2002-Fez conference on Partial Differential Equations,

Electronic Journal of Differential Equations, Conference 09, 2002, pp 9—24.
http://ejde.math.swt.edu or http://ejde.math.unt.edu

ftp ejde.math.swt.edu (login: ftp)

Pseudo-monotonicity and degenerate elliptic
operators of second order *

Youssef Akdim & Elhoussine Azroul

Abstract

Extending the theory of pseudo-monotone mappings in weighted Sobolev
spaces, we prove some existence results for degenerate or singular elliptic
equations generated by the second-order differential operator

Au(z) = —diva(z, u, Vu)) + ao(z, u, Vu),

(in particular, when only large monotonicity is satisfied)

1 Introduction

Let Q be a open subset of RN (N > 1) and p > 1 be a real number and
w = {wp,w1,...,wn} be a collection of weight functions on €, i.e, each wj; is a
measurable and positive almost everywhere in 2, and satisfying some integra-
bility condition (see section 2 below).

Let us consider the second-order differential operator

Au(z) = Aju(z) + Agu(z) (1.1)
where
i)
Au(z) = — Z oz, a;(x,u, Vu) (1.2)

is the top order part of A and where
Aou(z) = ap(z,u, Vu) (1.3)

is the lower order part of A and where {a;(x,7n,¢), 0 < i < N} are functions
defined on 2 xR x RY and satisfy a suitable regularity and growth assumptions.
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Our objective in this paper, is to extend the theory of pseudo-monotone map-
pings in weighted Sobolev spaces. It’s well known that, the essential condition
which allows to do this, is the so-called Leray-Lions condition,

N

Z(ai(x7nag) - ai(x?nvé))(g - éz) > 0’ (14)

i=1
for a.e. z € Q, all n € R and all ¢ # ¢ € RV (resp. the so-called weak Leray-

Lions condition,

N

> (ai(z,n,¢) — ai(z,1,0))(G — &) = 0, (1.5)

i=1

for a.e. x € Q, all (n,¢,¢) € R x RN x RY). Let us state the following assump-
tions:

(H1) The expression

Il = ( Z/P’“ (@) dz) "

is a norm on X = W, *(,w) equivalent to the usual norm (2.3)(see section
2). There exist a weight function @ on ) and a parameter ¢, 1 < ¢ < oo,
such that the (Hardy) inequality

( sz‘u(x”% ) (Z Q‘ 8x i(x)dx)l/p (1.6)

holds for every u € W, ?(Q,w) with a constant ¢ > 0 independent of u,
and moreover, the imbedding expressed by (1.6) is compact, i.e.

WP (Q,w) —— LI(Q, ). (1.7)

(H2) Each a;(z,1n,¢) (1 <i< N) is a Carathéodory function and

N
jai(z,, Q)| < Ciw! " (@)lgs(x) + @7 [n|7? + 3" wl/P (2)|G1PY, (1.8)

j=1

for a.e. = € Q, some constants C; > 0, some functions g;(z) € L¥' (2), all
(n,¢) e R¥*landalli=1,...,N.

Recently, Drabek, Kufner and Mustonen [2] proved that the mapping T defined
from X to its dual X* associated to the top order part A; is pseudo-monotone
in X, under the weak conditions (1.5), (H1), (H2). Hence, the authors obtained
the existence result for the Dirichlet problem associated to the Aju = f € X*
by assuming some degeneracy.
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Our first purpose in this paper, is to extend the previous result [2] in the
operator A from (1.1) where the lower order part Ay is affine with respect to
the gradient, i.e., Ag is of the form

N

Aou(z) = co(z,u(x)) + Z ci(z,u(x))

i=1

Ou(x)
(9!1)1‘ ’

(1.9)

where ¢;(z,n), 0 < i < N are some Carathéodory functions defined on Q x R
and satisfy
1

leo(,m)| < Cow*/4(a)[go(x) + @7 (a)[n]¥]

- (1.10)
lei(,m)| < Cio} (@)@ (2) i (x) + 0¥ (2)|n|#] forall i = 1,...,N,

for a.e. © € ), some constants Cy > 0, C; > 0, some functions gy € Lq/(Q) and
vi(z) € L"(Q) with
1 1 1
S+-+-<1 (1.11)
r p g
and where @(x) and ¢ are from (1.6). More precisely, we prove the following

theorem,

Theorem 1.1 Assume that (H1), (H2), (1.10), (1.5) hold. Then the mapping
T associated to the operator A from (1.1) and (1.9) is pseudo-monotone in X.

Remark 1.2 Theorem 1.1 is obviously a consequence of the more general result
(Theorem 3.1, it suffices to take I =10)).

Remark 1.3 About the existence of such r satisfying (1.11) see Remarks 2.1
and 4.2 below.

The second aim of this paper, is to prove the same result of the preceding
without restriction on Ay and where (1.4) is applied. This is done in Theorem
3.1, if we take I¢ = 0.

This paper is divided into four sections. In section 2, we start our basic
assumptions and we prove some preliminaries lemmas concerning some conver-
gence and generalized Holder’s inequality in weighted Sobolev space. In section
3, we give our general main result and its proof and we study an example which
illustrate our abstract hypotheses. The section 4, is devoted to the study of
some particular case where wyg = 1 on {2 and where some of our hypotheses
(imbedding) are satisfied.

In our work, we shall adopt many ideas from [5] (where the authors have
studied the non-degenerated elliptic case). But the results are generalized and
improved. concerning the existence results for higher order nonlinear degener-
ated (or singular) elliptic equations, we refer the reader to [3, 4, 1] (where the
degree theory is used in the two first papers and where the pseudo-monotonicity
is used in the last but under some restrictions on the weighted). Finally, not that
our approach based on the theory of pseudo-monotone mappings can be applied
in the case of non reflexive Banach space, for example in weighted Orlicz-Sobolev
spaces (see [1] for related topics).
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2 Preliminaries and basic assumptions

1) Weighted Sobolev spaces. Let € be a open subset of RN (N > 1), with
finite measure, let 1 < p < oo, and let w = {w;(z) 0 < i < N} be a vector of
weight functions, i.e. every component w;(z) is a measurable function which is
positive a.e. in 2. Further, we suppose that

wi € Li () (2.1)

and )
w; "€ Lin(Q) (2.2)

for any 0 < ¢ < N hold in all our considerations.
Now, we denote by WP(Q,w) the space of all real-valued functions u €
LP(Q, wp) such that the derivatives in the sense of distributions fulfil

ou
axi

which is a Banach space under the norm,

e = ( [ o Pan(e) s + L5 @) e

The condition (2.1) implies that C§°(€2) is a subspace of W1?(Q, w) and conse-
quently, we can introduce the subspace Wol’p(Q, w) of WHP(Q,w) as the closure
of C§°(€2) with respect to the norm (2.3). Moreover, the condition (2.2) implies
that W'P(Q,w) as well as W, ?(Q,w) are reflexive Banach spaces.

We recall that the dual space of weighted Sobolev spaces WO1 P(Q,w) is equiv-
alent to W_l’p/(Q,w*), where w* = {w} = wj_p/ Vi=0,...,N}, withp' = p’%l.
We shall suppose that the expression

N
_ ou(@) . o
lollsgs = (32 [, 15 Pt )

is a norm defined on W,"*(Q,w) and it’s equivalent to the norm (2.3). The
reader can find conditions on the weight w which guarantee this fact in [3].
Notice that (X, |||.|||x) is a uniformly convex (and thus reflexive) Banach space.

€ LP(Quw;) forali=1,...,N,

2) Basic assumptions. Let I be a subset of {1,2,..., N} and I€ its comple-
ment, and let introduce the following modified versions of (1.4) and (1.5),

Z(bi(%??, CI) - bi(x77’7 QTI))(Cz - C_z) > 07 (24)
el

forae. x€Q allnecRandall (#¢ € RN and
Z(bi(z7na41“) 7bz(x777351°))(41*51) 207 (25)

iele
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for a.e. x €, all € R and all ¢,{ € RY where (; denoted (; = {¢;, i€ J}
and where a;(z,7, () are Carathéodory functions such that,
ai(i’?a??aC):bi(xﬂ%Cl) for 3.112617
ai(x,naC):bi(l'vnaCIC) for allz’e[c,
ao(x,n,¢) = co(w,n,¢) + > cilw,m,C0)Gis

iele

(2.6)

for a.e. x € Q, all (n,¢) € R¥*! and where b; (i =1,...,N), ¢o and ¢; (i € I°)

are functions satisfying the Carathéodory conditions (i.e. measurable in z for

any fixed ¢ = (1,¢) € R¥*! and continuous in ¢ for almost all fixed x € Q).
We assume the following growth conditions:

(H2’) Each a;(z,n,() is a Carathéodory function and, that there exists some
positives constants C;, and some functions g;(x) € ¥’ (Qi=1,...,N,
and go € L7 (Q) and some 7;(x) € L"(Q) for all ¢ € I°) such that

b (2,1, )| < Ciwl(2)[g ()—i—wz’ In|»" +Zwi’ NG foriel

jerl
L
(@0, Gro)| < Gl @)lga(a) + 27 @l + 3w (@)1,
jerle
for i e I°¢
L % i
leo(z,m, ¢l < Cow[go(x) + @7 ()0 + 3 w? (2)|¢]7]
jerl
_ ,;
iz, 1, ¢r)| < Cow /P (@)@ (2) i) + &7 (2)|n]* +Zw [€liat
jerl
for i € I¢,
for a.e. z € Q,alln € R, ¢ € RY, with
1 1 1
T (2.7)
r p q

Remark 2.1 1) The such r satisfying (2.7), exists when q > p' (it suffices
to choose r > >1).

P
2) If ¢ < p', we can not found any r satisfying (2.7) (since %—l— ﬁ =1<
1,1
TR
Before to give main general result, let us give and prove the following lemmas
which are needed below.
Lemma 2.2 Let Q be a subset of RN with finite measure and let f € LP(Q, o)
(1<p<o0), g€ LiQ,02) (1 <q<oo) where oy and o2 are weight functions
in Q and let h € L"(Q,0, "0, ) (1 < 7 < 00) with %—F % + 1 < 1, then
fgh € LY(Q).
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Indeed: Let % = % + % + % < 1. By Holder inequality we have,

fsor < ([ (fm) " (frorere ) <o

then fgh € L*(2) which implies that fgh € L'(Q).

Lemma 2.3 Let (g,)n be a sequence of LP(Q,0) and let g € LP(Q,0) (1 <p <
00), where o is a weight function in Q. If g, — ¢ in measure (in particular a.e.
in Q) and is bounded in LP(Q, o), then g, — g in LI(Q, 09/P) for all ¢ < p.

Proof. Lete > Oandset A, = {z € Q: |gn(x)—g(x)|c'/P(z) < (mﬂ/q},
we have

[lon—gtoras = [ lgu—gltordos [ g, gt/ da
Q A, A

c
n

IN

€ +/ |gn — g|ng/p dr.
2 Ja

c
n

By Holder inequality,

IN

(/ |gn — g|Pgda:>q/p(meas(A,fL))li%
Q

< M (meas(A5)) 7,

/ |9 — 9|%0/? dx
A

c
n

where M is a constant does not depend on n. On the other hand since g, — g
in measure we have

meas(A4;) — 0 asn — oo,

then there exists some ng € N such that for all n > ny,

/ |gn — g|q0q/p dx < f_
A 2

c
n

Remark 2.4 We can also give an other proof of the last lemma, by using
the non-weighted case, i.e., gn,o'/? is bounded in LP(Q) and g,(x)o'/?(x) —
g(x)o'/P(z), in measure, hence gno'/? — go'/P in LI(Q) for all ¢ < p.

The following lemma is a generalization of [7, Lemma 3.2] in weighted spaces.

00). If gn(x) — g(x) a.e. in Q, then g, — g in L1, o), where — denotes weak
convergence.

Lemma 2.5 Let g € LY(Q,0) and let g, € LI(Q,0), with ||gnllqe <c (1 <g<
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Proof. Since g,0'/? is bounded in L(Q) and g,(z)c'/%(x) — g(x)o/(z),
a.e. in Q, by the [7, Lemma 3.2], we have

gnot/1 = got/ in LY(Q).

Moreover for all ¢ € LY (Q, 0=, we have po~1/4 € L9 (Q), then
/gngodx — / gpdx, ie. g, — gin LI(Q,0).
Q Q

Lemma 2.6 Let g, € LP(Q,01) and let g € LP(,01) 1 <p < o0). If g — g
in LP(Q,01), then

gnv — gv in L°(Q, Uf/pog/q) for any v € LY(Q, 03),

withq>1and%:%+%.

Proof. Le/tgp e L¥ (9, 01;(1_5 )02%(1_5 )). For any v € L1(Q), 02) we have, vy €
v (Q, 0%7” ). Indeed, since % = é + %, we have by Holder’s inequality,
[ el ot @) da
Q
= [ o @ ol ol @0 () da
Q

/

p'/q ;s (—p g p' /s
([ wlroztayde)™"( [ 1ot @)y () o)
Q Q
Pl/q ; 2(1—¢' s(1_g’ p’/s’
(/ [v|904 dx) (/ lol® 01”(1 s)(:r)azq(1 s)(m) dx) < 0.
Q Q

Finally, since g, — g in LP(£2,01), then

IN

/ gnvp dr — / gupdz ie. g,v — gv in L°(Q, O’i/pU;/q) Yv € LYQ, 02).
Q Q

Lemma 2.7 Let Q be a subset of RN with finite measure and let 1 < p < ¢
then, we have the continuous imbedding LY(Q, o) < LP(Q, oP/9) where o is a
weight function in €.

The proof of this lemma can be deduced easily from Holder’s inequality.

3 Main general result

Under the previous assumptions, the differential operator (1.1) (with coefficients
satisfying (2.6), generates a mapping T from X = W, (Q,w) to its dual X*
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through the formula,

(Tu, v) :/Qiezlbi(x,u,CI(Vu))g;id;v—i—/QiEZchi(x,u,Qc(Vu))(iidm -

+/5260(I,U,<I(vu))vd$+4ZCi(I,U,CI(VU))gZZ'Ud‘T,

iele

for all u,v € X and where (,) denotes the duality pairing between X* and X.
When we have adopted the notation (;(Vu) = {%’ ieJ}

We recall that the mapping T is well defined and bounded, this can be easily
seen by Lemma 2.2 and Holder’s inequality.

Definition A bounded mapping T from X to X* is called pseudo-monotone if
for any sequence u,, € X with u, — w in X and limsup,, , o (T tn, u, —u) <0,
one has

liggiotéf(Tun,un —v) > (Tu,u—v) forallve X.
Theorem 3.1 Assume that (H1), (H2’), (2.4) and (2.5) hold. Then the corre-
sponding mapping T defined by (3.1) is pseudo-monotone in X = Wol’p(ﬂ,w).

Remark 3.2 1) When I = (), the previous theorem applies in particular to
operators like (1.1) with Ag affine with respect to the gradient variable, this
gives from (1.5) a sufficient condition (theorem 1.1 in the introduction).

2) When I =) and Ay = 0, we immediately obtain [2, Proposition 1].

3) When I¢ = (), we obtain [1, Theorem 7.4] and when Ay =0, I = 0, we give
in [1, Theorem 7.2].

4) Theorem 3.1 generalizes [5, Theorem 3.1] in the weighted case.

Applying the previous theorem, we obtain the following existence results,
which generalizes the corresponding (cf. [1, 2]).

Corollary 3.3 Let Q be a bounded open subset of RN and assume the hypothe-
ses in Theorem 8.1. Also assume the degenerate ellipticity condition

N N
> ai(w,€)& > Co Y wilw)|&l?
=0 1=1

for a.e. x € Q, some Cy > 0 and all ¢ € RN*L. Then for any f € X* the
Dirichlet associated problem

el iele

—l—/ﬂco(w,u,CI(Vu))vdx—i-/QZci(x,u,CI(Vu))ggivdx:/vadx

icle

for allv € X has at least one solution u € X.
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Proof of Theorem 3.1. Let (u,), be a sequence in X such that:

U, — uin X (3.2)
and
lim sup(Tuy,, u, — u) <0, (3.3)
i.e.
ouy, ou
1. b mny n
mswp { [ > b V) G2~ )
ou, Ou
/ Zezl:cb Ty Unp, Cre Vun))( oz, ami)dx

+ / co(, tm 1 (Vi) (1 — ) dt
[ il (V) o~ w) e} <.

iele

a) We shall prove that
(Tup,v) = (Tu,v) asn — oo for all v e X. (3.4)

First step. We show that

ou Oou
lim (2, Un, (1 (Vug)) — bi(@, Un, (7 (Vu))) (o — Ydz =0 (3.5)
ni’oo/ ; ! ! ox; ox;
and
ou Oou
lim (2, un, Cre (V) —bi (2, up, (e (Vu)) ) (w— — =—) dx = 0. (3.6)
n%oo/ 1EZIC d ! 3% 8961

Indeed: First, we can choose ¢; such that 1 < ¢; < r, and q% + ]% + % < 1 (due

o1+ % + é < 1). Tt follows from the compact imbedding (1.7) that, for a
subsequence,
Up — uw in LI(Q, @)

3.7

un(x) — u(z) a.e. in Q. (37)

By (H2’), the sequences {co(x, tn, (1 (Vuyp))} (vesp. {ci(z,un, ((V Uy )) 24 o (i e
I°)}) remains bounded in L (Q, ') (resp. L¥(Q,& 7 ) with L = S

Indeed,

Oun, |§
8501'

= (/ wi_r/p r/q|cz(z unaCl vun
Q

/ & ey, (1 (V)
Q
8un 5/
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Thanks to Lemma 2.7 and since ¢’ < 5, we have
L3(Q,7%/) — LY (Q,077/9),

then {ci(m,un,(j[(Vun))%% (i € I°)}) is bounded in L7 (Q,&'~7)). Hence,

k3

using (3.7) we conclude that

lim | co(x,tn, 1 (Vun))(un —u)dr =0 (3.8)
n—oo Q
and 5
. Unp, _
nlingo/sz; ci(x, un, CI(Vun))a—xi(un —u)dx =0. (3.9)

On the other hand, in virtue of (3.7) and continuity of the Nemytskii operators
(see [3]), we have
bi(‘ra U, CI(VU)) - bl(x7 u, gl(vu)) in LPI(Q’ w:)a tel
bi(@, wn, Cre (V) — bi(a,u, (e (V) in L2 (Q,w)), i € I¢,

(et

which implies

. ou,, ou B
nlgr;@/giezlbi(x,umg}(Vu))(axi - axi)dx’o (3.10)
and 5 5
. U, U _
lim. /Q ;bi(x,un,@(vu))( S = o) da =, (3.11)

Combining (2.4), (2.5), (3.3), (3.8), (3.9), (3.10) and (3.11) we conclude the
assertions (3.5) and (3.6).

Second step. For to prove of the relation (3.4) it suffices to show the following
assertions:
(i) For every v € X,

lim co(x,un,CI(Vun))vdx:/co(m,u,CI(Vu))vdx. (3.12)

n—00 0 Q

(ii) For every v € X,

. v Ov
nlingo/glgbi(x,un,gj(Vu,L))%dx—/ﬁ%bi(:ﬁ,u,C](Vu))axi dr. (3.13)

(iii) For every v € X,

lim /chi(x,umCl(VUn))aTcivdx:/chi(z,u,Q(Vu))axiydx.

n—oo
iele iclc

(3.14)
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(iv) For every v € X,

ov ov
lim ; c —dx = ; c .
Jm [ 3 et o (Ve /| 3 bl (V) e
(3.15)
Proof of (i)and (ii). Invoking Landes [6, Lemma 6], we obtain from (3.5) and
the strict monotonicity (2.4) that,

ou,, ou

—
83%‘ 8.%‘1‘

a.e. in Q for each i € I, (3.16)

which gives

co(x, un, Cr(Vuy)) — co(z,u, (1 (Vu)) a.e. in Q,
bi(x, un, Cr(Vuy)) — bi(x,u, ¢ (Vu)) ae. in QViel.

The growth conditions (H2’) imply that, the sequences {co(x, un, (1 (Vun,))}
(resp. {bi(,un,C;(Vu,)) 4 € I}) remains bounded in L7 (Q,&'~7) (resp.
LP (Q,w?)). Hence by Lemma 2.5 we conclude (i) and (ii).

Proof of (iii). Similarly, by (3.7) and (3.16) we can write,

ci(zyun, (1 (Vuy)) — ci(z,u,((Vu)) ae. in Q for all i € I°.
And by the growth conditions (H2’) also {¢;(x, un, (1(Vu,)), i € I°} is bounded
in L’”(Q,w;gw_g), then in virtue of Lemma 2.3, we have

—4q1

ci(, un, (1 (Vuy)) — ¢i(x,u, ((Vu)) in LQ1(Q,wiTw%ﬂ) Vie I

Lets>lsuchthat%:%+é. Since$+%:1>§+q%i.e. s’ < q1, we have
(as in the proof of Lemma 2.7),

’
s

J—— / _ —q1 5’/‘11 _ s
/ o]* w; 1P5=5"14 gop < (/ o] w; a/p = dm) (meas(Q))l =
Q Q

for all v € L‘h(Q,w;ql/p(D_ql/q). Then

4 —qy

LT(Qw,” 0 ¢ )— Ls/(Q,w-p W),

K2

which implies
ci(z,un, Cr(Vuy)) — ¢i(z,u,((Vu)) in L (Q,wi_sl/pdj_s//q) Vie I°.

On the other hand, from Lemma 2.6 we obtain,

Oun, Y v in L°(Q, wis/pajs/q),

v —\
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for any v € LY(Q, @) and so for any v € X,

nh—>nolo/ Zcz (zyun, 1 (Vuy)) 4 / Zcz (z,u,(r Vu))

i€le iele

for any v € X.
Proof of (iv). As before, the growth conditions (H2’) implies that, the sequence
{bi (2, tn, Cre(Vuy,)) i € I} is bounded in LP' (Q,w?). Next, we show that,

N

/ Z{b x,u, Cre(v)) — hi}(v; — gj)dm >0 forallv=(v;) € HLP(Q,wi),

icle v i=1

(3.17)
here h; stands for the weak limit of {b;(, tn, Cre(Vuy)), i € I¢} in LP' (9, wil_p/).
Indeed by (3.6) we have

limsup/ 3 bil, wn, e (V) —d:c</ Zh oy (3.18)

nmee iele iele

and from (2.5), we obtain for any v = (v;) € Hf\il LP(Q,w;),

/Zb Tyt Cre (Vi) 52 un

i€le Ti

bi(z, un, Cre (Vuy))v; de + bi(, tn, Cre( ))(3un —v;) dx.
> [ X f

i€lc iele

Letting n — oo we conclude by (3.18) that,

/Zh—daz>/2hvzda¢+/2b (2,u, Cre(v )(

i€lc iele iele

;) dx

and hence (3.17) follows. Choosing v = Vu + tw with ¢ > 0,0 = (w;) €
Hilil LP(Q, w;) and letting t — 0 we obtain,

h; = bi(z,u,Cre(Vu)) ae. in Q,

which gives,

lim/Zb (2, un, Cre (Vuy)) dx—/Zb (x,u, e Vu))

iele iele

for all v € X. O

b) We shall prove that

lim inf (Tuy,, uy) > (Tu, u) (3.19)

n—oo
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by (2.4) and (2.5) we have

/Zb z unvC[ Vun und +/ Zb T, Up, Cre Vun)) un
Q Q i

Z

el iele
ou ou
S 0t Cr (V) 5 dx+/ S b, G (V) (G — %) da
/ i€l iel 63:1 631‘1
/ Zb xZ, unaCIC Vun) dl‘—l—/ Zb T UnaCIC(VU))(an g{:)dl‘,
iele iele v v

then letting n — oo, and using (3.8) and (3.9), we conclude (3.19).

Example Many ideas in this example have adapted from the corresponding
examples 1-2 in [2]. We shall suppose that the weight functions satisfy: w;,(z) =
0 for some ip € I¢, and w;(x) = w(z), x € Q, for all i € T U I¢ and i # i with
w(z) > 0 a.e. in Q. Then, we can consider the Hardy inequality in the form

1/p
/ u(@)[@()dr) " < Z/ ) (3.20)
for every u € X with a constant ¢ > 0 independent of u and for some ¢ > p'.

Let us consider the Carathéodory functions:

bi(,m, () = w|GP~ sgn §; + woAg(n) foriel
bi(@,m, Cre) = w| [P~  sgn G + woAg(n) for i € I° and i # ig
bio (z,m,Cre) = woAo(n)
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co,m,Cr) = S w7 @917 4 woBo(n) (3:21)
jeI
ci(w,n,Cr) = Y WPEVTHN |G P 4w By () for i € I°
jerl

with 1/p 4+ 1/r 4+ 1/q < 1. The above functions define by (3.21) satisfies the
growth conditions (H2’) if we suppose that
lwodo(m)| < Brw P! |/
lwoBo(n)| < Baioln|? (3.22)
|woB1(n)] < Baw/P@M/ T [p| /T,
with 8; j = 1,2, 3 are some positive constants. In particular, let us use the spe-

cial weight functions wy,w, @ expressed in terms of the distance to the boundary
0Q: denote d(z) = dist(x, 9Q) and set

w(z)=dMz), wo(z)=d"(z), @(x)=d"(z).
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In this case the condition (3.22) writes as

|Ag(n)] < prd/PHi/e’ =20y ja/v
| Bo(n)| < Bad = [n|4/ (3.23)
|By(n)| < Bsd/Ptr/atu/r=2o|pa/r

and the Hardy inequality reads
1/ 1/
/|u )17 " () dr "< Z/| |7 & () de) g (3.24)

and the corresponding imbedding (1.7) is compact for 1 < p < ¢ < oo (resp.
1<qg<p<oo,), lfandonlylf/\#p LE-St+1>0, g—%+%—%+1 >0,
(resp. A € R, & — 5 + 5 ; > 0) (see [8]) Moreover, the two monotonicity

conditions (2.4) and (2.5) are satisfied:

Z (bz(fEﬂ%CI) - bz(wa%@)) (Cz - 51)
il
= w(z) Z (|GIP~ sgn ¢ — |GIP " sgn ) (G —G) >0
il
for almost all z €  and for all ¢, € RY with ¢; # (7, since w > 0 a.e. in ;
and

Z (bz(xa 7, CIC) - bi(xvnv EIC)) (CZ - Ez)
iele
= w(z) Z (1GIP~ sgnds — 1GIP~  sgnds) (¢ — G) =0
i

for almost all z € Q and for all ¢ NG € RN, This last inequality can not be
strict, since for (re # (e with (;, # (i, but ¢; = ¢; for all ¢ € I¢ and @ # 1o,
the corresponding expression is zero. Finally, the hypotheses of theorem 3.1 are
verify, then the mapping T defined as (3.1) corresponding to (3.21) is pseudo-
monotone.

4 Specific case

Let © be a bounded open subset of RY satisfying the cone condition. In

this section we assume in addition that the collection of weight functions w =

{wi(z) 1 = 0,..., N} satisfy wo(x) = 1 and the integrability condition: There
1

exists v 6]%7 oo[ﬂ[ﬁ, oo[ such that

w ¥ eL'Q) Vi=1,...,N. (4.1)

Note that (4.1) is stronger than (2.2).
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Remark 4.1 ([3]) 1. Assumptions (2.1) and (4.1) imply that,

ol ou(x 1/p
l|ull| x = (;/ﬂ| B;i)‘pwi(x)dx)

is a norm defined on Wol’p(Q,w) and it’s equivalent to (2.3), and that

WyP (2, w) —— L9(Q) (4.2)
forall1 < g <pjifpr < N(v+1)and g > 1 is arbitrary if pv > N(v+1)
where p1 = 7 and pj = ]\I,V_p;l = N(VT{Z)’_W is the Sobolev conjugate of
p1.

2. Hypotheses (H1) holds for all ¢ such that 1 < ¢ < p} and © = 1.

In the sequel, we replace (4.1) by the hypothesis

(H1) If ﬁ—fl < p < N there exists v e]%,oo[ﬂ]m,oo[ such that w; ¥ €
LY(Q), foralli=1,...,N. If p= N there exists v €]1, oo[ such that w;” €
L'(Q) foralli=1,...,N. If p> N there exist v €] 2, co[N[g1gy, o

such that w;” € L'(2) for alli =1,...,N.

Remark 4.2 1. Hypothesis (ﬁl) guarantees the existence of r satisfying
% + % + 1% < 1, where pj is the Sobolev conjugate of p; in the case

1
% < p < N and where pf = oo in the case p > N (since p; > N due to

v> Do,

p—N
2N ) 1,1, 1 .

2. Ifl<p< NI we can’t find a real » > 1 such that ?+5+E < 1, since

1 1 1 1
= —_ ES = >
p+p;>p+p* 1.

3. Note that (H1) is stronger than (4.1), then the compact imbedding (4.2)
is satisfied whenever (H1) is assumed.

Theorem 4.3 Let ) be a bounded open subset of RN . And assume that (2.1),
(H1), (H2’), (2.4) and (2.5) are satisfied. Then the operator T defined in (3.1)
is pseudo-monotone in X = Wol’p(Q,w). Moreover, assume the degenerate el-
lipticity condition

N N
D ai(z,0)& > co Yy wil@)|&l?
=0 i=1

for a.e. x € Q, some cg > 0 and all € € RVNTL. Then for any f € X* the
Dirichlet associated problem

(Tu,v) = {f,v) forallveX,

has at least one solution u € X.
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