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Existence and multiplicity of nontrivial solutions
for double resonance semilinear elliptic problems *

Abdel R. El Amrouss

Abstract

We consider resonance problems at an arbitrary eigenvalue of the
Laplacien. We prove the existence of nontrivial solutions for some semi-
linear elliptic Dirichlet boundary values problems. We also obtain two
nontrivial solutions by using Morse theory.

1 Introduction

Let Q be a bounded domain in R”, and let g : 2 xR — R be a nonlinear function
satisfying the Carathéodory conditions. We consider the Dirichlet problem

—Au= X u+ f(z,u) inQ

1.1
u=0 on 0N, (1.1)

where 0 < A1 < A2 <...A; < ... is the sequence of eigenvalues of the problem

—Au=Au in Q,
u=0 on 0J9Q.

Let F(z,s) be the primitive [, f(,t)dt, and

l+(z) = liminf M, ky(z) = limsup fz5) ,

s—doo S s—+oo S

Let us assume that 0 <[y (z) < ki(x) < Ag41 — Ag uniformly for a.e. x € Q.
There have been many papers concerning problem (1.1) at resonance in the
situation where Iy (z) = 0 or ki (x) = Ap+1 — Ag; see for example [11, 1, 4, 9,
8, 17]. Some multiplicity theorems are obtained by using the topological degree
technique and the variational methods, [2, 12, 13, 14, 5, 10, 7, 16].
In this paper, we are interested in finding nontrivial solutions of (1.1). First,
we prove the existence of a nontrivial solution when f(z,s)/s stays between 0
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94 Existence and multiplicity of nontrivial solutions

and Agy1 — A for large values of |s|. We replace the non-resonance conditions
of Costa-Oliviera [8] by classical resonance conditions of Ahmad-Lazer-Paul.

Let us denote by E(\;) the A;-eigenspace, and state the following hypothe-
ses:

(FO) For all R >0, sup,<g |f(z,s)| € L=(%).
(F1) 0 < f(z,8)s < (A\gg1 — Ag)s® for |s| > 7 >0 and a.e. z € Q

(F2) limju|—oo,ucr(ry) J F(2,u(z)) do = +oo.

1
(F3) lim /[*(/\kﬂ — A)u?(z) — F(z,u(x))] de = 4o0.
lul]|[—=+oo,u€E(Akt1) 2

2F
(F4) limsup @ < B < A1 — Ag uniformly for a.e. 2 € Q.
s—+o0 S

Now, we state the following result.

Theorem 1.1 Under the assumptions (FO)-(F4), Problem (1.1) has at least
one nontrivial solution.

Note that (F4) implies f(z,0) = 0 for a.e. = € £, so that (1.1) has the trivial
solution in this case.

The second purpose of this paper is to study the existence of at least two
nontrivial solutions of (1.1) when f is Ct, f(z,s)s lies between 0 and (A1 —
Ak )s? for large values of |s|, and

(F5) f(x,s)s — +o0o, uniformly on 2, as s — 400 or as s — —00.

(F6) (Ary1 — M\i)s? — sf(z,s) — +oo, uniformly on 2, as s — +oo or as
s — —00.

(F7) f/(z,0) + A\ < A; on §, with strict inequality f'(x,0) + A\x < A1 holding
on subset of positive measure.

Our main results now read as the follows.

Theorem 1.2 Suppose that f € C1(Q x R,R) such that f(x,0) = 0 for a.e.
x € Q, and (F5)—(F7) are satisfied. Then (1.1) has at least two nontrivial
solutions.

As an immediate consequence we obtain the corollary below, under the as-
sumption that

(F8) 0 < f(s) < Aky1 — Ag for |s| >r > 0.

Corollary 1.3 Assume that f(z,s) = f(s) € CYR), f(0) =0, f/(0)+ X < A1
and (F8) is satisfied. Then, (1.1) has at least two nontrivial solutions.
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Theorem 1.4 Suppose that f € C1(Q x R,R) such that f(x,0) = 0 for a.e.
x € Q. Assume that f satisfies (F5), (F6), k =1, and (F8). Also assume that
there is an m > 2 such that

)\m < f/(m70)+Al < A17’L-i-1 on Qv
with strict inequality Ay, < f'(2,0) + A1 < A1 holding on subset of positive
measure. Then, (1.1) has at least two nontrivial solutions.
Remarks

1. Tt is obvious to see that the conditions (F5)-(F6) imply the conditions
(F2)-(F3).

2. Note that our multiplicity results are not covred by the results mentioned
in [2, 12, 13, 14, 5, 10]. In fact, the condition sup,cp f'(t) < Agy1 — Ak
cited in [13, 5, 10] implies (F6).

The proof of Theorem 1.1 uses a variational argument and the general min-
imax theorem proved by Bartolo in [3]. In section 4, using Morse theory we
compare the computed critical groups of ® at the trivial critical point and the
first nontrivial critical point given by minimax method. The existence of the
second nontrivial solution is deduced from the calculation of the Leray-Schauder
index of critical points.

2 Preliminaries

By a solution of (1.1) we mean a function u € H} () satisfying

/ VuVv — /\k/ uv — / f(z,u)v = 0,forallv € H} ()
Q Q Q

where H} () is the usual Sobolev space obtained through completion of C2°(£2)
with respect to the norm induced by the inner product

(u,v) = / VuVu, u,v € Hy(9Q).
Q
For u € H}(Q2) define the functional

B(u) = %/QWUP - %Ak/qﬁ —/F(m,u).

It is well know that under a sub-critical growth condition on f, ® is well defined
on H}(2), weakly lower semi-continuous and continuously Fréchet differentiable,
with derivative

&' (u)v = /QVUV’U - )\k/uv - /f(a:,u)v, for u,v € Hy(9)



96 Existence and multiplicity of nontrivial solutions

Thus, finding solutions of (1.1) is equivalent to finding critical points of the
functional ®.

To apply minimax methods for finding critical points of ®, we need to verify
that ® satisfies a compactness condition of the Palais-Smale type which was
introduced by Cerami.

Definition A functional ® € C*(E,R), with E a real Banach space, is said
to satisfy condition (C)., at the level ¢ € R, if:
Every sequence (uy,) C E such that

®(un) = ¢ [[un]| @’ (un) — 0

possesses a convergent subsequence

It was shown in [3] that condition (C), actually suffices to get a deformation
theorem. Then, by standard minimax arguments [3], the following result was
proved.

Theorem 2.1 Suppose that ® € CY(E,R), E a real Banach space, satisfies
condition (C).Ve € R and that there exist a closed subset S C E and Q C E
with boundary 0Q satisfying the following conditions

i) Supyecaq P(u) < a < B <inf,es ®(u) for some 0 < a < f3

ii) The intersection of S and 0Q is not empty and for every h € C(E,E)
such that h/0Q = Id, we have h(Q)N S # .

i1) sup,cq ®(u) < oo.
Then ® possesses a critical value ¢ > [3.

Since we are going to apply the variational characterization of the eigenval-
ues, we shall decompose the space H}(Q) as E = E_ @ Ey, ® Ey11 © E, where
E_ is the subspace spanned by the ;- eigenfunctions with j < k and Ej is the
eigenspace generated by the \j;-eigenfunctions and E is the orthogonal com-
plement of E_ & Ey,® Ej41 in Hg () and we shall decompose for any u € Hg ()
as following v = u~ + u* + uT where u~ € E_, u* € Ej, v**! € Ey,1 and
ut € E,. We can verify easily that

/|Vu|2dx Y / 2 de > Sillul? Vu € ©5541E; (2.1)
/ \Vul? de — \; / lul?dz < —5;||ul|*> Vu € @j<iE;. (2.2)
where §; = min{1 — /\j‘il, /\?71 — 1}

Now, we present some technical lemmas.
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Lemma 2.1 Let (u,) C HE(Q) and (p,) C L>(Q) be sequences, and let A a
nonnegative constant such that

0<pp(zr) <A ae inQand for alln e N

and p, — 0 in the weak* topology of L™=, as n — oo. Then, there are subse-
quences (uy), (pn) satisfying the above conditions, and there is a positive integer
ng such that for all n > ng,

-9
[ ol k) = @ b de xSt (23)

Proof: Since p,, > 0 a.e. in 2, we see that

((upy, +up) = (ub™ +uh))

\

\ V

/pn(u + w2 do (2.4)
ut + okl
_ (T Un dx] ut b2,

Moreover, by the compact imbedding of Hg(f2) into L?(Q) and p, — 0 in the
weak™® topology of L°°, when n — oo, then there are subsequences (uy), (py)

such that N .
2
/pn< Un +—u k1l ) dx — 0.
w4+ un |

Therefore, there exists ng € N such that for n > ng we have

ul 4+ yftl )2 8y
n| ——— ) dx < —. 2.5
/p <Hu:§+uﬁ+1\| 2 (25)
Combining inequalities (2.4) and (2.5), we get inequality (2.3). O

Definition A sequence (u,) is said to be a (C). sequence, at the level ¢ € R,
if there is a sequence €,, — 0, such that

D(u,) — ¢ (2.6)
||un||<q)/(un)vv>Hg,H*1 < en”vH Vv € H(:)l~

Lemma 2.2 Let (u,) C Hi(Q) be a (C) sequence.

1. If fu(z) = JC(L(“()“))X“U"( yiz=r] — 0 in the weak™ topology of L™, as

n — oo. Then, there is subsequence (u,) such that (||u;, + (u}f +uE+1)|),
is uniformly bounded in n.

2. If fulz) = (/\k+1—Ak)uijzcgz—f(w,un(w))X[Iun(w)‘zre] — 0 in the weak* topology
of L, asm — oo. Then, there is subsequence (uy,) such that (||u, + (u +
uF))n is uniformly bounded in n.
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Proof: Since (u,), C H be a (C) sequence, (2.6) and (2.7) are satisfied.
Now, we prove that the sequence (||u;; +u;} +u%*1|)),, is uniformly bounded in
n. Take v = (’LL,; + ufm) - (U;t + u'lrcz+1) in (8)7 pn(x) - fn(x)v and

~ [ [P e+ [ 190+l

v [k ke [ (G k) = @ ) o
F:{en—i—/h((u +ub Ty — ) dx

@I )~ bl )

Then A <T. By the Poincaré inequality, from (2.1), (2.2), (2.3), and A <T, it
follows that there exist constants A, and B, such that

J
5l (T HIP < en Acllu + (uf + wl ]|+ Be.

This gives that (|ju, + (u,} + ufT1)||), is uniformly bounded in n. The same
proof of eventuality 2 are given by taking v = (u; + u**1) — (u; +u¥) and

pn(l‘) = fn(l‘) = ()\k+1 — Ak)u"(gj) - f(zyun(x))XHu“(xHZre]

un(x)

Lemma 2.3 1. Let (u,) C H} () such that ||u;, + (u} +ukt1)|| is uniformly
bounded in n and there exists A such that if A < ®(uy,), then

uk
/F<x,7”>dx <M.

2. Let (u,) C HY(Q) such that ||u;, + uf + uk| is uniformly bounded in n
and there exists A such that if ®(u,) < A, then

A Y k+1 k+1

Proof: ;From (2.6), and Poincaré inequality, we have
uk uk
/F(x, ") dr <A+ /[F(a:, ) P un)] d
1
gl + et g+ V—thlmllu g
(2.8)
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However, by the mean value theorem, we get for a.e. z € Q an t = t(z) € [0, 1]
such that

L k k
620 4 (1= t)un | >re tTH +(1— t)un 2
(2.9)
So that using (2.9) and the Poincaré inequality again we have
uF
/[F([L’, 7”) — F(z,u,)|dx

2 _
< ——| sup |f(e,s)lllzelluy + 1 +ubt (2.10)

V A1 |s|<re

Akt1— At e
+rel| sup [f(@,8)||[p + =

JsI< Ty e
s|<re

JFrom (2.8) and (2.10), there exists M > 0 such that
uk
/F(x, ) de < M.

3 Proof of Theorem 1.1

To apply Theorem 2.1, we shall do separate studies of the “compactness” of ®
and its “geometry”. First, we prove that ® satisfies the Cerami condition.

Lemma 3.1 ® satisfies the (C). condition on Hi(Q), for all c € R.

Proof: Let (u,), C H} be a (C). sequence, i.e

D(u,) — ¢
||un||<q)/(un)7v>Hé7H—1 < En”’UH Yv € Hé7

where A is a constant and €, — 0. It clearly suffices to show that (un)n
remains bounded in H{. Assume by contradiction. Defining z, = m, we
have ||z,,|| = 1 and, passing if necessary to a subsequence, we may assume that
zp — 2z weakly in H}, 2z, — 2 strongly in L?(Q) and z,(z) — 2(x) a.e. in €.
As in the proof of Lemma 2.1, we put

fu(z) = %Xnun(w)zﬂ
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and | € L* such that f, — [ in the weak™ topology of L>°, as n — co. where
the L°°-function [ satisfies

0< l(.’L‘) < A1 — Ak (3.1)
Set m(z) = I(z) + Ak, by (2.6), we have

(@ (un),un) /m(a’,‘)z(m) dz = 0.

[[un]?
So that, z #Z 0. In other words , we verify easily that z satisfies

—Az=m(z)z inQ

2
z=0 on 0N (3:2)

We now distinguish three cases: i)\ < m(z) and m(z) < Ag+1 on subset of
positive measure; ii) m(x) = Ag; iil) m(x) = Agr1.

In case i), we have Ap(m) < 1 and Ap41(m) > 1. This contradicts that 1 is
an eigenvalue of problem (3.2). On the other hand, by (F2), (F3), lemmas 2.2
and 2.3 the cases ii) and iii) are not possible. The proof is complete. 0

Lemma 3.2 Under hypothesis of Theorem 1.1, the functional ® has the follow-
ing properties:

i) ®(v) = —00, as ||v]| 2 0, vEEDE_=V

ii There is an r > 0 such that ® < a on 9B,(0).

Proof i) Assume by contradiction there exist a constant B and a sequence
(v,) C V with |ju,|| — oo such that

B < ®(v,) < —dlv, 1%

Therefore, v, || is bounded and by Lemma 2.3, we obtain

k
liminf | F(x, %‘) dz < constant.

This is a contradiction with assumption (F2).
ii) By (F4), there exists § > 0 such that
B e
F(x,s) < §|s| for |s| < 4 and a.e. z € Q (3.3)
where 3’ €]8, A1 — Mgl

On the other hand, (F0) and (F1) implies that there exist > 2 and A > 0
such that

F(x,s) < Als|* for |s|] <0 and a.e. x € Q (3.4)
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Thus, from (3.3) and (3.4) we deduce
/
F(z,s) < 5\s|2 + Als|* for |s] < ¢ and a.e. x € Q (3.5)

Let u € H}(2), via (3.5) and using the Poincaré inequality \; [u? < ||u|? and
the Sobolev inequality [u* < K|ul[*, we obtain

O(u) = %Hu”2 - % /u2 - /F(x,u) dx

/\1—)\13 2 ﬂ// 2 /
> " - = — A s
3 /u 5 U U

>\1 - )\k - 6/ 2
> — AK H
e e Jul

Since p > 2, we obtain the estimates

M= =0 M= =0
®0) > (L ARl 2 2 0 =
with r = (%)ﬁ, wich proves the lemma. O

Proof of Theorem 1.1 The first assertion of lemma 3.2 implies that there
exists v € H} such that ®(tv) — —oo as t — oo. In view of lemmas 3.1 and
3.2, we may apply Theorem 2.1 letting S = {u | |[u|| = r} and Q = {tv | v €
E_® E,0 <t <ty}, with ¢g > 0 being such that ®(tv) < 0. It follows that
the functional ® has a critical value ¢ > 8 > 0 and, hence, problem (1.1) has a
nontrivial solution u € Hj.

4 Existence of multiple nontrivial solutions

In this section, we consider the existence of multiple nontrivial solutions of
problem (1.1). It is well known That, under the conditions of f in Theorem 1.2
or Theorem 1.4, ® is a C? functional with

' (u)v = / Vuvv—)\k/uv—/f(x,u)v, for u,v € H}(Q),
Q
(I)H('LL).U.’LU = / VwVuv — )\k/’w’l}— /f’(x,u)wv, for U, w,v € H&(Q)
Q
Set, ¢ = {u € H}(Q) | ®(u) < c¢}. Denote by H,(X,Y) the g-th relative

singular homology group with integer coefficient. The critical groups of ® at an
isolated critical point u with ®(u) = ¢ are defined by

Cy(®,u) = Hy(®°NU,2°NU\{u});¢=0,1,2,...,

where U is a closed neighborhood of u.
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We will use the notation deg(®’,U,0) for the Leray-Schauder degree of ®
with respect to the set U and the value 0. Denote also by index(®’, u) the Leray-
Schauder index of ®' at critical point u. Recall that this quantity is defined as
lim, o deg(®’, B, (u),0), if this limit exists, where B, (u) is the ball of radius r
centered at u.

Now, we will prove the following lemmas.

Lemma 4.1 There is anr > 0 and an a > 0 such that ® > « on 0B,(0).

Proof: Using the Poincare’s inequality, we have for every v € H{ (£2),

" (0).v.w = /Q |Vo|? — /[)\k + f'(z,0)]v* d.

Put m(z) = A\x + f'(2,0), and so in the case where m(z) < 0, then
®"(0).v.v > vl

In the case where m(z) > 0 on subset of positive measure we have A;(m) > 1.
It follows from the Poincaré’s inequality that

&"(0).v.v > (1 — N (lm)

It follows that 0 is a non-degenerate critical point of ® with the Morse Index of
® at 0 is 0, and so it is well known that Cy(®,0) = d40Z.
For sufficiently small p > 0 we have for |ju|| < p

lv]]*.

B(w) = 5@ (0)awu + ol Jul?) <

7 (0).u.u + o(||ul|?)

with O(\M”;) — 0 as |ju|| — 0. For r < p, there holds

®(u) > (1= &(m))r? [|ull = r

N

with
£(m) W if m > 0 on subset of positive measure
m) =
0 ifm<0

Since A1(m) > 1, clearly there exists a > 0 such that ®(u) > a on 9B,(0).

Lemma 4.2 There exists at least one nontrivial critical point ug of ® such that
Cq((I),’U,O) = 5q12.
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Proof: It easy to see that the conditions (F4), (F5) follow from conditions
(F2), (F3). Then, by lemma 3.2, ® is anticoercive on E~ @ E¥ we can find a
w such that ||w|| > R and ®(w) < 0. The compactness condition and geometry
of ® assure that ¢ = inf,er maxo<;<1 ®(h(t)) is a critical value for ®, where
I ={h e C([0,1],H}) | h(0) = 0,h(1) = w}, and ¢ > a. Then, there exists a
critical point nontrivial, ug, of mountain pass type such that C7(®,ug) # 0.

If ug is a non-degenerate critical point with its Morse index is k and then
Cy(®,ug) = 041 Z. Since C1(P,up) # 0 it follows that Cy (P, up) = d41Z.

If ug is degenerate, by Gromoll-Meyers theorem (cf. [16]), we have

Cy(®,ug) =0 forg<k and ¢>j+k

with j = dim Ker®”(ug). Since C1(®,ug) # 0, it follows that k < 1.

If £ = 1, by the shifting theorem and the critical group characterization of
the local minimum, we have Cy(®,ug) = 61 Z.

If £ =0, we have

& (0).v.w = /Q |Vou|? — /P\k + f'(x,0)]v* dz > 0.

for every v € H}(Q2) and according to a result of Manes-Micheletti (cf. [15]), we
have j = dim Ker®”(ug) = 1. Consequently, from the shifting theorem and the
critical group characterization of the local maximum, we have Cy(®, ug) = 641 Z.

Proof of Theorem 1.2 By the Riesz representation theorem we can write
(®'(u),v) = (u,v) — (Nu,v), for all u,v € HJ(Q)

where (u,v) = [, VuVv and (Nu,v) = [[Apu+f(x,u)]vdz. Sothat, & = I-N
and By the Sobolev embedding theorem, N is compact. We see that ®' has the
form Identity-compact, so that leary-shauder techniques are applicable. In a
similar way we can define a compact map T : H}(Q) — H}(Q) by < Tu,v >=
J Ak + puv. Tt is well know for 0 < 1 < App1 — Aj that

deg(I — T, Br(0),0) = (-1)™

where m represents the dimension of V= @& V¥ and Bg(0) the ball in H} ()
of radius R > 0. Suppose {0,ug} is the critical set of ® and let R > 0 such
that {0,up} C Bgr(0). According to [7, theorem 3.2, capt. II] and the addition
property of Leray-Schauder degree imply

deg(®’, BR(0),0) = index(®’, 0) + index (D', ug)

= (~1)7dim Cy(®,0) + > _(—1)7 dim C; (P, up)
q=0 q=0

= dim Cy(®,0) + dim C4 (P, up)
=1-1=0.
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But this contradicts the fact that
deg(®’, BR(0),0) = (=1)™.

Indeed, in [17] Omari and Zanolin establish an a priori bound for the solution
set of the family equation

—(Au+Mu) =1 —t)pu+tf(z,u), ze€,te]0,]1]
u=0 on 00

with, 0 < g < Ag+1 — Ax. The homotopy invariance of Leray-Schauder degree
implies that deg(®’, Br(0),0) = deg(I — T, Br(0),0) = (—=1)™.

Proof of corollary 1.1 ;From (F8), there are s1,s2 such that 0 < f/(s1),
f'(s2) < Ak+1 — Ak = p. Thus, by continuity, there exist s3 € R, e > 0,0 > 0
such that

e<fl(s)<p—ce

for every s € [s3 — 0, s3 + J]. Let s3 > 0 be and take s > s3 + &, we have

S3 s3+0 s
55§f(8):/0 f(t)dt+/ f@)dt+ F()dt < ps — €d.

S3 s3+0

Hence, the corollary follows. Similarly, we have F5) and Fg), if s3 < 0. O
For the proof of Theorem 1.4, we will need the following lemma.

Lemma 4.3 The functional ® is coercive in E(\)* = W. Moreover, the
functional ® has at least nontrivial critical point of mountain pass type.

Proof. Suppose by contradiction that ® is not coercive in W. Thus, there is
some constant B and some sequence (w,,) C W, with ||w,| — oo, such that

1 1
O (wy,) = 5/ [\an|2 dx — /\k+1wm —|—/ [i(AkH — )\k)wi — F(a:,wn)] dx < B
This implies that ||w;|| is bounded, and so Lemma 2.3 gives us a contradiction
from (F3). Therefore, ® is bounded from below in W. Hence, since ® is weakly
lower semi-continuous and coercive on W, & attains the infimum 5 = infy, ®.

On the other hand, since ® is anticoercive on E(A1), we can find ¢y > 0 that
O(ttppr) < B. In view of Lemma 3.1, we may apply Theorem 2.1 to get that

= inf ®(h(t)) >
O Ry ) 2P

is a critical value for ®, where I' = {h € C([0,1], H}) | h(0) = —top1,h(1) =
towp1}. Asin the proof of Theorem 1.2, there exists a critical point ug of ® such
that Cq(q),’LLO) = 6q12.

Now we will prove that 0 is a nondegenerate critical point with Morse index
of ® at 0 equal d.
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Claim. The Morse index of ® at 0 is d, with d > 2.
In fact, for every v € @jSmEj we have

&"(0).vw = /Q |Vo|? — /[)\1 + f'(z,0)]v?dx < /)\m — A\ + f(z,0)]0? da.

On the other hand, for every v € @jzmHEj we have
" (0).v.v > /)\m+1 — A1+ f(z,0)]v da.

JFrom (F8) we obtain that 0 is a nondegenerate critical point of ® with Morse
index is d, where d is the the dimension of ®;<,, F7 and clearly d is larger than
2. The last claim implies that Cy(®,0) = 6447Z, and so vy is a nontrivial critical
point of mountain pass type.

Proof of Theorem 1.4 As in the proof of Theorem 1.2, we assume {0, ug}
is the critical set of ®. Let R > 0 such that {0,up} C Bgr(0). According to
[7, Theorem 3.2, Capt.II] and the addition property of Leray-Schauder degree
imply

deg(®’, Br(0),0) = index(®’,0) + index(®’, uo)
= (~1)7dim Cy(®,0) + > _(—1)7 dim C, (P, up)
q=0 q=0
= dim C’Q((I)7 0) + dim Cl((I), UO)

=(-1)%-1.

Observe that the right hand side of this equality is even, which contradicts the
claim given in the proof of Theorem 1.2. Hence, problem (1.1) has at least two
nontrivial solutions. (|

References

[1] S. Ahmad, A. C. Lazer, & J. L. Paul, Elementary critical point theory and
perturbations of elliptic boundary value problems at resonance, Indiana
Univ.math.J.25, 933-944, 1976.

[2] S. Ahmad, Multiple nontrivial solutions of resonant and nonresonant
asymptoticaly problems, Proc. Amer.Math.Soc. 96, 405-409, 1986.

[3] P. Bartolo, V. Benci & D. Fortunato, Abstract critical point theorems and
applications to some nonlinear problems with strong resonance at infinity,
Nonlinear Analysis 7, 981-1012, 1983.

[4] H.Berestycki & D.G.DeFigueiredo, Double resonance in semilinear elliptic
problems, Communs partial diff-Eqns 6, 91-120, 1981.



106

[5]

Existence and multiplicity of nontrivial solutions

A. Castro & A. C. Lazer, Critical point theory and the number of solutions
of a nonlinear Dirichlet problem, Ann.Math./18, 113-137, 1977.

G.Cerami, Un criterio de esistenza per i punti critici su varietd ilimitate,
Rc.Ist.Lomb.Sci. Lett. /121, 332-336, 1978.

K. C. Chang, Infinite dimensional Morse theory and Multiple solutions
problems, Birkhuser, Boston, 1993.

D.G.Costa & A.S.Oliveira, Existence of solution for a class of semilinear
elliptic problems at double resonance, Bol.Soc.Bras.Mat.,19. 21-37, 1988.

A. R. El Amrouss & M. Moussaoui, Resonance at two consecutive eigen-
values for semilinear elliptic problem: A variational approach, to appear.

N. Hirano & T. Nishimura, Multiplicity results for semilinear elleptic prob-
lems at resonance and with jumping nonlinearity, J.Math.Anal. Appl. 180,
566-586, 1993.

E. M. Landesman & A. C. Lazer, Nonlinear perturbations of linear elliptic
boundary value problems at resonance, J.math.Mech. 19,609-623, 1970.

E. Landesman, S. Robinson & A. Rumbos, Multiple solution of semilinear
elleptic problem at resonance, Nonlinear Anal., 24, 1049-1059, 1995.

S. Q. Liu, C. L. Tang & X. P. Wu, Multiplicity of nontrivial solutions of
semilinear elliptic equations J.Math.Anal. Appl. 249, 289-299, 2000.

S. Li & M. Willem, Multiple solution for asymptotically linear boundary
value problems in which the nonlinearity crosses at least one eigenvalue,
Nonlinear differ.equ.appl. 5, 479-490, 1998.

J. Manes & A. M. Micheletti, Un estonsione della teoria varizionale cllasica
degli autovalori per operatori elliptici del secondo ordine, Boll. U.M.I., 7,
285-301, 1973.

J. Mawhin, & M. Willem, Critical point theory and Hamiltonien systems,
Springer-Verlag, New York, 1989.

P. Omari & F. Zanolin, Resonance at two consecutive eigenvalues for semi-
linear elliptic equations, Annali di matematica pura ed applicata, 181-198,
1993.

ABDEL R. EL AMROUSS

University Mohamed I, Faculty of sciences
Department of Mathematics, Oujda; Morocco
e-mail: amrouss@sciences.univ-oujda.ac.ma



