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Strongly nonlinear degenerated unilateral
problems with L! data *

Elhoussine Azroul, Abdelmoujib Benkirane & Ouidad Filali

Abstract

In this paper, we study the existence of solutions for strongly nonlinear
degenerated unilateral problems associated to nonlinear operators of the
form Au + g(x,u,Vu). Here A is a Leray-Lions operator acting from
Wol‘p(SLw) into its dual, while g(z, s, ) is a nonlinear term which has a
growth condition with respect to £ and no growth condition with respect
to s, the second term belongs to L' ().

1 Introduction

Let Q be a bounded open set of RV, p be a real number such that 1 < p < co and
w = {w;(x), 0 < i < N} be a vector of weight functions on €2, i.e. each w;(x)
is a measurable a.e. strictly positive on €. Let Wol’p(Q,w) be the weighted
Sobolev space associated with the vector w. Let A be a nonlinear operator from
W, P (2, w) into its dual W17 (Q,w*), i.e.

Au = —div(a(z, u, Vu)).

In the non-degenerated case, Bensoussan, Boccardo and Murat have proved in
[4], the existence of a solution for the quasilinear equation of the form,

Au + g(x,u, Vu) = f.

They assume that g is a nonlinearity having natural growth with respect to |Vu|
(of order p), and which satisfies the sign-condition and f € Ww—Le (©). Recently,
in weighted case, Akdim, Azroul and Benkirane have first in [2] extended the
last result to weighted Sobolev spaces and in [3] the authors have studied the
following degenerated unilateral problem:

(Aum—u)—&—/Qg(x,u,Vu)(v—u)dx2<f,v—u> Vv e KyNL>®(Q)

we WyP(Q,w) u>1ae inQ
g(x,u, Vu) € LN(Q)  g(x,u, Vu)u € L(€),
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50 Strongly nonlinear degenerated unilateral problems

where Ky = {v € Wy P(Q,w), v > a.e. in Q}, with ¢ a measurable function
on 2 such that = € Wy ?(Q,w)NL®(Q) and f € W~ (Q,w*). The purpose
of this paper, is to study the previous problems for f € L'(Q2). More precisely,
we prove the existence theorem for the following degenerated unilateral problem:

(Au, T, (v — u)) + /Q g(x,u, Vu) T, (v — u)dz > (f, Ti(v — u))

forall ve Ky andallk>0 (1.1)
we WyP(Qw) u>1ae inQ
g(x,u, Vu) € L*(Q).

For that, we assume in addition that the nonlinearity g satisfies some coercivity
conditions (see (2.10)).

Concerning the existence result for the degenerated elliptic equations where
the second member lies in the dual W~ (Q,w*) (resp. for the quasilinear
equation where the second member is in L!((2)), we refer the reader to [6-7-
8] (resp. [1-2]).

Remarks

1) Note that the use of the truncation operator in (1.1) is justified by the
fact that the solution does not in general belong to L>(Q2) for f € L*().

2) An other work in this direction can be found in [5] in non-weighted case.

The paper is organized as follows: Section 2 contains some preliminaries and
is concerned with the basic assumptions and some technical lemmas. In section
3, we state and prove main results. The last section is devoted to an example
which illustrates our abstract conditions.

2 Preliminaries

Let © be a bounded open subset of RY (N > 1), let 1 < p < oo, and let
w = {w;(z), 0 <i < N} be a vector of weight functions, i.e. every component
w; () is a measurable function which is strictly positive a.e. in Q satisfying the
integrability conditions

1
w; € Llloc(Q)v w; e Llloc(Q) (21)

for 0 <i<N.
We define the weighted space LP(€,~), where 7 is a weight function on Q
by
LP(Q,7) = {u = u(z), wy"/? € LP(Q)}

lpy = (/Q [u(x)|Py(x) da:)l/p.

with the norm

[Ju
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We denote by WHP(Q,w) the space of all real-valued functions u € LP(Q,wy)
such that the derivatives in the sense of distributions satisfy

ou

Lg

€ LP(Qw;) foralli=1,...,N.

This set of functions defines a Banach space under the norm

ou(zx 1/p
falh s = ([ futa)Pun(a d:c+z /| @a)” )

Since we shall deal with the Dirichlet problem, we shall use the space
X = WyP(Q,w)

defined as the closure of C§°(§2) with respect to the norm (2.2). Note that,
C5°(9) is dense in Wy P (2, w) and (X, ||.||1.p.0) is a reflexive Banach space.
We recall that the dual space of weighted Sobolev space WO1 P(Q,w) is equiv-
alent to W17 (Q,w*), where w* = {w} = w; ¥, ¥i = 0,...,N}, where p' is
the conjugate of p i.e. p’ =p/(p — 1) (for more detalls we refer to [7]).
Now we state the following assumptions:

Assumption (H1) The expression

Il = Z/ 2D (o) )

is a norm defined on W, ?(Q,w) and is equivalent to the norm (2.2). There
exists a weight function ¢ on Q such that ¢ € LY(Q) and ¢'~¢ € LY(Q) for
some parameter ¢, so that 1 < ¢ < p + p’ such that the Hardy inequality,

(ja\u(xﬂqa(x)dm %

holds for every u € I/VO1 P(Q,w) with a constant ¢ > 0 independent of u, and
moreover, the imbedding

l)mf@ (2.3)

WyP (Q,w) —— LI(Q,0), (2.4)

determined by the inequality (2.3) is compact. Note that (W, (2, w), |||
is a uniformly convex and thus reflexive Banach space. Let A be a nonlinear
operator from Wy (Q,w) into its dual W=7 (Q,w*) defined by

Au = —div(a(z, u, Vu)),

where a :  x R x RV — R¥ is a Carathéodory vector-function satisfying for
aex €Q, forall s € R and &, nin RY with & # 1.
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Assumption (H2)

N
as(a, 5, )] < Buy P (@)k(e) + 0P |s|7 + 3w @)|gPT, i=1,. N,

j=1
la(z,s,€) — a(@,s,m)](§ —n) >0,
N
a(z,5,€).£ > a Y wil&l, (2.6)
i=1
where k(z) is a positive function in L? () and «, 3 are strictly positive con-

stants.

Assumption (H3) Let g(z,s,&) be a Carathéodory function satisfying
9(x,5,§)s =2 0 (2.7)

l9(,5.)| < blls]) (X wiléil? + (@), (2.8)

i=1
N
l9(z,5,€)[ = p2 Y _wil&l? for |s| > py (2.9)
i=1

where b : Rt — R™T is a continuous increasing function and c(z) is a positive
function which lies in L'(Q2), ¢ > 0 and p; > 0, p» > 0. We consider,

fer Q). (2.10)
Now we recall some lemmas which will be used later.

Lemma 2.1 (cf. [2]) Let g € L"(Q,7) and let g, € L"(Q,7), with ||gn|r~ < c
(1 <r<oo) If go(z) — g(x) a.e. inQ, then g, — g weakly in L"(L,~), where
v is a weight function on .

Lemma 2.2 (cf. [1]) Assume that (H1) holds. Let u € Wy (Q,w), and let
Ti(u), k € R, be the usual truncation then Ty (u) € Wy (Q,w). Moreover, we
have

Ti(u) — u strongly in W, P (9, w).

Lemma 2.3 (cf. [2]) Assume that (H1) and (H2) are satisfied, and let (uy,)
be a sequence of Wol’p(Q,w) such that u,, — u weakly in Wol’p(Q,w) and

/[a(x,um V) — a2, un, Vu)]V (uy, —u) de — 0.
Q

Then, u, — u strongly in Wy (2, w).

Lemma 2.4 (cf. [1]) Assume that (H1) holds, let (u,) € Wy (Q,w) such that
U, — u weakly in Wy P (Q,w),then Tru, — Tpu weakly in Wy (Q,w).
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3 Main result

Let 9 be a measurable function with values in R such that,
Pt e WP (2, w) N L2 (). (3.1)

and let
Ky = {veWyP(Quw)v > ae. in Q).

Consider the nonlinear problem with Dirichlet boundary condition,

(Au, Tp(v —w)) + / g(x,u, Vu) Ty, (v — u) dz > (f, T (v — u))
Q
forallve Ky andall k>0 (3.2)
we WyP(Qw) u>1ae inQ
g(w,u, Vu) € L1(9),
where v is the solution of this problem.

Theorem 3.1 Under the assumptions (H1)-(H3), (2.10) and (3.1), there exists
at least one solution of (3.2).

Remarks
1) Theorem 3.1 generalizes to weighted case the analogous in [5].
2) In the particular case when wg(z) = 1, we can replace (H1) by the con-

ditions: There exists s E]%,oo[ﬂ[}ﬁ, oo[ such that w; ® € L() for all

t = 1,...,N, (which is an integrability condition, stronger than (2.1)),

since N
B du(z) , 1/p
lallx = (3 [ 1, Posto) o)

is a norm defined on Wy (€, w) and equivalent to (2.2) and also the
following imbeddings hold:

WyP (Q,w) — LI(Q)

for 1 < g <pjf,if ps< N(s+1), and g > 1 is arbitrary if ps > N(s+ 1),
where p; = ps/(s+ 1) and pj is devoted the Sobolev conjugate of p; (for
more details see [2,7]). Hence the hypotheses (H1) is satisfied for o = 1.

Proof of Theorem 3.1 Consider the sequence of approximate problems:

<AU7L7Tk(U - un)> + / 9(1”7Um vun)Tk(v - un) dx > <fn7Tk(v - un)>
Q
forall ve KyNL>®(Q) andall k>0 (3.3)
U, € Wy (Qw) wu, > ae. inQ
9(x, un, Vu,) € L(Q),
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where f, is a sequence of smooth functions which converges strongly to f in
LY() with || fal|£1(0) < C. For some constant C. By Theorem 6.1 and Lemma
6.2 of [1] or via Theorem 4.1 of [3] there exists at least one solution w,, of (3.3).
In order to pass to the limit in the approximate problem (3.3), we claim that:
Assertion(1)

(tn)n is bounded in W, (2, w) (3.4)
Assertion(2)
N
VTi(un) — VTi(u) strongly in H LP(Q, w;) (3.5)

=1

which implies Vu,, — Vu a.e in
Assertion(3)

9(x, U, V) — g(x,u, Vu)  strongly in L' () (3.6)

We can pass to the limit in the approximate problems (3.3), indeed,

/ a(x, U, vun)VTk(U - un) dx + / g(x, Un, Vun)Tk(U - un) dx
Q Q

> /anTk(v — up) dx

For all v € Ky N L>(Q) and k > 0. From (2.5) and (3.4) we deduce that
a(x, Uy, Vu,) is bounded in Hf\il LP (Q,w?). Using (3.5) we obtain

Vu, — Vu a.ein Q. (3.7
Hence, we get
a(x, up, V) — a(z,u,Vu) a.ein Q (3.8)
which implies with Lemma 2.1 that
N
a(x, Up, V) = a(z,u, Vu) weakly in HL”/ (Q,wy). (3.9)
i=1

On the other hand, let v € L>°(Q) and set h = k + ||v||c0, then

|8Tk(viu“)|w21/10 (Uiun)|)w}/P

— 2
— X\v—un|§k (9:171

3

(91‘1‘ ¢
ov Oup . 1
< X\un|§k+|\v||x(|%|+|%)wi/p
Bv 1 3Th(un) 1
= P e
Xy

ox;
for = 1,..., N. Which implies by using the Vitali’s theorem with (3.5) and
(3.7) that

N
VTi(v—u,) = VIp(v —u) strongly in H LP(Q,w;) (3.10)
i=1
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for any v € Wy (€, w)NL>®(Q). From (3.9) and (3.10) we can pass to the limit
in the first term of (3.3). Since g(z,un, Vu,) — g(x,u, Vu) strongly in L'(Q2)
and f, — f strongly in L!(Q2), then we can pass to the limit in

(), T (v — un)) + /

9(x, Up, Vg ) T (v — uy) de > / foTk(v —uy) de.
Q Q

This allows to consider the problem

(A, Tuo =) + [ 9o Vo)Ti(o — u) do > (7. Tulo — w)
Q
for all v € Ky NL*(Q) and all k > 0 (3.11)
ueWyP(Quw) u>1 ae. inQ
g(w,u, Vu) € L'(9),

Set ¢ = T,,,(v) as a test function, where m > |[¢*|s and v € Ky, then
¢ € Ky N L>®(Q). Multiplying (3.11) by ¢, we obtain

(Au, Ty (Trn () — ) +/ g(z, u, Vu) Ty, (T (V) — 1) dr
@ (3.12)
> [ TiTn(0) ~ ) d
Q
From Lemma 2.2 and using the Vitali’s theorem, we have

N
VT (T (v) —u) = VIi(v —u) strongly in H LP(Q, w;).

i=1

Finally, passing to the limit in (3.12) as m tends to infinity, we obtain:

(Au, T, (v — u)) + /

g(x,u, Vu) T (v — u) de > / fTe(v —u)dx
Q Q

for any v € W, P(Q,w), v > 1 a.e. in .

Proof of assertion 1: We consider the sequence of approximate problems
(3.3). By Theorem 6.1 and Lemma 6.2 of [1], there exists at least one solution
up, of (3.3). Let v = ¢ as test function in (3.3), then

(A, To (0 — un)) + / 9ty Vit Tk (6 — 1) dae > / ST = uy) da
Q Q

Since u, — %% and wu, have the same sign, we obtain by using (2.8) and
I fullLr) < C,

/ a(z, U, Vg )V (u, — 1) de < / FuTe(up — 1) de < kC (3.13)
luan —+| <k Q
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which implies that
/ a(x, Uy, Vg )Vu, de < Ck + / a(z, upn, Vu,)|Vipt| de
[un—p+|<k [un—1pF|<k

using Young’s inequality, we obtain

/‘un_,pﬂgka(x, U, Vi)V, dz

N ’

D , ’
<Ck + E / —77, |a;(z, upn, Vuy) P wil*p dx
=1 Jlun—yt|<k P

N

11 9wt

+Z/ 77wi|i|pd$7
i=1 |“n_’l/1+\§kpnp 8I1

where 7 is a positive constant. From (2.5) we have

/|un_¢+|§ka(x, Uy V)V, de

L , o
<Ci+ L' N [ K (2)de+ L g7 N o |un|? de
p Q p |un—pt|<k
p N b
+ g’ N 3wl S P e
p lun—yF|<k ;24 O

o, po, N P
<G+ L pr'n olun|?de + L7 N > wi] S P da
p | <19+ oot p un—v <k =y O
" 4 + q U P - Qun
<Ca+ T N0 |+ b) /Qadz+F,8 N > wilg da.

lun—yp+|<k ;5

Consequently, using (2.7) and since o € L(Q), we have

/ ﬁ: |8u vd o np/ﬁp, iv: |8un 7 d
aY wi|—Pdr<Cs+-—p° N w;| P dz,
[un—9TI<k 5 axl pl 3:52

[un—pF|<k i=1

we choose 0 < 7 < %(“Np/ )1/P" this implies

N
[
[un

—F|<k ;4

Un

0
0

Pdz < C (3.14)

Li

On the other hand, from (3.13) and a(z,s,£) >0

/g(x, Unp,, vun)Tk(un - er) dx

Q

<k / ful o — / 0,y Vi)V (1, — )
Q |un—0t|<k

<C; —|—/ a(z, U, Vu, )| Vipt| do.
[un =0+ |<k
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As in the proof of (3.14) we can show that

/ g(m, Un, vun)Tk(un - er) dx
Q

/ N
P , 0
<Cot+ LN S wi S|P d < C,
p |“n*’¢’+|§k i=1 ax"

where C1,Cy and C3 are positive constants. When |u,, — 97| > k, we have
Ty (up—1T) = +k(or —k), and since Ty (un, —h™), up —h™, up, and g(x, uy, Vuy,)
have the same sign, we obtain

/ ek (2, U, V) Ty (uy, — 1) da

+/ g(xvunvvun)Tk(un - er) dx < Cg
[un—3pF[>k
which gives
[t =t |>k
From (2.10), we have
al ou
|g($7unavun)| > P2 ZUM,‘TIT:P) for |un| > P1

=1

Choosing k > p1 + || " ||, then |u,, — | > k implies |u,| > p1. We deduce
that

N
ouy,
P2 wi| |p dx S 04. (315)
/l\un_w+>k 7,:21 8:1:1’

Finally, combining (3.14) and (3.15) we have |||u,]||| < C.

Proof of assertion 2 Let k > |[¢"|| and 6 = (%)2. Set (s) = s’

zn = Tk (un) —Ti(u), n = 6_46k2, and v, = u, —np(z,). By the choice of k, the
above test function is admissible for (3.3). Multiplying (3.3) by vy, for h > 0,
we obtain

<A(un)vTh(77‘P(Zn))>+/Qg(maunvv“n)Th(n@(zn))dmS/anTh(nSD(Zn)) dzx.

9

Choosing h > 2k, we have |no(z,)| < |zn| < 2k < h and

(Alun). o)) + | gl Van)o(en) do < [ Fuplen) do.
As n — oo, we have f,, — f strongly in L!(Q2), and ¢(2,) — 0 weak* in L>(Q).

Hence we have

/ frp(zn)dx — 0.
Q
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Since g(x, Un, Vg )p(z,) > 0 on the subset |u,(z)| > k, this implies

(A(un), (20) + / g VoG dr <), (310

where e(n) is a real number which converge to zero when n tends to infinity.
On the other hand

(Aun), p(zn)) _/I <k a(w, up, Vun) (VT (un) — VTk(U))W/(Zn) dz

+ / (2t Vi) (VT () — VT (1)) (2)
|un|>k
:/Qa(x,un,Vun)(VTk(un) — VT (u)¢ (z) dz
_/| ‘>ka(x,un,Vun)VTk(u)go'(zn)dx

:/Q(a(gc,un,VTk(un)) — a(@, U, VI () (VT (un)
= VT (w)¢' (2n) da

+/ a(z, un, VT (u)) (VT (un) — VTi(w) (2,) do
Q
_[ >k a(x,umVun)VTk(u)go’(zn) dx.

Since VT (u)X{ju,|>k} — O strongly in Hjil LP(Q,w;), and from (2.3), (2.5)
and (3.4) we have (a(z, uy, Vu,)¢'(2y))n is bounded in vazl LP (Q,w}), then

7/ a(z, un, Vg ) VT (u)¢' (2,) dz = e(n) — 0 asn — oo.
[tn | >k

Moreover, since u,, — u weakly in VVO1 P(Q,w), by Lemma 2.3 we have
The(un) — Tr(u)  weakly in WyP(Q,w).

Then
N

VTi(up) = VI (u) weakly in HL”(Q,wi).
i=1
Since the sequence (a(x,un, VI (u))¢'(2,))n converges strongly in the space
[T, 27 (2 wy),

/Qa(:v,un, VTi(w)(VTk(un) — VT (w)@ (2,) dz = e(n) — 0 as n — oo,

and

(A(un), o(2n)) Z/Q(a(x»UmVTk(un)) = a(@,up, VT (u)))
X (VT (un) — VTi(w)¢ (zn) dz + £(n).

(3.17)
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On the other hand

|/|u"|gk9($7umvun)<ﬂ(2n)dx‘
N

<[RS G etz do

[un|<k i=1

N

3unp z T
§/|un|<k b(k)e() o (20) 'd“/umzw"' b(k) (20| d
k)
< zn)| dx @i (T, Up, Vuy) =———=|0(zn)| dz
/Mk b(k)e(a) ozn)| +/un<kz SLLLLIFER]

§/|un|gk bklel@lle(en)] do + /Z (#, 4, VT (un))

— i, VT )] (= = ()

S 0Ty (un) 0Tk (u) b(k)
+/|un|<k2ai(x,un,VTk(u))( or. 0z )|(,D(Zn)‘7dx

N
/| |<kz X, Up, VI( un))agiu) |¢(zn)\@ dz.

Since VT (u,) = VTi(u) weakly in Hf\;l LP(Q, w;) and

N
a(z, tn, VTi(u)|p(20)] — 0 strongly in ] ZP (2, w}),
i=1

it follows that

N
| et T ) - EH o) 2 s — e

P ox; ox;

From (2.5) and (3.4), (a(z, tn, VI (un)))n converges weakly in HZI\LI LY (Q, wi).
Since VTk(u)|<p(zn)|@ — 0 strongly in H P(Q, w;),

N
3 st Va0 ) T o) i = el

i=1
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Moreover, since f‘u b(k)c(z)|e(zn)| dz = e(n), we have

n|<k

|/\un|gk9(ﬂf,umVUn)@(Zn)dJU|

< /Q ; [ai(z, un, VT (un)) — a;(@, tn, Vi ()]

o (Telin) Oy M o 4

«

which with (3.16) and (3.17) gives

/Q [a(z,un, VTk(un)) — a(@, uy, VT (w))]

b(k)

x (VTii(un) = VIi() (@' () = = Fle(za)]) dz < e(n).

Choosing, § > (b(k)/(2a))?, we obtain for all s € R

1
#(5) = 2 21p(s)] 2 5
thus,

%/ [a(x, Un, VT (un)) — a(z, tn, VI ()] (VT (un) — VIi(u)) dz < e(n).
Q

Then

/Q [a(m,un, VTi(un)) — a(x, up, VTk(u))] (VT (up) — VIi(u)) de — 0

as n — oo. Moreover, Ty (u,) — Ti(u) weakly in Wy (Q,w) and in view of
Lemma 2.3, we have Ty (u,) — Tk(u) as n — oo strongly in Wy (€, w); hence,

N
VTi(un) — VTi(u) strongly in H LP(Q, w;).
i=1

Consequently, there exists a subsequence still denoted by (u,), such that,
Vu, — Vu a.ein Q.
Proof of assertion 3 From (3.5) we deduce that
g(x, upn, Vuy) — g(z,u, Vu) a.ein Q. (3.18)
For any measurable subset E of Q2 and any m > 0 we have
/ lg(x, up, Vuy,)| dx
E

(3.19)

< / 92ty V)| der + / (9@t V)| dar.
En{|up|<m} En{|un|>m}
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By (2.9), (3.5) and by using Vitali’s theorem, we have for € > 0 there exists
p(e,m) > 0 such that for p(e,m) > |E| we have

/ lg(z, up, Vuy,)| de < S v (3.20)
E{|un|<m} 2

Now let v,, = up, — Sy (un) where for m > 1,

0 |s] <m —1
Sl(s)=1 m—-1<]s|<m

Note that: If u,, < m—1, we have S, (u,) <0 and v, > u, > ¢; if u,, > m—1,
we have 0 < S, (u,) <1 and

Up — Sm(Uup) Z Uy —1>m—22>1 form22+||1/)+\|oo.

Then, v,, is admissible for (3.3). So, multiplying (3.3) by v,, we obtain

(A1), T (S (1)) + /

g(x,un,Vun)Tk(Sm(un))dxg/fnTk(Sm(un))dx.
Q Q

Which by choosing & > 1 implies

/a(x7un,Vun)Vuns;n(un)dm+/g(a:,un,Vun)Sm(un)d:E
Q Q

< /Q P Som (1) di,

i.e,
/ a(xaun7vun)vun d:l?+/ g(xaunvvun)sm(un) dx
m—1<|u, [<m

|[un|>m—1
<[ inld
|[up|>m—1

Since a(x, un, Vg, )Vu, >0,

/ 9(x, Up, V) S () do < / | fr] da.
|up|>m—1 |[un|>m—1
Since Sy, (un) and wu, have the same sign,
/| o, TS ) e < [ il
Up|>m—1

Up | >m—1

and

[l V< [ ful .
|un|>m |upn|>m—1



62 Strongly nonlinear degenerated unilateral problems

Since f,, — f strongly in L'(2) and since |{|u,| > m — 1}| — 0 uniformly in n
when m — oo (due to the fact that ¢'=9 € L1(2)), there exists m(e) > 1 such

that
/ | fr] dx < ° v
|un|>m—1 2
Then
/ lg(x, wn, Vuy,)| de < S vn (3.21)
|un|>m 2
From (3.19), (3.20) and (3.21), we have
/ lg(x, un, Vuy,)| de <e Vn. (3.22)
B

Then (g(x, un, Vuy))y is equi-integrable. Thanks to (3.18), (3.22) and Vitali’s
theorem yields,

9(x, Up, Vun) — g(z,u, Vu) strongly in L' ().

4 Example

The following example is closely inspired from the one used in [1,2]. Let Q be
a bounded domain of RY (NN > 1) satisfying the cone condition and let ¢ be a
real valued measurable function such that ¢t € W, *(Q,w) N L=(Q). Let us
consider the Carathéodory functions

ai(stvg) :wi‘§i|p_lsgn(£) fori:O,...,N

and

N
g(xa 855) = pS|S|T Zwl|£’b|p with p> 0,

i=1

where w;(x) are a given weight functions on € satisfying:
w; () = some weight function w(x) in Q for all i =0,..., N.

Then, we consider the Hardy inequality (2.3) in the form,

(/Q lu(@)|?o(x) dm)l/q < c(/ﬁ |VU(x)|Pw)l/p.

It is easy to show that the functions a;(z, s, §) satisfy the growth condition (2.5)
and the coercivity (2.7). Also the Carathéodory function g(z, s, &) satisfies the
conditions (2.8), (2.9) and (2.10), in fact, concerning (2.10) we have,

N
l9(z,8,8)| = P|3|TJrl Zwi|fi|p~

i=1
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Then

N
l9(w,5,€)| > plp[™™ > wil&P for |s| > py > 1.
i=1
Choosing for example p; = 1 and pa = p > 0. On the other hand, the mono-
tonicity condition is satisfied. In fact,

N

Z(ai(xv S, 5) - ai(xv S, é))(gz - él)
=1 N A A A
= w(x) Z(|§i|p_1 sgné; — &GP sgnéi) (& — &) > 0

i=1

for almost all z € Q and for all £, € € RN with € # £, since w > 0 a.e. in Q. In
particular, let us use the special weight functions w and o expressed in terms
of the distance to the boundary 9. Denote d(x) = dist(x, 02) and set

w(z) = dz), o(z) = d"(x).
In this case, the Hardy inequality reads

(/Q [u()|? d"(x) dw)l/q < c(/Q \Vu(z)|P d>(z) dx)

The corresponding imbedding is compact if:
(i) For, 1 < p < g < o0,

1/p

N N A N N
A<p—1, ——=q1>0, E_242_ 4950 (1)
q b q P q p
(if) For 1 < ¢ < p < oo,
A1 1
A<p—1, BE_24C_Zi1s, (4.2)
qg9 p g P
(iii) For ¢ > 1,
—1. 4.
pr— > p > (4.3)
Corollary 4.1 If f € LY(Q), the following problem:
N
ou ,,_ ou (v — u)
dx)|m—[P* ———d
/H; @l s ) 25— da

N
ou
I A
—|—/qu|u| ;:1 d*(z)| oz, [PTi(v — u) dx > /Qka(v —u)dz.

N
we WP (Q,d),u> 1, pu|u|TZd’\(x)|687u|p e L'(Q)
i=1 i

ve WeP(Q,d»), for allv > and all k> 0,

has at least one solution.
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Remarks

1) Note that conditions (4.1) and (4.2) are sufficient to show the compact

imbedding (2.4) (cf. [6, example 1], [8, example 1.5] and [10, theorem
19.17, 19.22)).

2) Condition (4.3) is sufficient for (2.3) to hold (cf. [9 p.p 40-41]).
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