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Instantaneous blow-up of solutions to a class of
hyperbolic inequalities *

Stanislav . Pohozaev & Alberto Tesei

Abstract

We prove instantaneous blow-up of nonnegative solutions for a class of
semilinear hyperbolic inequalities with first order terms and singular coef-
ficients. The present approach relies on a suitable choice of the functions
used to test the differential inequalities.

1 Introduction

In this paper we investigate instantaneous blow-up of solutions to semilinear
hyperbolic inequalities of the type

uy — Au > M| ™ (z, Vu) + |z|"%u?  in Q :=Q x (0,7 (1)

u>0 in Q. '
Here 2 C R™, n > 3 is a bounded smooth domain which contains the origin,
g > 1 and A, p, v are real parameters. By (+,-) we denote the scalar product in
R™.

Instantaneous blow-up can be regarded as nonexistence of local solutions -
namely, nonexistence of solutions in any neighbourhood of the origin. Simi-
lar nonexistence phenomena were investigated in [1] for the semilinear elliptic
problem:

—Au > |z|7?u® in Q

1.2
u>0 inQ (1.2)

moreover, instantaneous blow-up results were proved for the companion parabolic
inequality (in this connection, see also [2]).

A major step of the proof in [1] was demonstrating a removable singularity
result of solutions at the origin, then using comparison results for the extended
solutions. In the present approach we take advantage of the local behaviour
of solutions near the origin by a direct bootstrap argument, which relies on
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a proper choice of the test functions; no comparison results are needed. This
allows us to deal not only with elliptic or parabolic inequalities (see [6]), but
also with the hyperbolic case (1.1). Let us mention that the same approach was
used elsewhere (e.g., see [3], [5]; a comprehensive account can be found in [4]).

A specific aim of the present paper is to investigate how singular first order
terms affect existence of local solutions to problem (1.1). As long as p < 2,
nonexistence results are proven only if a > 2 (see assumptions (a)-(b) of The-
orem 2.2 below); in this case nonexistence of local solutions depends on the
singularity of the source term as in [1]. On the other hand, if p > q2__q1 nonex-
istence can be proved also for o < 0 (see assumption (c¢) of Theorem 2.2); in
this case the coefficient of the source term is regular in €2, thus the nonexistence
result depends on the singularity of the first order term. The same situation

occurs for elliptic or parabolic inequalities analogous to (1.1) (see [6]).

2 Mathematical background and results
Solutions to problem (1.1) are meant in the following sense.

Definition 2.1 By a solution to problem (1.1) in @ := Q x (0, T] we mean any
function u € C([0, T Hbo(2\ {01)) N C1([0, 7]: L, (2 {0}) such that:

(i) uw > 0 almost everywhere in Q;

(ii) for any test function ¢ € C;f’t’g(Q), C>0,¢(t) € Ce@\{0}) (teo,T)),
¢(,T) = (-, T) = 0 there holds:

//Q(VU,VC)Jr)\//QudiV(M“x{)
2//@x|_aqu—|—/Qut(:C7O)C(x,0)—/Qu(a:,O)Q(a:,O)—//Qu(tt. (2.1)

The following nonexistence result will be proven.

Theorem 2.2 Let either of the following assumptions be satisfied:
(a) pn <2, a>2
(b) w=2 and either a >2,A>2—n, ora=2,A>2—-n
(¢c) n>2, a>p+(2—pu)g, and X > 0.

Moreover, let
lim inf0 |z| Tu(x,0) >0 (2.2)

for some v < 0 and
ug(z,0) >0 (2.3)

in some neighbourhood of the origin. Then the only solution to problem (1.1) in
any cylinder Q1 x (0,7], Q1 C Q containing the origin and T € (0,T), is trivial.
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Remark 2.3 With the exception of the case a = 2, Theorem 2.2 still holds if
we assume 7 < %7 in (2.2).

The proof of Theorem 2.2 relies on a proper choice of the test function in
inequality (2.1). For this purpose we introduce some preliminary material.

Let 21 C Q be any neighbourhood containing the origin, 0 < € < 7, > 2¢
so small that A, , := {x € R" : e < |z| < n} € Q; \ {0}. For r € [¢,n] define

dolr) =1 — .
where o < 0 will be fixed later. Define also

B1(r) == (5) (r € le,m),
where ¢ € C>([0, Z]) is nondecreasing, such that
o ifse )
ols) = {1 if s € (2,n/e).
Finally, set -
((r) :==rPo(r)or(r) (r € len]),

where p is a real parameter to be chosen later.

Remark 2.4 The following properties of the function ¢ are easily checked.
(i) There holds:

(0=t =0 F©20. Tm<o.

(ii) There exists a sequence {(} € C§°(Ac.,), (¢ > 0 for any k, such that ¢ —
in Wy P(Ac) (p € (1,00)), where

C(a) = ((al)  (z € Aey). (2.4)

3 Proofs

Let us prove the following result.
Proposition 3.1 Let u be a solution to problem (1.1) in some cylinder 1 x

(0,7] C Q, Q1 containing the origin and 7 € (0,T). Then for any 0 < e <mn, n
sufficiently small and any 7 € (0,T) there holds:

/()T(T_t)ﬁ dt/A 2|~ ud (z, £)C ()
- TT— A x_("_l)d—w z|)u(z
o R A A .
— TT— B-2 w(x ~x '
88 1>/O< ) dt/A (2, )C(x)

€n

B / uy(2,0)(z) — Bro~1 / u(@,0)¢(x),

Acn Acn
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where 3 > %, C is the function (2.4) and

dc _
Tnflic

9 =) = ) (€ [ ). (32)

Proof. Let 7 € (0,7T); set

i =tf ifte(0,7)
() = {o ift e (r,7).

Let {¢x} C C§°(Ac,;) be the approximating sequence in Remark 2.4-(i%); set
C(2,t) = Ce(2)p(t) in inequality (2.1). Letting k — oo we obtain easily:

/OT(T—t)B dt/ || ~%ud (x, £)C ()

€mn

S/o (r—1t)P dt(/Am (Vu(z,t),VE) + )\/Am’ u(zx,t) div (|J}|7‘U’1}<))

+Mﬁ—DL%T—OW%ﬁA ule, ()

€n

_ﬁArm@mmmﬁﬁ”A u(,0){(a).

€M €n

On the other hand, for any ¢ € (0, 7) there holds:
/ (Vu(z,t),VE) + )\/ u(z,t) div (|x|‘“x()
A€~"7 AEV”
< —/ u(x,t){Af—)\ div (\x|‘”x§>}.
A

€;mn

An elementary calculation shows that
~ -~ o dd)
_ i Iz — (n—1) .
AG = div (Ja] 7€) = a0 2 (fa]);

Then from the above inequalities the conclusion follows. O
It is easily checked that the function 1 defined in (3.2) reads:

d
b= dun + g, (3.3)
T
where

D = () = L G0 (] = A G0(r) (€ )

The following technical lemma plays an important role in the sequel.

Lemma 3.2 Let any of the following assumptions be satisfied:
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(i)p<2,p<2—m,0<0

(W) p<2,pe2-n0),p<d—n—p,o=—p+2-n

(i) u=2,p<2—-n<\ 0<0

(w)p=2,p=A>2—-n,o0=—p+2-n
e (V)u>2,p<pu—n,A\>0,0<0.

Then there exists 19 > 0 (depending on n,\, u, p,c) such that for any n < no
there holds
dipy

- >0 in(en). (3.4)

Proof . We deal only with cases (i)-(i¢) for shortness. Observe that

dipy

— pn—3+p+o f
dr T 1/)0(77)7

where

Yo(s) :=(p+o)(n—2+p+0)—p(n—2+p)s
A=t pt o) = (0= p)sT S (s € [0,1)),

as an elementary calculation shows.
(7) Since p <2 —n <0 and o < 0, there holds

(pto)n—=2+p+o)—pn—2+p)s*
z(p+o)n=2+p+o)—pn—2+p)>0;

in fact, it is easily seen that the function f(s) := s(n—2++s) is strictly increasing
in the interval [p 4 o, p]. Since by assumption 2 — > 0, choosing 7 sufficiently
small, we prove the claim.
(74) In this case n —2+p+o =0and —p(n —2+p) > 0; since 2 — u+ 0o =
4—n—p—p>0, the claim follows as in (7).

In the remaining cases we can argue similarly; hence the conclusion follows.
O

Then we have the following result.

Proposition 3.3 Let u be a solution to problem (1.1) in some cylinder Q1 X
(0,7] € Q, Q1 containing the origin and 7 € (0,T). Let the assumptions of
Lemma 3.2 be satisfied; choose n < ng accordingly. Moreover, let

p+0>—qf—1—n. (35)
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Then for any € > 0 sufficiently small and any T € (0,T") there holds:

/OT(Tt)B dt(/A u(x,t)é(x))q

€,n

<MTH1C1 () (Crle, M) TT7 7T + Cale, )7 (3.6)

v [ @ 0i@ - [ e 0ie@).

e en
for some constant M = M(8,q) > 0. Here

1

Ci(e,m) := (/Enrﬁ+7l_1§(r)dr>q_ , (3.7)

—(¢'-1)

Catean) = [ a0 [laoG)] T el e @9)

€n

Proof. (i) Due to Lemma 3.2 and the choice n < 1o, for any ¢t € (0,7) we have

S L - CICT RS BT NEE R

€n Afﬂl

where dé p dé
x(r) =2+ [P0t (r € [en): (3.10)

Using Holder inequality, the right-hand side of inequality (3.9) can be estimated
as follows

| /A 2]~ D x (e ule, 1)

< (/A |x|_auq(x7t)5(x))1/q(/4 |x|—(n—1)q/Ux|—a5(x)]7(q’71)X(|x|)q/>1/q/

€,n €,n

_ (/A |m|*auq§(x))1/q(02(e,n))W (3.11)

€n

(see definition (3.8); here ¢’ := _%7). Using inequality (3.11) and Young in-
equality we obtain

[ e tiaute ] < o [ el 0d@)] + Soaen) 312)

€n €n

for any t € (0,7). Then from inequalities (3.12), (3.9) we obtain for any ¢ €
(0,7):

- / (r— 1) di / 12~ (e (e, )
0 o dr
1 7B+

?m(/’z(ém)-

L[ B —od(x, 1) (x
ga/o(r—t) dt/ |z~ (2, )¢ (x) +

€n
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Substituting the above inequality in (3.1) easily gives

T’T— s x| (z,t)C(z
/0< t)dt/A 2|t (z, )¢ () dt

€,n
B+1
g+1

— ¢ (0) = ¢/ Br71w(0).

- (3.13)

Calern) + BB - 1) / )2 | utenie)

€,n

(#4) Observe that for any t € (0, 7),

- g ~ 1/q = 1/q
| i@ <( [ e nd@) ([ )

€n €n €n

€,mn €
Set

v(t) ::/A u(x, t)C(x), te(0,7).

€M

Then by definition (3.7) the above inequality reads

o) < Crlen) [ el (@ 0@ (314)
for any ¢ € (0,7). Then from inequalities (3.14), (3.13) we get
Y. A o [T p—2
| =t <cien [T caten + a6 -nd [ -0

X /Ae,,, u(z, t)C(x) — ¢'m7' (0) — q’ﬁrﬁ_lv(O)} )

(3.15)
(#i¢) Due to Young inequality,

B(B—1)q'Ci(e,n) /OT(T — )P 20(t) dt

1 /7 — 119 (o -1 /
< 5/0 (r— t)’qu(t) dt + [ﬁ(ﬂﬁ — ;]q’:(—ii CT (e, n)Tﬁﬂq +1

(here we used the assumption 8 > g‘_”—i) From the previous inequality and
(3.13) we obtain

(1—%)/07(7—75)%‘1(75) dt
7O+ BE-DI" @) s
§ﬁ+ 101(6,77)02(6,77) + 5 o0+ 1 CY (e,n)rP—2a+1

— q'C1(e,m)7%0'(0) — ¢'C1(e,n) BT 10(0) .
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Then the conclusion follows. O

Let us now proceed to prove Theorem 1.1. Observe that, due to assumption
(2.3), from inequality (3.6), we obtain

/0 " a /A u(e ()" (3.16)

< Mfﬁ—lcl(e,n){a(e,n)qllrfl +Cafenr = [ uw0)i@)}.

Ay

We will estimate the various terms in inequality (3.16) as e — 01. This moti-
vates the following considerations:
(o) Observe that for any ¢t € [0, 7],

lim u(z, t)C(x) = /B |z|Pte [1 - (|Z—|)U}u(x,t)

+
e—0 Ay n

by monotonicity, due to the choice of the function f . Moreover, due to assump-
tion (2.2), there exist & > 0 and 7, > 0 such that for any |z| < n < n; there
holds: w(z,0) > k|x|”. Hence

/BT7 ||t [1 — (|Z—|>U}U(x,0)dx > k/o" prtetotn—1 [1 _ (g)ff} .

If v < —2, the integral in the right-hand side of the above inequality diverges.
On the other hand, if v > —2 we obtain:

/ ‘x|P+U [1 — (ﬂ) ]u(m,O)dw > Kn’y+l)+0+n
B, ||

for some K > 0.
(8) Concerning the coefficient Cy (e, n) we have (see definition (3.7))

n o q—1
Cl(g,n) < (/ rﬁ+p+a+n—1d?n) ;

thus, by monotonicity

lim Cy(e,n) < Lot lptotn)(a—1)
e—0T

for some L > 0, provided that condition (3.5) is satisfied.
(v) As for the coefficient Cs(e,n), we claim that

Ca(e,n) = Cy(e, 2¢) < Cé? (3.17)

for some constant C' > 0, where

7

9::n—a+p+a+(o¢—2)q71. (3.18)
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In fact, let us estimate the integral in the right-hand side of inequality (3.8). To
this purpose, set s := ~ € [1,2]. It is easily seen that
(es) = c1e”7g(s),
X(es) < cae"THPHG! () + ¢ (s)],

for some ¢1,c2 > 0 and any s € [1,2]; here we used the equalities

or(es) = 3(s), Wi(en) = T L1y O

l\il)oreover, choosing q_ﬁ(s) = O((s — 1)7) with v > max{2, g‘_”—i} as s — 11, we
obtain
2 qg/(s)q q%l 2 (ﬁ”(S)q ﬁ
[{w@] = [[w@} =

2¢ 1
/6 {r"*aflf(r)} T atdr < Ce (3.19)

It follows that

for some C' > 0, where

9:=(n—3—i—p—i—0)qi1 —(n—a—l—i—p—i—a)qil—i—l
q
=n— )
n—a+p+o+(« )q—l
This proves the claim. O

Proof of Theorem 1.1 Suppose that assumption (a) is satisfied. (the proof
cases (b)-(c) being the same we omit them).
(7) Let 4 < 2, o > 2. In this case we can choose the parameters p, o so that both
assumption (¢) of Lemma 3.2 and condition (3.5) are satisfied, and moreover the
exponent 6 defined in (3.18) is positive .

Due to the above remarks (a)—(7), taking the limit of inequality (3.16) as
€ — 07 gives

/OT(T _—y dt{/B ]+ {1 - (%)g]u(x,t)dx}q

< MrbpiErtorrin gt gt |

for any 7 € (0,T), if v > —2. In this case the right-hand side of the above
inequality is negative for any 7 > 7, = 7.(n) = K~ (@ Dy gince
7.(n) — 0% as n — 07, the conclusion follows in this case.

On the other hand, if v < —2 the right-hand side of inequality (3.16) tends
to —oo as € — 0T, thus a contradiction follows in this case, too. This proves
the result in the case oo > 2.
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(i4) Let us assume p < 2, = 2. In this case we make the choice p+ o +n =2,
so that both assumption (i) of Lemma 3.2 and condition (3.5) are satisfied; the
above choice gives § = 0. Taking the limit of inequality (3.16) as ¢ — 07, we
obtain

/OT(T — t)ﬁ dt{/B ||t [1 — (%)Tu(w,t)dm}q < MTﬁ{g(T],T) — Kn'H'Q} ,

n

where
2q __2 =~ 92
g(n,7) =ne-ir a1 +CT°.

It is easily seen that the function g(7,-) has a unique minimum 7, = 7.(n) =
[(q — 1)0]7%77 in [0,7]; moreover, g(n,7.) = gC72. Then by the above in-
equality there holds:

/OT(T — t)ﬁ dt{/B ||t [1 — (‘Z—|)U} u(:c,t)}q < M’75+2{é — Kn”}

for some M’ > 0. Since vy < 0 and 7.(n) — 0" as n — 07, the conclusion follows
in this case, too. This completes the proof. O
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