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On the L*-regularity of solutions of nonlinear
elliptic equations in Orlicz spaces *

Lahsen Aharouch, Elhoussine Azroul, & Abdelmoujib Benkirane

Abstract

Our main result is a maximum principle bounding the absolute values
of the solution in terms of the supremum of the absolute values of the
boundary data.

1 Introduction

Let Q be a bounded Lipshitz domain in R™ (n > 1), let M(t) be an N-function
i.e. continuous, convex, with M(¢) > 0 for t > 0, M(¢)/t — 0 ast — 0 and
M(t)/t — oo ast — oo, and m(t) be its right derivatives. Consider the nonlinear
boundary-value problem

Au=—diva(Vu) = f inQ

1.1
u=20 1in 0N (1.1)

with prescribed boundary datum 6, where a = {a;,1 < i < n} is a vector of
Carathéodory functions defined on R" satisfying the hypotheses

(H1) |a(&)] < Aym(¢]) for all £ € R™ and some positive constant A;.

(H2) a(§).€ > A2l&lm(]€]) for all £ € R™ and some positive constant As.

Definition 1.1 Let § € WLy (Q) and f € L1(2). A function u € WLy (Q)
is called a weak solution of the boundary-value problem (1.1) if u—6 € W L (€2)
and

/ a(Vu).Vy = / fp forall ¢ € C5° ().
Q Q

Here Wi Ly () and WLy (Q2) denote the Orlicz-Sobolev Spaces associated to
the N-function M (see section 2).
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Recently, Fuchs and Gongbao proved in [6, Theorem 1.1] that if u is a weak
solution of (1.1) with the second member f lies in L>°(Q2), and supyq, 8(x) < oo,
then wu is bounded from above; i.e.,

sgpu(x) < COHSt(Salg) 9(17)7 ||u||L1(Q)an7 |Q|7 M, ||f||L°°Q)7 A17 )‘2) < 00.
For this, the authors have supposed additionally to (H1)-(H2) that the N-
function M satisfies the As-condition near infinity.

The aim of this paper is to prove (Theorem 3.2) the previous statement for

the general operators,
Au = —div(a(z, u, Vu)) (1.2)

without assuming the As-condition. To do this, we replace the hypothesis (H1)
by the more general growth condition,

la(z,5,8)| < c(z) + k1P M(ka|s|) + ks DM M (kal€]) (1.3)
and the hypothesis (H2) by

a(z,s,£)€ > aM(@). (1.4)

g

(see section 3). To generalize theorem of [6], in our case, we need to prove the
following approximating result (see theorem 3.2)

Wot () N WL (Q) = Wi L (Q).

which guaranties that ¢ = max(u — k,0) can be taken as a test function (for
details see theorem 3.2).

When M (t) = [t|P (p > 1) (i-e., a satisfies the polynomial growth condition),
the regularity result of the solution of (1.1) are investigated in [14] and [11].
Non-standard examples of M (¢) which occur in the mechanics of solids and
fluids are M(t) = tln(1l +¢), M(t) = fot s'=(arsinh s)%ds (0 < o < 1) and
M(t) =tIn(1+1n(1+1)) (see [8, 9, 10, 6]) for more details). When Au = —Au
(corresponding to the Poisson equation), the reader is referred to [3], where the
regularity of u is studied in Orlicz Spaces with respect to the second member f
(in particular where f is a measure).

Finally. note that some problems of the calculus of variations (see [6, remark
1.2]) can be lead to the equation (3.1) as in section 3, contributions in this sense
include the works [5, 2].

2 Preliminaries

2-1 Let M : R™ — RT be an N-function, i.e. M is continuous, convex, with
M(t)>0fort >0, M(t)/t - 0ast— 0and M(t)/t — o0 as t — .

The N-function conjugate to M is defined as M (t) = sup{st — M (t),s > 0}.
We will extend these N-functions into even functions on all R.
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The N-function M is said to satisfy the As-condition if, for some k
M(2t) < kM(t) Vt>O0. (2.1)

When this inequality holds only for ¢ > some tg > 0, M is said to satisfy the
As-condition near infinity. Moreover, we have the following Young’s inequality

Vs,t >0, st<M(s)+ M(t) (2.2)

Let P and M be two N-functions. P << M means that P grows essentially

less rapidly than M, i.e. for each ¢ > 0, A};((g) — 0 as t — oo This is the case if

and only if

. M)
RS0
2-2 Let © be an open subset of R”. The Orlicz class K () [resp. The

Orlicz space Ljs(€2)] is defined as the set of (equivalence classes of) real-valued
measurable functions v on € such that,

=0

u(z)
/QM(u(:E))dx < 400 (resp. /QM(T)dx for some A > 0).

L(Q) is a Banach space under the norm

llu|lar = inf{A > 0: / M(@)dax <1}
Q
and K/(92) is a convex subset of Ly (£2). The closure in Ly;(€2) of the set of
bounded measurable functions with compact support in € is denoted by E/(€2).
2-3 We now turn to the Orlicz-Sobolev spaces, WLy (Q) [resp. W1Ey ()]
is the space of functions u such that u and its distributional derivatives up to
order 1 lie in Ly (2) [resp. Ep(Q)]. It is a Banach space under the norm

lalliar = Y 1D ullas

o<1

Thus, WL (Q) and W Ej () can be identified with subspaces of the product
of N +1 copies of Ly (€2). Denoting this product by I1L,;, we will use the weak
topologies o(I1L s, I1E;) and o(IIL s, ILLy;).

The space W Ep () is defined as the (norm) closure of the Schwartz space
D(Q) in W'Ep(Q) and the space Wi Ly () as the o(IILys, IIEy;) closure of
D(Q) in WLy (). Now, we recall the following concept.

Definition 2.1 A domain Q has the segment property if for every x € 0N
therg exists an open set G, and a nonzero vector y, such that x € G, and if
z€QNG,, then z+ty, € Qforall 0 <t < 1.

Recall that if  is a bounded Lipshitz domain it satisfies the segment prop-
erty (see [1]).
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3 Main results

Let Q be a bounded Lipshitz domain in R™. Our first aim of this section is
to prove the following result which play an important role in the proof of the
regularity result (Theorem 3.2). Note that some ideas of the proof of Theorem
3.1 are inspired from the analogous of Theorem 1.3 of [12].

Theorem 3.1 Let M be an N-function, Q be a bounded open domain of RN
satisfying the segment property. Then

Wt () N WLy (Q) = Wi L ().

Proof. We use the notation
- u in
u =
0 in RM\Q

Step 1 We show that, Wy (Q) N WLy (Q) € Wi Ly (Q).

N
Let u € Wy () NW' Ly (Q), set K =: {x € Qu(x) #0} (closure in RY).
Then K is a compact in RY, and K C Q.

If K C Q. Let j. a mollifier function, the convolution j. * u belongs in
C§°(Q), for all 0 < e < dist(K,00). By [12, Lemma 6] we get j. * u — u in
WLy () for o(IILy, ILg7), as € — 0T, this proves that u € Wi Ly (£2).

If KNOQ # 0. For all z € 99, let G, and y, be respectively the open set
and the nonzero vector given by Definition 2.1. Set F = K N (Q\ Uzecoq Ga),
then F' is a subset compact of 2. Hence there exist an open Gy such that
F C Gy cC Q. Since K is compact, we can found finitely sets G.; (let us
rename them Gi,...,Gy) such that K C Gy U --- U Gg. Moreover, as in the
proof of [1, Theorem 3.18], we can construct some open sets Go, G, ..., Gy,

which cover K, such that G; C G, for every j. Now, let © = {6,,0 < j <k} be
a partition of unity subordinate to {éj, 0 <j <k} and put u; = 0;u, for every
7 =0,...,k. We have u = Zf:ouj and suppu; C C;’j, for every j =0,... k.
So, it suffices to show that any u; belongs in Wi Ly (2N G;). Since Go C 9,
as in the case K C Q above we prove that ug € W3 L (2 N Gy).

Since u; € WLy (2N Gy) for all j > 1 we claim that @; € WLy (RY)
(indeed: the function @; lies in Wy ' (RY) due to u; € Wy ' (2N G;). Moreover,
Vi, = @uj in the distributional sense and a.e. on RY. On the other hand,
@; € Ly (RY) and Vii; € (Ly (RY))N, because u; € WLy (QNG;)). Let K =
suppu; and w;; = i;(x — ty;), with 0 < t < min{1, |y;|~" dist(G;, G%)}, where
y; be the nonzero vector associated to the set G; (see Definition 2.1). We claim
that suppu;, C QN Gy, for all ¢ satisfying 0 < ¢ < min{1, |y;|~* dist(éj, G5}
In fact, by the segment property, we have

suppuj; = K; +ty; C (G NQ) +ty; C Q.
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On the other hand, let z € suppuj;. Then dist(z,G;) < dist(z,z — ty;) +
dist(z — ty;, K;) + dist(K;, G;) = dist(z, z — ty;),
which implies that,

dist(z, G;) < dist(x, x — ty;) = |ty,].

Then, dist(z, G;) < dist(C?j,Gg)7 hence z € G,.
Since u;; € Wi Ly (RY) and suppu;; C QNGj, in virtue of lemma 1.5 of [12],
we see that uj; — 0 in WLy (2N G;) for o(IIL, IILy7) as t — 0. Moreover,

by using lemma 1.6 of [12] we can approximate u;, by a sequences of elements
of D(ANG;)), WLy (2N Gy) for o(ILLps, I Lg7), hence gives the result.

Step 2 We shall prove that, W Ly (Q) € Wo' () N WLy ().
Let u € W¢La(9), by theorem 1.4 of [13] there exists u, € D(2) and A > 0
such that

D%uy, — D*
/M(%)dwe 0 as n— oo V |of <1
Q

By using Jensen’s inequality, we have

1 D%u,, — D*u 1 D%u,, — D*u
My (5 da) € s [ (P2

meas meas

for n large enough. Then,

M( ! /(DuniDu)dx)ﬂO, as n— oo V |af <1,
) Ja

meas A

which gives, since M ! is right continuous in R¥,
/ | D%y, — D%u| dx — 0 asn — oo V]a| <1.
Q

This completes the proof. O

Let M and P be two N-functions such that P << M. Consider the Leray
Lions operator A defined from D(A) C W{ Ly () — W Li7(Q) by

Au = —div(a(z, u, Vu)),

where a : 2 x RxR™ — R" is a Carathéodory function satisfying for a.e. x € €,
all s € R and all £ # £* € R™:

(H) |a(z,5,6)| < (@) + kP M(kals|) + ks M M (kal€])

(H2)) a(x,s,£)E > aM(%) for some positive constants ki,..., ks, and S,
where c(z) belongs to Eq7(Q).
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Consider the nonlinear boundary-value problem

—div(a(z,u, Vu)) = f in Q

3.1
u=60 in ON. (3.1)

Our objective is the following.

Theorem 3.2 Let u € WLy (Q) denotes a weak solution of (3.1) and assume
that f is in L>°(2). Then supyg 0 < oo implies that u is bounded from above
i.€.

Sgpu < COHSt(SZ;g) 07 ||u||L1(Q)a n, ‘Q|a M, Hf||L°°(Q)7O[7ﬂ) < 0.

Remark 3.1 Note that the statement of Theorem 3.2 holds for any N-function
M. In particular for the following critical cases:

M(t) =tlog(l1+t) and M(t)=e" —t—1.
We state the following lemmas which are needed below.

Lemma 3.1 ([5]) Let ko > 0,7 > 0,6 > 0 and o € [0,1 + €] denote constants
and suppose that u € L'(Q) satisfies the estimate

/ (u — k)dz < vk~ Ag|*Te,
Ag
for all k > ko, where Ay denotes the set of points x € Q for which u(xz) >

k. Then supgu is bounded by a finite constant depending on ~,e,c, ko and
[ullr(ary)-

Proof of Theorem 3.2 Let ky = supyn 0 < co and let u be a weak solution
of (3.1). Let us remark that by the lemma 3.1, it suffices to show that

/ (U - k)dl‘ < COHSt(’I’L, |Q|7Ma ||fHL°°(Q)a Oé,ﬁ)|Ak|1+% vk > kO- (32)
Ak

Observe that

/ Flu— k)dz §|Ak|1/"</ lu— k ﬁdx) g
Ak A (3.3)
gc(n)|Ak|1/”/ |Vul|dz.
Ay
On the other hand, we have
/ wulds < [ 8% 40 < / A3) + (Y4
A Ay, B Ap B (3 4)
_ \V4 ’
<)+ [ X,

Ay B
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Moreover by theorem 3.1, the function ¢ = max(u — k,0) lies in the space
W¢Lar(Q). Hence ¢ is admissible in (3.1) and we obtain,

[Vl

M gé [ ju=ne (3.5)

A

The right hand side of this inequality can be estimated with Holder’s inequality
and the imbedding W 1(Q) — L' (Q) as follows:

L p— ke sfnfuoomw/"(/ o — k|75 dr)

2 \V4
<2 lohte | Vul 4

4, 206
Using Young’s inequality we can write
1 243 n Vu
2 [ s <S4 + [ G
« Ag 2ﬂ

(3.6)
\Y
et locbtn s+ 5 [ 315

Then the conclusion follow immediately from (3.3)—(3.6).

Remark 3.2 The method used in the proof of the above theorem gives also
infg u > —oo provided that 6 is bounded from below. In particular, boundedness
of # implies u € L>(2) (compare with remark 1.1 [6]).

Example Let M(t) = el!l — |t| — 1, we set a(z,s,£) = (ai(z,s,£))1<i<n such
that
a;(z, s,

eléil g, 1—1 . .
¢) = %Slgnfi if €| #0
0 if €] = 0.

Then M(t) and a(x, s,§) satisfy the conditions (1.3) and (1.4). Note that the
N-function M (t) does not satisfy the As-condition.

Remark 3.3 Let m(t) the right derivative of M (t). Then m(t) and a(z, s,§)
don’t satisfy the condition (Hz). Indeed, take £ = (0,...,0,n,0,...,0),n € N.
Then we have a(z,s,£)§ = e —n — 1, and |{|m(|£]) = n(e™ — 1). But for all

constant C' > 0 there exists n large enough, such tha e(_n"_l <C.
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