and in
that case the boundary trace is a general Radon measure on 0B.

The existence of a boundary trace for positive solutions of (1) is due to Le
Gall in 1993 [24, 25] when ¢ = 2. Actually, in this pioneering work, Le Gall gives
a probabilistic representation of any positive solution of (1) in this case. The
notion of trace that we present is due to Marcus and Véron [29](1995); it is a
purely analytic presentation and is extendible to a wider class of nonlinearities.

Theorem 9 Suppose ¢ > 1 and u is a positive solution of (1) in B. Then for
any w € OB we have the following alternative.
(i) Either for every relatively open neighbourhood U C OB of w

lim [ u(r,o)do = oo, (30)

r—1 U

(i1) or there exists a relatively open neighbourhood U C OB of w such that for
every ¢ € C=(U)

tim [ u(r,0)¢(0)do = (), (31)
U

where £ is a positive linear functional on C=(U).
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If V is an open domain of SN ~1, we denote by ¢y the first eigenfunction of —A
in Wy2(V) with the normalization condition

=1
max gy

The corresponding eigenvalue is quoted Ay , and if the relative boundary of V'
is C?, the Hopf lemma applies with vg the normal outward unit vector to V
(tangent to SNV—1),

dpv

8—1/S<0 on OV.

Lemma 2 Let V be an open domain of SN~ with a C? boundary, u a positive
solution of (1) in B and o > (N +1)/(N — 1) . Then we have the following
dichotomy.
(i) Either

1
/ / ulpy (1l — r)rNdrda = o0,
0o Jv

. o _
}1_}1% V(unpv)(r, o)do = oo,

and in that case

(ii) or
1
/ / uleS (1 — r)rVdrdo < oo,
0o Jv
and in that case, for any C? function on V which satisfies
I < ket and [AC] < kgl (32)

for some k > 0, the following limit exists

lim [ wu(r,o)Cdo = £((),

r—1 v

and the mapping ¢ — £(C) is a positive linear functional defined on the subset
of C? functions which satisfy (32).

Proof. Step 1. There holds
I, = / | AN 1o |7 oael D g o
v
From Hopf boundary Lemma
ev(o) > Cy dist_y_, (0,0V)
for any o € V, where dist_, , is the geodesic distance on SN=1 and C; > 0.

Since
_ _ 2
ATy = —adv el +ala — )8 % Vey |7,
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then /(q—1) (2=2)/(a-1)
A3 1 < 0 i (V)Y

and finally
‘Ag—1¢$|l1/(q*1)<p‘—/qa/(q—1) < Oy (diStsN—l (. 8V))q((a*2)*a)/(q*1) '

But @ > (N +1)/(N — 1), and the claim follows follows.

Step 2 Reduction of the equation. We shall assume N > 2 | the case N = 2
requiring only minor technical modifications. We transform the equation (18)
satisfied by v in polar coordinates by setting

FN-2
el and u(r,0) = r2 Nu(s, o),
and we get
0%v 1
2 N/(N—-2)— _
s @-FMASN—VU—KS /( ) 997 =0, (33)

n (0,a) x SN~ where K = K(N) > 0 and a = (N —2)~! , from which follows

d2 1
2 « a N/(N—-2)—q q, .
55— vpy-do + ™ )2/11 sN-1py,do s /v pydo

We set
X(s) :/ vppdo  and Y (s) = (/ v%o{‘}da) .
1% %

Since, by Hoélder’s inequality and Step 1,
Y(s) < 137 (s),

it infers
(i) X"+ JY — KsN/(N=2)—aya >

(i) X" —JY — KsV/(N=2)—aya < (34)

where J = I*~1/4(N —2)72.

Step 3 End of the proof. Case 1: suppose fol fV ulp (1 — r)r¥drdo = oo.
Since (34-i) implies
X" >AY?-B
on [a/2,a), where A > 0 and B > 0 do not depend on s, a double integration
gives
S

X(s) = X(a/2) + (s — a/2)X"(a/2) + A/ (s — 7)Y9(r)dr — B(s — a/2)%/2,

a/2

and lim X (s) = oo, which is assertion (i).
s—a
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Case 2: suppose fol [y ui¢$ (1 — r)rNdrdo < co. Then f;/2(a —s)Yds < oco.
Moreover X" < AYY? + B, and

% (X(S) -f—A/S (s —7)YYr)dT — g(s _ a/2)2> <0,

a/2

which infers that s — X (s) admits a finite limit at infinity. If ¢ is a C%-function
satisfying (32), we set X¢(s) = [i, v¢do and derive

stQXC + ! / vAgn-1{do — KSN/(N_Q)_‘I/ v4{do =0 (35)
ds? (N =22y g v

from (33). But

/ vAgx-1(do
”

1/q ) 1-1/q
<k (/ v%p‘{}da) (/ @37 q/(ql)da>
1% v
/ vi(do
v

(a —s)ds < o0, /a

and

<k / vipydo.
v
Consequently

/ / vAgn-1(do / vi{do
a/2 |JV \%4

Integrating twice the equality (35) implies that s — X¢(s) admits a finite limit
at infinity and this limit depends linearly of (. moreover it is nonnegative if
such is the case of {. We call this limit ¢(¢).

a

(a — s)ds < o0.
/2

Proof of Theorem 9. If w € SN~ and there exists an open neighbourhood
V such that Lemma 1-i holds, there existence of a nonegative Radon measure
wy such that

lim [ u(r,0)C(o)do = /V ¢du V¢ € Co(V) (36)

r—1 v

If such a neighbourhood does not exist, we are in case (i).

Let R be the set of the w € SV~! such that (ii) holds; R is relatively open
and there exists a unique (non-negative) Radon measure p such that py = py .
The set S = S¥~1\ R is closed.

Definition. The couple (S, u) is called the boundary trace of u. The set S is
the singular part of this trace and the measure p on R, the regular part of the
trace. We denote

trop (u) = tr(u) = (S, p).
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For convenience it is often useful to introduce the Borel measure framework.
Actually there is a one to one correspondence between the family C'M of couples
(S, 1) where S is a compact subset of §¥~! and y a positive Radon measures on
R = SN~1\ S and the set B;,(SV 1) of outer regular, positive Borel measures

on SN If B € B}, the singular set R and the singular part Sz are defined
as follows:

Rs = {w e SN~ JU rel. open neighborhood of w s.t. B(U) < oo},

S5 = {w € SN VU rel. open neighborhood of w s.t. B(U) = oo}.
The correspondence CM « B, (SN~1) is given by

reg

M((S, 1)) = fi where i(A) = { Q?EEF?SQ#RQ}, (37)

for any Borel subset A of S™V~1, and

MTY(B) = (S5, Bry)- (38)
With this correspondence, we denote

Tr(u) = M(tr(u)) € B

reg

(SN?l)v

and a more general formulation for (3) is therefore what we call the generalized
Dirichlet problem, namely

—Au+u?=0, in B,
Tr(u) = € B, (SV1).

reg

(39)

The problem is completely different according 1 < ¢ < (N + 1)/(N — 1) (the
subcritical case) or ¢ > (N +1)/(N — 1) (the supercritical case).

8 Generalized Dirichlet problem: the subcriti-
cal case

The following estimate links the local integral blow-up estimate corresponding
to singular boundary points and pointwise blow-up estimate.

Theorem 10 Suppose 1 < ¢ < (N +1)/(N — 1), u is a non negative solution
of (1) in B with tr(u) = (S,p) and w € S. Then

7141_}1111 u(r,w) = oo,

and more precisely
u(z) 2 Uy(z), vz € B, (40)

where Uy, is defined in (25).
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Proof. A scaling-concentration argument is used. Since w € S, for any n > 0

lim u(r,o)do = oo,
r—1 D,,](u.))
where D, (w) = {0 € SN-1: dist, (0,w) < n} We recall that ug(z) =

k?/(a=Yy(kz), and uy, is a soluton of (1) in By, = k~'B. For 0 < e < 1 we
denote

M., = / u(l —¢,0)do.
Dy (w)

For m > 0 large enough and n small enough there exists ¢ = £(n,m) > 0 such
that m = M, ,. Let xp, () be the characteristic function of the set D, (w) and
wy be the solution of (1) in B with boundary value u;—.(1,.)xp, ). Clearly
wy < up—.. Since lim,_,0 & = 0, then lim, o w, = PZ(mdy,) = Um, . Moreover
lim._,o 41— = u. Therefore uy, , < u, for any m > 0, which implies (40).

Remark. The proof below cannot work in the supercritical case, and actually
the result does not hold as we shall see it below.

It is proved by Le Gall [24, 25] in the case N = 2 = ¢, and by Marcus and
Véron [29] in the general case, that the boundary data problem (39) is well
posed. The method of Le gall is mainly a probabilistic one while Marcus and
Véron use only analytic tools.

Theorem 11 Suppose 1 < ¢ < (N 4+ 1)/(N —1). Then the correspondence
u +— Tr(u) which assigns to each nonnegative solution u of (1) in B, its boundary

trace in B, (SN™1) is one to one.

Since the proof is long and very technical, we shall only give a sketch of it,
pointing out the main steps.

Lemma 3 There exits a minimal solution ug ,.

Sketch of the proof. Let {yr}ren be a dense sequence in S and
S.={ocesVN ! dist  , (0,8) < e}
We set
n
B, = ”Z 5% + Xsg,, K-
k=0

Since the closure of Sf In is a compact subset of of S¢, B, is a bounded Radon

measure. By comparison principle and Theorem 3, the sequence {u,,} = { P} ()}
is increasing. Moreover, it follows from Lemma 1 and Theorem 10 that if u is
any solution of (39), then u,, < u. When n — oo, u,, increases and converges to

the minimal solution ug .

Lemma 4 There exists a mazimal solution Us ;.
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Sketch of the proof. We denote by 7i,, the Borel measure with singular
set Sy/, and regular part p, = Xs5,, M Since T, is the increasing limit of the

sequence of Radon measures {g, 1} defined by
gnk = kx3,,, + X35, M

we first construct the solution %, r = Pg(gnk) of (1) and after (as k — oc0)
a solution @, of (39) with Tr(w,) = &,. Moreover the sequences {u,} is non-
increasing, and, if w is any solution of (39), then @, > u. When n — oo, u,
decreases and converges to the maximal solution us .

Lemma 5 There always holds

Us,p =~ Us , < US,0 — Us o

Sketch of the proof. For r;s > 0 set

rd_g4 .
if r #£ s,

d(r,s) = { T—s

gs? ! ifr=s.

By convexity,

{ To > S0, T1 > S1

> .
r1 > 109, S1 = S0, } = ‘I)(T'1781) = @(To,so)

We set (with the notations of Lemmas 3-4)

Uy = Uy, and U, =Upy,
and
Zpp = Unyp — Uy, and Ay = @(Un 0y, ,)-
Then
AZp = AnuZnp

and

A(Zn,u - Zn,O) - )\n,p,(Zn,u - Zn,O) = ()\n,u - )\n,O)Zn,O'
Since

Unyp 2 Uy s Unyp 2 Un,o  ARd Upn,0 = Uy, gy Uy, = Uy o)

An,u = An,o. Therefore
A(Zn,y — Zno) — My (Zny — Zno) > 0.
Moreover Z, ,, = Zn,0 on 0B. Therefore
Zny < Znp in B.

Actually an approximation argument is needed to take into account the fact
that the solutions have infinite values in S;,,. Conclusion follows by letting
n — 0o.

Lemma 6 There exits L = L(N,q) > 1 such that

HS,O < Lﬂs,o-
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Sketch of the proof. Case 1 Suppose w € S. Since
Uu(r,w) < ugo(r,w) <Tso(r,w) < up(r,w)
where g is the maximal solution of (1) in B, and
Uo(r,w) =2 K(N, q)up(r,w),

the estimate holds.

Case 2 Suppose w € R. The way for obtaining this estimate is a bit more tech-
nical, however, if we assume that B is replaced Rf and 0B by the hyperplane
H =RY~1, the argument goes as follows. By a change of coordinates, it can be
assumed that 0 = w is the origin. Let D, C H be the largest open (N-1)-ball
with center 0 such that D, C R (p is finite since S # (), and let a € 9D, N S.
If we denote = = (21, ') the current point in R, x RV~1, then

Uso,w(1,0) < ug o(21,0) < Us,o(21,0) < Upeo(z1,0).
In order to estimate the bounds of the quotient

uoo,w(xla 0)
@peo(21,0)’

Qp(r1) =

when 1 runs from 0 to oo, a scaling argument shows that it can be assumed
that p = 1. For small values of z; the lower bounds is positive and given by
Hopf’s lemma, while for large values of z1, the lower bound follows from the
fact that T
lim 27"

JJim Uoo,w(71,0) = w(z1/]21]),

(in this formula w(.) is the spherical function defined in (17)) while

1/(g—1)
o 2/ D _ (20¢+D)
A 21 g (@, 0) = ((q— 1)2 '

Consequently there exists Ly > 0 such that
Us,0(r1,0) < Lug o(z1,0).

In the real situation where we are dealing with B and not with Rf , we proceed
by contradiction and scaling, reducing the situation to the half space case.

Proof of Theorem 10. It follows the proof of Theorem 8 (in a simplified way).
By Lemma 5 it is sufficient to prove uniqueness in the case where tr(u) = (S, 0).
Assuming that

Ug o # Us,0 = Usg < Us,0,
then

1

W= Ug g — E(ES,O —Ug )
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is a supersolution of (1) dominated by Ug o, but dominating the subsolution
(1/2+1/(2L))ug o- Therefore there exists a solution @ of (1) such that

1 1 5
(5 + ﬁ)ﬂs,o Su S w<Ugg.

It follows that tr(@) = (S, 0), which contradicts the minimality of ug ¢.

9 Generalized Dirichlet problem: the supercrit-
ical case

As we have seen it in Sections 3-4, neither any Radon measure, nor any closed
subset of B are eligible for being the regular or the singular part of the bound-
ary trace (S, u) of a positive solution of (1) inB. Roughly speaking, a Radon
measure is admissible if it does not charge too thin sets, while a closed subset
is admissible for being a singular set if it is not too ramified. Moreover there is
a compatibility requirement between & and u. Those different notions will be
made rigourous with the help of boundary Bessel capacities. The results that we
present are due to Le Gall [25] in the case ¢ =2, Dynkin and Kuznetsov in the
case 1 < g < 2[11, 12, 13]and Marcus and Véron [32]in the case ¢ > 2. Because
of the technical difficulties of the various aspects of the theory of supercritical
boundary trace we shall essentially restrict ourself to present the main results
in the case ¢ > 2, with some ideas of how to obtain them. Up to now a unified
proof covering all the cases ¢ > (N +1)/(N — 1) is still missing.

Removable sets

Defintion. (i) A subset E C JB is said g-removable if any non-negativefunction
u € C%2(B)NC(B )\ E) which satisfies (1) in B and vanishes on 0B \ E is iden-
tically zero.

(ii) A subset E C OB is said conditionally g-removable if any non-negative
function u € C?(B) N C(B\ E) which satisfies (1) in B and vanishes on 0B\ E

is such that u € LY(B; (1 — r)dx).

The main result concerning the removability of set is the following

Theorem 12 Assume g > (N +1)/(N —1) and E C OB is a Borel set. Then
the following assertions are equivalent.
(i) E is g-removable
(ii) E is conditionally g-removable
(i) Cajq. (E) = 0.

Moreover an arbitrary set A C B is g-removable if and only if every closed
subset of A is g-removable.

In the statement of the Theorem, Cy/4 ,(E) denote the Bessel capacities of
order 2/q and exponent ¢. In the space R? the Bessel capacities Cy, ,(E) (o > 0,
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1 < p < 00) is defined by

Ca,p(E):inf{/ fPdx: f >0, Ga*leonE}
Rd

where G, denotes the Bessel potential of order a. Another way to define ca-
pacities is to use Besov spaces. For h € Lp(Rd) 0O<a<landl<p,q< oo,
put
—d/g—
T2A(R)(t) = [t~ Rt + ) = Bl o

for t € R? and denote
BrA(RY) = {h e LP(RY) : T2(h) € LY(R%)},
with norm
Al gp.a = Il Lo + ITNE(R) 1
When o =1, T?%(h) is replaced by

TPI(h) = 6T At + ) + A=t + ) = 2h() | o

When « > 1 the spaces are defined by induction. From this spaces (which
coincide with the classical Sobolev spaces when « is not an integer and p = q),
we define the capacity of a compact subset E € R? by Cpra(E) by

Cpra(E) =inf {||fllgra: f€SRY), f>1o0nE}.

The Cpgr.a-capacity of an open set is defined by the supremum of the capacities
of its compact subsets, and the capacity of a general set by the infimum of the
capacities of the open sets in which it is contained.

When a > 0,1 < p < o0, and p < d/a the following equivalence holds: there
exists K = K (d, p,a) > 0 such that for any subset of R,

K™ 'Cqp(E) < Cppo(E) < KCqp(E).

On a submanifold of R, the capacity is defined by using local charts.

In the forthcoming lemmas, we give the strategy for proving Theorem 12.

Lemma 7 Suppose that ¢ > (N +1)/(N — 1) and let E C OB be compact and
such that Cy/q o (K) = 0. Then K is conditionally g-removable.

Sketch of the proof. In the case ¢ > 2 Marcus and Véron [32] proceed as
follows: If n € C%(dB) is such that 0 < n < 1 is identically 1 is a neighborhood
of K set ( = (1— Pn)Qq/gol, where ; is the positive first eigenfunction of —A
in WO1 2 (B). Then it is proved by approximation that

/ (—uA¢ +ui)dz = 0. (41)
B
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From (41) and Holder’s inequality,

1/q 1/q’
q q —q'/q q
/Bu ({dx < </Bu Cdm) </BC |AC] da:> .

Using sharp regularizing estimates of the Poisson potential,
[ cimag de < Cullhwarar + Ca
B

From the assumption on K, there exists a sequence of functions 7, € C?(9B)
such that 0 < n < 1 and |9kl yy2/0.0 — 0 as & — oco. Since this implies in
particular that 1 — P,, — 1, it follows

/ ulprde < Oy,
B

which implies the claim.

Lemma 8 Any conditionally g-removable closed subset E C 0B is q-removable.

Proof. If F is not g-removable, there exists a nonnegative nonzero solution
u of (1) vanishing on 0B \ E. Therefore T'r(u) is a Borel measure which is
zero outside E. Since E is conditionally g-removable, u¢ € L'(B; (1 — r)dz).
Therefore the singular part of the boundary trace of u is empty and

Tr(u) = p € M4 (0B).

For n > 1, 4, = nu is a supersolution of (1) with boundary trace nu. Therefore
there exists a nonnegative solution u, of (1) such that Tr(u,) = nu, and in
particular

dp1

dp
OB 81/

/ (Mup, + ud)prde = —n
B

Letting n — oo implies that the increasing sequence {u,} converges to some
solution e in B with Tr(us) = 0 outside E. Moreover,

/ (Moo + ul)prdz = co = / ul prdr = co.
B B

This contradicts the fact that ud, € L(B; (1 —r)dz) because E is conditionally
g-removable.

Remark. It is clear that if a subset E € 0B is g-removable, it is conditionnaly
g-removable.

By sharp linear estimates on the Poisson potential, the following result holds

Lemma 9 Suppose q > 2, then p— Pp(u) maps M (0B)NW ~2/949(dB) into
Li(B; (1 — r)dz), and there holds

||Pﬂ||Lq(B;(1_r)dw) < C(Q)||M||W—2/q,q(33)-
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As an important consequence we have

Corollary 1 Suppose ¢ > 2 and p € M (0B) N W=2/29(dB). Then there
ezists u = PR(u).

Proof. By Lemma 9, P, € LY(B;(1 — r)dz). For k > 0 we denote {u} the
solution of

—Auy, + (minwug, k)2 =0, in B,

u = pon OB,

Clearly u; < P, which implies that the sequence {(minuyg,k)?} is uniformly
integrable in L'(B; (1 — r)dz). When k increases, uj decreases and converges
to some u which belongs to L'(B) N LY(B; (1 — r)dz). Letting k — oo in the
weak formulation (which is valid for every ¢ € Cy"'(B))

a

/ (—urAC + ((minug, k))dz = — [ ~2dp,
B B ov

infers that u = PA(p).
From a dual definition of the C/, ,-capacity of a closed subset £ C 0B,
follows the implication

Coq,¢(E) >0= 3pc MynN W=2/%9(9B) s.t. u(E) = w(dB) > 0.  (42)
Consequently there holds

Lemma 10 Suppose ¢ > max(2,(q+1)/(q—1). If E C 9B is closed and such
that Co,q.4(E) > 0, then E is not conditionally g-removable.

Proof. By Lemma 9 there exists y € My N W~2/99(9B) such that u(E) =
w(0B) > 0. By Corollary 1, u = P} (u) exists and tr(u) = (0, 1), which implies
in particular that u vanishes on OB\ E.

The proof of Theorem 12 is completed by the next result whose proof is too
technical to be presented here.

Lemma 11 A set A C OB is g-removable if and only if every closed subset of
A is g-removable.

g-traces

Definition. A Radon measure y on 0B is called a g-trace if there exists a
solution u of (1) such that u = PZ(n). The set of g-traces is denoted by
M1(IB).

The main result concerning g-traces is

Theorem 13 Assume ¢ > (N +1)/(N —1). A measure u on OB is a g-trace
if and only if for any Borel subset A C OB

p(A) =0 whenever Cy/q 4 (A) =0. (43)
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Besides what has been proved in the preceding subsection, the two next
lemmas are needed, which both are mere adaptations of results of Baras and
Pierre [3], and Meyers [33].

Lemma 12 Let u € MNW~2/993B). Then p does not charge the sets with
Cy 4,4 -capacity zero.

Lemma 13 Suppose p € M1 (0B) does not charge the sets with Cs 4 o -capacity

zero. Then there exists a sequence {i,} C W2/94 (dB) N M*(0B), such that
{un} converges in increasing to p.

Sketch of the proof of Theorem 13. We shall restrict ourselves to the
cases ¢ > 2 and the measures are nonnegative, the general case needing some
approximation argument. Let u € MY (0B) and E C 9B be a Borel subset such
that Cy /4,4 (E) = 0. Set ugp = xgp. Since 0 < ug < p, the construction given
in Corollary 1 yields pug € M2 (9B) and P} (pug) < Ph(p). But Cy/q 4 (E) =0
and Theorem 12 implies that E is g-removable. therefore P}(ug) = 0 and
consequently pg = 0.

Conversely, let ;1 € M™(0B) which does not charge the sets with Cy/q ¢~
capacity zero. Then there exists an increasing sequence of positive measures
{pn} belonging to W~2/9:9(9B) and converging to y. Then p,, € M%(0B), and
the sequence {u,} = {P}(pn)} is increasing and converges to some u. Moreover

9¢1

/B(Alun+u%)¢1dx:— o

dpn,. (44)
Because the right-hand side of (44) is convergent, the same holds for the left-
hand side (by the Beppo-Levi theorem). Therefore u € L(B, (1—r)dz)NL'(B),
which is sufficient to derive that u = PZ(u) from the weak formulation of the
fact that u, = PZ(pn).

The generalized Dirichlet problem

Given a Borel measure i € B}, (0B) with M~ (i) = (S, ) € CM, we recall
that

S. ={oec SN dist SN=1.8) <¢}.

SN—l(
and
He = XscH-

Let us, be the maximal solution of (1) in B with tr(us.) = (Se,0). Because of
the construction it is easy to see that

0<e<d=us. <us,.

When ¢ — 0, us, converges locally uniformly in B to a nonnegative solution u*
of (1). Let S; be the singular part of the boundary trace of u*. Clearly S; C S.
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If R=0B\R and p € M4 (R) is such that ux = xxp is a g-trace for
any compact subset K C R, we denote ux = P(ux). If K, is an increasing
sequence of compact subset of R such that |J K,, = R, the sequence {ug, } is
increasing and converges to a solution @ of (1). Let 9,8 be the singular part of
the boundary trace of @. Again it is easy to verify that 9,5 C S.

The following result is the main result concerning the solvability of (39) in
the supercritical case.

Theorem 14 Assume ¢ > (N +1)/(N —1) and let i € B/, (0B), with regular
set R = Ry, regular part p = fyr, and singular part S = Sy = OB\ Ry. Then
problem (89) possesses a mazimal solution Gy if and only if the following two
conditions are satisfied:

(i) For every Borel subset A CR, Cy/q.q(A) =0 = u(A) = 0.

(i) S = 8 U,S.

We shall not give the proof, although it is interesting to note that a key
inequality which give the condition (ii) for solving (39) is the following

max(4,u*) < up <u+u”, (45)
in which formula v* and @ have been defined above.

A striking difference between the subcritical case and the supercritical case
is the loo of uniqueness. It was first proved by Le Gall [26] in the case ¢ = 2 and
then by Marcus and Véron [32] in the general case ¢ > (N 4+ 1)/(N — 1) that
there may exists infinitely many solutions of (39) with a given singular trace.
In particular, for every v > 0, there exists a solution u, with tr(u,) = (0B,0)
and such that u,(0) < y. Moreover, by sharpening the construction of the u,
it is proved in [32] that for any € > 0 there exists a Borel subset A C 0B with
meas(0B \ A) < e and a solution u of (39) such that Tr(u) = (0B,0) and
}Eu(r, o) = 0 for every 0 € A. This clearly indicates that the formulation

of boundary traces in terms of the usual topology on dB is not sufficient to
describe the variety of phenomena which may occur at the boundary and that a
sharper notion is needed. A first and important step towards this direction has
been made by Dynkin and Kuznetsov [15][22, 23] in a series of recent papers. In
these works they introduce a topology thiner than the usual one in R? and they
introduce a new class of problems in which some uniqueness is proved. However
the problem of finding The notion of boundary trace which gives rise to a one
to one and onto correspondence between the set of all positive solutions of (39)
and their boundary trace is still open.

Conformal deformations of hyperbolic space

The problem of conformal deformation of Riemannian metrics is one of the most
interesting field of applications of semilinear elliptic equations. We perform the
identification of the hyperbolic N-space HY with (B, gz), where

9 2
gu(z) = (1_7|x|2> n(z)
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with n;; = 6;;. Given K € C*°(B) with N > 2, three classical problems arising
from conformal geometry are the following

I- Does there exists a positive function v on such that the metric g, = v
has scalar curvature K 7

II- Is g, a complete Riemannian metric ?

ITI- If so is v unique in the class of complete Riemannian metrics conformal to
gg with scalar curvature K ?

4/(N—-2)

It is classical that the function v satisfies
OnAv 4 K(z)pW+H2/N=2) =0 in B (46)

with Oy = 4(N — 1)/(N — 2). This problem has been thoroughly studied by
Loewner and Nirenberg [27](1974), Ni (1982), Aviles and McOwen (1985-1988)
and more recently (1993-94) by Ratto, Rigoli and Véron [35]. An interesting case
which is associated to supercritical trace problems occurs when K is nonpositive
(at least near OB ). The completeness assumption means that the geodesic
distance from inside up to the boundary is always infinite, which in this case is
equivalent to

/ o D/2( (1)t = o0 (47)
0

for any v € C%1([0,1]; B), with v([0,1)) C B, and (1) € dB. This means that
v has some kind of blow-up near 9€). Many existence results concerning this
equation have been proven. Some uniqueness results also hold under a strong
blow-up assumption, namely

lim v(z) = oo,

|| —1
and a positivity assumption on K (see [35] for details), but the problem of
uniqueness of v under the mere completeness assumption (47) remains com-
pletely open, even when K = 1.
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