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SYSTEMS OF MULTI-DIMENSIONAL LAPLACE
TRANSFORMS AND A HEAT EQUATION

ALI BABAKHANI & R. S. DAHIYA

ABSTRACT. The object of this paper is to establish several new theorems involving
systems of two-dimensional Laplace transforms containing five to seven equations.
These systems can be used to calculate new Laplace transform pairs. In the second
part, a boundary value problem is solved by using the double Laplace transformation.

1. INTRODUCTION

The two-dimensional Laplace transform of function f(z,y) is defined by Ditkin
and Prudnikov [5] as follows:

oo o0
F(p,q) = pq/ / e PP W f(x,y)dr dy
0 0

and symbolically is denoted by F(p,q) = f(x,y) where the symbol = is called

“operational”. The correspondence between f(x,y) and F(p,¢) may be interpreted
as a transformation which transforms the function f(z,y) into the function F(p, q).
Thus we call F(p,q) the image of f(z,y) and f(x,y) is the original of F(p,q). In
this paper we derive new rules on systems involving double Laplace transformations.
We also solve a boundary value problem.
2. Systems of two-dimensional Laplace transforms.

11
2.1. The Image of G(g;, 7;)-

The six systems of two dimensional Laplace transforms are obtained in this s
ection. Each system contains five to seven equations. These systems can be used
to calculate one of the functions, when the others are known, especially to compute
the image of 2*/2y1/2G (L, ﬁ) when ¢ = —3,£5 and j = £1,43. They are further
used to obtain new Laplace transform pairs. These systems are proved in six

theorems and some typical examples are given after each theorem. The image of
xi/2yj/2G(ﬁ, +) when i = 3 and j = +1, 3 is given by Dahiya [3].
y
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Theorem 2.1. Let
(I F(p,q) = f(=,y)

(I1) ¥(p,q) = —pazy (F(ff)) = af(z,y)
() o(p,q) = —pa 2 (K22 2 yf(a,y)
(IV) ¢(p.a) = pazl; (F22) < ayf(z,y)
(V) G(p,9) = 2yf (VT,\/9)
Then
(pa)'2F (Vb /@) + pa" ¢ (v, /@) + 1?40 (Vb /@) + pay (vP: /)

L1 a1 1 (2.1.1)
o Ag (zy) ¢ (456’ 4y)

Proof. We start from two operational relations

1
p(1+sy/ple VP = 4—533(:_5/26_52/4”3
7r

1 )
14t —t/q - $3075/2—t /4y
q(1 +t\/q)e WA

We multiply together the above equations to get

1 s2 42
—(a:y)f‘:’/z(st)“?’efﬂffﬁ .

Pa(L+ VP)(L+ /e VP VT 2

Now, we multiply both sides by f(s,¢) and integrate with respect to s and t over
the positive quarter plane.

pq/ / (1+svp)(1 +ty/g)e™ VP~V f(s,)dsdt
0 0

;i 75/2/00/00 _2_2_3_2 3

S Ter ) e st (s t)dsdt.

We make the change of variables s = y/u and t = /v on the right hand side to
obtain

pq/ / efsﬁ*tﬁf(s,t)dsdt+p3/2q/ / e SVPTIWasf (s, t)dsdt

o Jo o Jo

+ pg? / / VPNt (s, t)dsdt + (o) [ / ¢ VP IVA(st) (s, 1) dsdt
o Jo o Jo

St [ [ E B o

Finally by using (V) on the right hand side and (I), (II), (III), (IV) on the left hand
side we get

(pa)"*F(/p, V@) + pa" > (/D va) + 2" 2 a0 (D, /@) + pae (VD Q)
1 11
= E(zy) G (4xa 4y> .
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Thus we have the following system of operational relations

F(p,q) = f(z,y) ¢(p,q) = zyf(z,y)
Y(p,q) = xf(2,y) o(p,a) = yf(z,y)
G(p,q) = zyf(Vr,\/y)

K(p.q) = (pg)'*F(/p, V@) + pa" >0 (v, VD) + P20 (/. /D) + patb(v/P: v/7)
= %(wy)’mG (ﬁ %)

and it is always possible to calculate one of the twelve functions, when the others
are known.

Hence by using the above system we can derive twelve rules. For example, we
obtain:

1) the original of the function G(p, ¢) from the original of the function F(p, q)
by replacing = and y by \/x and ,/y respectively, and finally multiplying by
xy.

2) the original of the function F(p,q) from the original of the function ¢(p, q)
by multiplying by w—ly

3) the image of the function zyf(\/z,,/y) from the original of the function
K (p,q) by replacing x and y by ﬁ and 4%1 respectively, and finally multi-
plying by % (pq) /2

4) the image of the function zf(z,y) from the image of the function
£ (zy)732G(£, ﬁ) by replacing p and ¢ by p? and ¢? respectively, then
subtracting pgF (p, ) + pg*o (p, q) + (pq)*¢(p, ¢), and finally multiplying by

1
E.

Example 2.1. Let f(z,y) = yJ2(2\/y), then

p

Fp,q) = ———, q) = 2T 5 p.137
(p.9) (pg +1)2 o(p.9) q(pg +1)3 55 p-157]
 2pq 6p°q
Y(p,q) = TSR e(p,q) = g+ 1)
VT 48pg —16ypg+1 _ 1
Gpa) = g e v

Using (2.1.1) and simplifying a bit, results in

py/q(6pg +4y/pg+1) .. 1 B
\[((\/p_qu\{): )f—ﬂ(4xy—16\/:cy+3)\/§e T O
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Example 2.2. Let f(z,y) = \/z:;TyW then
g p+q+/p?+¢? ,
F(p,q) = Ln [5; p.147]
VPP + @ pta— PP+ 2
b(prq) = r’q Lp+q+\/p +q°
’ (P +¢*)3 p+qg—Vp*+¢? P +‘1
o(p.q) = N S RV G
\/(p2+q2) p+q7\/p +q¢ P’ +q
o(p.q) = 2p%q L p+a+VpP+4? N (p+q)(p* — 3pqg + ¢*)
’ V(p?+¢?) p+q—+/p?+ ¢> (p? +<12)2
T  (p+q+3ypq)
G(p,q) = VT VP [5; p.127]

2 2ypa(Vp+ Va)?

Using (2.1.1) and simplifying a bit, we obtain

pq(2p® + 2¢° + Tpq) VPEVat VP palyPE VAP~ 3VPd + )
(p+aq)P \f+f—\/p+ (p+q)?
1 z+y+3/7y

EENCANCT Vo

Example 2.3. Let f(z,y) = Ln (2% + »2), then

2 2
5pq —p“Ln g —¢°Ln p
F(p,q) =2<F’(1) + 2 ) [5; p. 147]

P’ + ¢
2<F’(1 p(¢> —p*)Ln ¢ — ¢*(p~'¢*> + 3p) Ln p+pg® + p~ q4+ﬂp2q)
p ( +¢2)?
Z(F’(l q(p* — ¢*)Ln p — p*(p°q~" + 3¢)Ln p + pg® + p*q” +7qu2>
q (p +q?)?
2 F’(l (3p* — 6¢> — p~2¢") Ln p+ pq(3¢> — 6p> — p"q~2) Ln ¢
Pq (p? +¢%)3
N —pq(* + )+’ +p ' +47T(pq)2>
(p? + %)
G qB—p'g)np—pB—-pg )nqg+p—q+pt¢* —p¢t | T(1)
p,q) = + .
(g—p)? pq

Using (2.1.1) and manipulating a bit, we get

2/Pa(2p* + 2¢° + 3p*q + 3pg? — pq) + Tpq(3p* + 3¢* + 14pq)

(p+q)?
4¢*\/pq(3p + q)Ln p + 4p*\/pq(3p + q)Ln ¢
- (v +q)? 8V

(x — 3y)Ln (4) + y?(3x — y)Ln (4x) + (v — y)(«?

VTy(r —y)?

-4 22
o

+5?) LY g



Systems of multi-dimensional Laplace transforms 29

Theorem 2.2. Let
(I) F(p,q) = f(z,y) 1) e(p,q) = zyf(z,y) () P(p,q) = zf(z,y)
(IV) olp,q) Zyf(x,y) (V) Gp,q) =zy/?f(V,\/y)

Then
K(p.q) :pl/zq*IF(\/ﬁ, Va) +pg (/D V4)

1/2 71/20(\/— \/a)erq*l/zSD(\/I_?v\/a) (2.1.2)

—3/2 3/2G 1
o 4z’ 4y

Proof. We know that
. 2 2
p(L+syp)e VP = —s's T2 g (1 4 tg)e VA = v’ yilte
T

Multiplying together the above equations, results in
2 t2

P21+ s )L+ e VPV 2 g

If we multiply both sides by f(s,t) and integrate with respect to s and ¢ over the
positive quarter plane, we obtain

o [ / RSN +tﬁ>e*sﬁ*tﬁf<s,t>dsdt

LY 1/2/ / —i=z 4y3 f(s,t)dsdt
which is

pq_m/ / e‘sﬁ"tﬁf(s,t)dsdt+p3/2q‘1/2/ / e *VPTIVIs f(s, t)dsdt
OOO OOO - OOO 0
+p/ / e_sﬁ_t\/&tf(s,t)dsdt—i—p?’ﬂ/ / e SVPTIWA(st) (s, t)dsdt
o Jo o Jo
.1 L
Egra [ [ e S () dude,
8m o Jo

By using (V) on the right hand side and (I), (II), (III), (IV) on the left hand side,
we get the desired result. [

Theorem 2.2 gives a system of six equations (I)~(V) and (2.1.2). For this system
we will formulate twelve rules analogous to those mentioned for the system obtained
from Theorem 2.1. For example, we can derive:

1) The original of the function K(p,q) from the image of the function
zy V2 f(z, \/_ ) by replacing p and ¢ by = and = respectlvely7 and finally
w=3/243/2.

multiplying by 2 =
2) The image of the function 2 —3/2 3/2G(4x, 1;) from the images of the
-2

functions f(x,y),2f(x,y),yf(x,y) and zyf(z,y) by multiplying by pg~?,
p2q~2, pg~ ! and p?q~ ! respectively, then adding them, and finally replacing
p and q by /p and ,/q respectively.
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Example 2.4. Let f(z,y) = FEQG_)H)JQQ(Q\/ y) where Re(2a + 1) > 0, then
pq _ (2a+1)p%g .
F(p.q) = Wa (pq) = (g + )22 [5; p.137]
2 2 1 —1
Vo) = Lot DPE ) = (204 1) B P g

(pq + 1)2e+2’

4 1 —1
G(p,q) = vr Aot )\/p_qg e
491 (20 4 1)ptzge

(pq + 1)2a+3

3

[5; p.144]

Using (2.1.2) and simplifying a bit, we obtain

2 a+1
p((a+1) pq+(2a+3)\/p_q—’—1) i 4 (a_’_l_\/@)xa—%ya—&-le—Q\/ﬁ.
Va(y/pg +1)2e+3 " TRa+ 1)V

Theorem 2.3. Let
(1) Fp.q) = flzy) (1) Yp.q) = zf(x,y) (1) Glp.q) = zf(Vz, /)
Then

00 PF BN 4 PO £ 56 (L) @)

Moreover if we let

(IV)  H(p,q) = xy~'2f(Vz,/Y)

then
PRV =D E S ()
Proof. We have the following operational relations
p(1+ sy/p)e VP = 43/?5 225 (2.1.3)
qe V1 = %ty_?’me kg (2.1.4)
¢H?e VI = %y_lﬂe 1y (2.1.5)

To get (a), we start with (2.1.3) and (2.1.4) and to get (b) we start with (2.1.3)
and (2.1.5). The rest of the proof is similar to the proof of Theorem 2.2. O

We can derive two systems of operational relations in a similar way we did for
the preceding theorem. For each system we can formulate eight rules analogous to
those mentioned for the preceding systems.

Example 2.5. Let f(z,y) = \/x;Tﬁ, then similar to what we performed in Ex-
ample 2.2, from (a) we obtain
pap+a), VP+Vit+tVpta  pa(Vi—Pp)
P Vi vhrd | pid
1 VT +2/y
2\/_ VIY(VT + )
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Example 2.6. Let f(x,y) = Ln(z? + y?), then as we did in Example 2.3, (a)
results in

2pq\/Pq + 2¢*\/pq — 2p*\/Pq Lng — 2q./pq(2p + q)Lnp + wpq(3p + q)

41"(1)\/pq + "
-2 <~T(x —2y)Ln(4z) + y*/In(4y) + z(z — y) — T’ (1)(z — y)z) .
o Vay(r —y)?

Example 2.7. Let f(z,y) = yJ2(2,/7y), then similar to what we did in Example
2.1, from (a) we get

pva(3/pq+1) .2

= —2./T e 2VTY
(\/p—q+1)3 - ﬁ(g 2\/_y)\/§ O

Example 2.8. Let f(x,y) = %Jm(l/w) where Re(2a+1) > 0, then similar

to what we did in Example 2.4, (b) results in

pVa+2(a+1)p¥3q .. 22041
(Vpg+1)2e+2 - /aTl(2a + 1)

(a+1-— w/xy)x“_%y“e_zm. O

We now state four more thoerems. The proofs of these theorems are omitted
because they are similar to the proofs of the preceding theorems. Some examples
are given after each theorem.

Theorem 2.4. Let

(1) Fp,q) = flz,y) (1) n(p,q) = =*f(x,y)
(1) Y(p,q) = zf(z,y) (IV) G(p,q) =z 2 f(x, /).
Then

3p 242 F(\/p, V@) + 30 2% (\/p, V@) + 0~ a *0(/D, Q) (a)
=8 s, ( L L
I ¢ 4’ 4y )
Moreover if we assume
(V) H(p,q) = (zy) 2 f(Vz, /7).
Then

3p 7 F(Vp,v/a) + 32 (y/p. Vi) + 0~ (VP Va) (b)
= 1—:x5/2y1/2H (ﬁ’ %)

Example 2.9. Let f(x,y) = %Jza(%/mﬂ where Re(2a + 1) > 0, then (a)
gives
q(4(a +1)(a + 2)pg + 3(2a + 3)\/pq + 3)
p3/2(\/p_q+ 1)2a+3
4a+1

= vl (2a + 1)

xa+2ya—%e—21/zy. |:|
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Example 2.10. Let

_ .2c1, 2c0 (10, 2la1, @2, ..., Qy
f(z,y) = 2™y~ 2 G, (6(9311) by by, ... bv)
where (u +wv) < 2(i +j), large] < F(i+j—§ — 5) and Re(2c, +be +1) > 0,k =
1,2; £=1,2,...,i. Then
F( ) _ 2201-’1-202 G'LJ 16¢ —c1, —C1 —+ %’ —Cg, —C2 + %7 (au)
D.q ﬂ.p2clq2cQ u+4,v+4 (pq)2 (bv)
’(/}( ) - 2201+2c2+1 G'L»] 16¢ —C1, —C1 — %7 —Cg, —Cg + %’ (au)
P-4 _ﬂp2cl+1q2m utd,v+4 (pq)? (by)
22c1+202+2 . 16 _ 1
1P @) =555 Gua U+4( < AT
mprert2ges ’ (pq)

(bv)

—2c1 + %7 —2co + %7 (au)>
(bv)

—C1 — 17 —C2, —C2 + %7 (au))

_ 1 _ 1 i C
H(p,q) =p > 2¢7222G0, 1 (pq

where (a,) = a1, as,...,a, and (b,) is defined similarly. Hence (b) gives

(3)22c1+2e2 ij 16c| —c1, —c1 + %, —C2, —C2+ %a (ay)
mpert2gez AT pg | (by)
(3)22crf2eatl . 16c| —c1, —c1 — %, —c2, —c2+ 3, (au)
7Tpc1+2qcz u-+4,v+4 Dq (bv)
2201+202+2 2,7 @ —C1 — %7 —C1 — 17 —C2, —C2 + %7 (au)
mpert2ges TR pg | (by)
. 24c1+4c2+2

- _ 1 _ 1
- x2c1+2y2cQG212)v+2 (160(951/)’ : 2c1 + 5, —2c2 + 35, (au) ) .

by)
Recall

F(ap,bq) = f (g g)

2.1.
= (2.1

where F'(p,q) is the Laplace Carson transform of f(z,y). If we use (2.1.6) with
a=>b=4, we get

1 1
—er-2,-es |3y C|=c1, —c1+ 5, —Co, —Cot 3, (ay)
p q { u+4,0+4 <pq (by)
1 1
i ¢l—c1, —¢1— 3, —Ca, —C2+ 3, (au)
+ 6G17] _ ’ 29 ) 29
u+4,v+4 pq (bv)
1 1
i cl—c1—3, —c1—1, —ca, —c2+ 3, (ay)
+4G1,] 29 5 5 29
v \pg| (bo)

. » —2¢1 + 3, —2co+ L, (ay)
s 2c14+2, 2¢ 1, 1 } 2 ) u
= g2ty 2Gu3+2,v+2 (c(my)' (b2) 2 2 . O
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Theorem 2.5. Let
(1) Fp,q) = f(z,y) (1) n(p,q) = 2*f(z,y)

(II1)  ¥(p,q) = xf(z,y) (1V) G(p,q) = 2> f(VT,\/Y).
Then

3(pa) "> F (\/p, /@) + 3pa" >4 (/p. /D) + */ % *n(V/p, VT) (a)
: %x—5/2y—1/2G (%’ %) )

Moreover if we assume
(V) H(p,q) = x>y~ 2 f(\/z, /1)
Then
3p'/2F (yp,v/2) + 300 (/D v/a) + 1**1(\/P, V1) (b)

.. 1 _5/2 1/2 1 1
= — H —_— _
o 27T:E Y 4z’ 4y

Example 2.11. Let f(z,y) = \/%, then from (a), we get
w24y

8p” +8pg +3¢°) VP VA+VPFa  pa(5pya—avb - 4p3/% 4 2¢3/2

(p+q)°/? VP Vi—Vpta (p+q)?
B z%/2(6y/x +16/y + 9)
R AV Y

Example 2.12. Let f(z,y) = yJ2(2,/zy), then (a) gives

3p/a(5pg +4y/pg+1) .. 2 o
= —(4ay — 18/zy + 15 VI O

Example 2.13. Let f(z,y) = M:}Qa 2,/zy) where Re(2a + 1) > 0, then (b
T(2a+1)

gives

pv/a(4(a+1)(a + 2)pg + 3(2a + 3)/pq + 3)
(v/Pgq + 1)2e+3
. 49+3

o (2zy — (4a+ 7)/zy + 2(a + 1)(a+2)z* 2y%e 2V, 0O
T

Theorem 2.6. Let
(1) F(p,g) = flz,y) (1) nlp,q) = 2*fa,y)

(1) P(p,q) = xf(x,y)  (AV) &(p,q) = 2y f(z,y)
(V) opa) =yflz,y) (VD) @(p,q) = 2yf(z,y)
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(VII) G(p,q) = a2y f (2, /9)-
Then

3p~2¢"?F (., a) + 20 ¢" (b, V@) + pa"*n(\/p, Va) (a)
+3p~%q0(v/p, Va) + 30220 (\/p. @) + p e (/P VA)

-4 5 s 1 1

= — G|l—,—|.

T 47’ 4y
Moreover if we define

(VII) H(p,q) = (z,y) " f(V,\/Y)

then

3p~2¢ ' F(\/p,va) + 3022 (D, a) + 0 ta (Vb Va) (b)
+3p 2 20/, Va) + 302 2 20(ps ) + gV 2E(VDs V)

232 s sy (11
=22 H(—,—).
T 4z’ 4y

Example 2.14. Let f(x, y)%ba (2/zy) where Re(2a+1) > 0, then from (a)
we obtain
q(8(a+1)%(a + 2)(pq)*? + (84 4 20a + 17)pq + 6(a + 2),/pq + 3)
p3/2(\/p—q + 1)2a+4
4a+3

i 1— at+2, a—i 72\/@. 0
= JaTa+ 1) @I VEety e

3. Second Order Parabolic Equation.

Consider
Upy — Uy = f(z,y) 0<z <00, 0<y<o0

u(z,0) =sinz
u(0,y) =y* Re(a) > -1
lim wu(z,y) bounded.

T—00

(3.1)

In order to apply the operational calculus and find the image of u;,, we need the
Laplace transform of u,(0,y). Let us assume

Ulp,q) = u(z,y), F(p,q) = f(z,y), H(q) = u(0,y).

Then the transformed equation (3.1) takes the form

I'(fa+1 P
p* |U(p,q) — % —pH(q9) —q|U(p,q) — 5| = F(p,q)
p+1
from which we derive
F(p,q) , pH(q) , T(a+1)p? pq
Ulp,q) = + T - .
.a) pP—q pP-q q@*-q @*+1)pP*—q)
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First we assume f(x,y) = 0. Then we have

_pH(g)  T(a+1)p* pq
V.0 = P—q ¢0P-9 GrOE-q

To find u(x,y), we take the inverse of each term with respect to p only, i.e.,

sin hy/q 2
P Va P =cosh/q

P-q¢ Vo  p-
i h B .
! P ! - sinh,/q x — /q sinx 6 p.197].
P*+1DP* —q) Valg+1)
Then we obtain
H(q) . Fla+1) Va .
U(p,q) = sin hy/q © + ———= cosh(\/q =) — sinh./q x — \/qsinx
(P, q) NG V4 s (Va z) py 7 (sinhy/q z —/gsinz)
H(q) - I'(a+1) _
Up,q) =—2(eV1® — e VIT) 4 2~ (VI f VAT
(.0) =5 2 )+ g )
_ Ve (eVi® —e=VIT) 4 sin
2(q+1) q+1
1
473 1)H T 1 1) — g*t!
2¢*(g+1)
_g0—3% a+1
L4 2+ DH(@) +T(a+1)(g+1) +¢*7 _ iy 9 gna
2¢°(q + 1) q+1
Since the limit of u(z, q) is bounded as x approaches infinity, we must have
" 2(g+1D)H(@) +T(a+1)(g+1)—¢*' =0
which implies
¢t —T(a+1(g+1
Hiq) = a_(l g+1)
¢“"2(g+1)
Replacing H(q) in (3.3) results in
u(z,q) = [a+1) evie 9 ging
) a q + 1 *
Inverting the above function with respect to ¢ and using
2a+% 22 X
Tl VT = ‘"D 9,1 | —— 6; p. 246
q e : Wyer)l(m), [6; p. 246]
we obtain
20t30(a + 1) o2 T
u(z,y) = ——— y%e WD _ o5, 4 (—) +e Ysinz. 3.4)
( NG ol (
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