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Abstract
For a fixed p and o > —1, such that p > max{l,0 + 1}, one main

concern of this paper is to find sufficient conditions for non solvability of

ue = —(—A)2

u— V(z)u+t7h(z)u” + W(z,t),

posed in S :=RY x (0,T), where 0 < T' < 400, (—A)g with0< 8 <2
is the /2 fractional power of the —A, and W(z,t) = t"w(x) > 0. The
potential V' satisfies lim sup,|_ ;o [V (2)||2|* < +o00, for some positive a.
We shall see that the existence of solutions depends on the behavior at
infinity of both initial data and the function h or of both w and h. The
non-global existence is also discussed. We prove, among other things, that
if ug () satisfies

lim w2 ' (z)h(z)|z| T A = oo,

|| —+o0

any possible local solution blows up at a finite time for any locally inte-
grable function W. The situation is then extended to nonlinear hyperbolic
equations.

1 Introduction

In this paper we consider the problem

B
2

up = —(=A)2u — V(z)u +t7h(z)u? + W(z,t), (x,t) € RN x (0,7),

(1.1)
u(z,0) = ug(z) >0, zeRY,

for some 0 < T < +00, where (—A)g with 0 < 8 < 2 is the 3/2 fractional power

of the —A, which stands for diffusion in media with impurities, p > 1, o > —1,

the functions h and ugy are nonnegative and satisfy some growth conditions at
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150 Local and global nonexistence

infinity which will be specified later. The function W (z,t) > 0, which can be
viewed as a noise or as a control, is locally integrable. Even if we can handle
general W(x,t), we will confine ourselves to the simple case where W (x,t) =
tTw(x), v > —1. We assume that the potential V satisfies

lim sup |V (2)]]z]* < +o0, (1.2)

|z|—+o0

for some a > 0.

In the case 8 = 2,0 = v=0and V = 0, Pinsky [7] proved that all nontrivial
nonnegative solutions blow up at a finite time if N < 2 or N > 3 and the
function w(z)|z|>~" is not integrable. It was also shown that if h(z) > c|z|™
and w(z) > clz|79, 2 < ¢ < N, for large |z| there is no global solutions if
l<p<14 32

In a recent paper [6], we studied the criticality for some evolution inequalities.
It was shown, among other results, that for V' < 0,w(z) > 0 if h(z) behaves
like |z|7 at infinity and if 1 < p <1+ W =: p. then there is no global
nonnegative weak solutions except the trivial one. In the case where p > p,
solutions may exist, at least locally. More recently the first named author proved
in [3] a similar result for ¢ = 0, but V, (z) < —%~, where V, = max{V,0},

1+|z]e >
Ne=b - 0, 5> 0 and p small.

In [3],[6] the problem of nonexistence of global weak solution, with unsigned
initial data and w = V = 0, is also considered. The authors obtained the
absence of global solution for initial data satisfying

a >

0< / uo(x)dz < +o0,
RN

and under some conditions on p and on the behavior at infinity of h.

In the present paper we are interested in conditions for local and global
solvability of (1.1) from a different angle. We investigate, for any fixed o > —1
and p > max{1l,1 + o}, in contrast to the Fujita-type result, the effect of the
behavior of ug, h and w at infinity on the non existence of local and global weak
solutions to (1.1).

This work is motivated by the paper [1] in which Baras and Kersner showed
that the problem

up = Au+ h(z)uP,  u(x,0) = ug(z) >0, (1.3)
has no local weak solution if the initial data satisfies

lim  uf”'h(z) = +oo,
et oo

and any possible local weak solution blows up at a finite time if

lim  wb 'h(z)|z|? = +o0.
|#]—+o00
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Here, we attempt to extend this result to (1.1). The methods used are some
modifications and adaptations of ideas from [1] and [3].
Set

Sr:=RN x (0,7).

Definition We say that v > 0 is a local weak solution to (1.1), defined in
St,0 < T < +oo, if it is a locally integrable function such that u?h € L} .(St),
and

/ u(m,O)C(m,O)dm+/ t”wh(dwdt—i—/ t7huP( dx dt
RN ST St

= / w(—A)F ¢ da dt — / uGy da dt — / wV(2)Cdedt, (1.4)
Sy Sr Sy
is satisfied for any ¢ € C$°(St) which vanishes for large |z| and at ¢t = T..

Definition We say that u > 0 is a global weak solution to (1.1), if it is a local
solution to (1.1) defined in St for any T' > 0.

Throughout this paper we may assume that there exists Ry > 0 such that
w(z) are nonnegative for all |x| > Ry and condition (1.2) is satisfied.

Theorem 1.1 Leto > —1, p > max{1,1+ o}. Assume that one of the follow-
g two conditions

‘ ‘hm ub ™ h(z) = 400, (1.5)
x|—-+400

lim  wP™'h(z) = +oo, (1.6)
ipussy

is satisfied. Then there is no T > 0 such that problem (1.1) has a solution
defined in St.

This result shows in particular that any local solution to (1.1) blows up at
t = 0. The proof of Theorem 1.1 is based on an upper estimate of the blowing
up time as it is shown in the following theorem.

Theorem 1.2 Let 0 > —1, p > max{1,1+ o}. There exist positive constants
K1, Ky such that if problem (1.1) has local solution defined in S, T < +oo, the
following two estimates hold:

.. -1
‘Ellgﬂrnofo uf h(z) < Klm, (1.7)

1
liminf wP ™ h(z) < K, (1.8)

|z|—+o00 T(l"""/)(p_l) ’
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We can deduce from the above result that if problem (1.1) has a global
solution then the initial data and the function w must satisfy

liminf uf~'h(z) = liminf wP~*h(z) = 0.
|z]—4o00 |z]—4o00

But those conditions are not sufficient for the global existence as it can be seen
from the following statement.

Theorem 1.3 Let 0 > —1, p > max{1,1+ c}. Assume that

lim  uf” ' h(x)|z| AT BB — o) (1.9)
|| =00
or .
‘ ‘hm wP ™ h(z)|z|RHAa =Dl — oo (1.10)
x|—+o0

Then problem (1.1) has no global solution.

Remark 1.4 It is interesting to note here, that in some sense, there is no effect
of V on the global solvability of (1.1) if @ > 2. In case V' < 0 assumptions
(1.9),(1.10) have to be read with g instead of inf{f, a}.

The second part of our paper deals with non existence results for the hyper-
bolic problem

uy = Au+ V(z)u + t7h(z)u? + tTw(z), (1.11)

u(z,0) = ug(x), w(z,0)=wui(x). '

We use the similar approach to establish the
Theorem 1.5 Let p > max{l,1+ 0}, o0 > —1. Assume that

limsup |=|**|V (z)| < +o0

|| — o0
and one of the following two conditions

| |hrﬁ upht/ =g [HLa} 55— o (1.12)

Jim wht/ =1 | Lad (I 2552) — oo (1.13)
Tr|—T00

holds. Then (1.11) has no global weak solution.

Observe that the conditions required does not involve the initial position ug.
The method of the proofs is based on a judicious choice of the test function in
the form

C(a,t) = n(t/T) (@),
where n € C§°([0,+00)) and ® € C°(RY). For Problem (1.11) we demand
to n to satisfy n/(0) = 0 therefore (;(x,0) = 0, and this condition eliminates
in the definition of solution to (1.12) the term which contains ug. The strong
point in this result is to obtain necessary conditions for non local and non
global existence of solutions for any local integrable initial data even if uy has
a compact support. This remark was first noticed by Pohozaev and Veron [8].
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2 Nonexistence of local solutions

In this section, we provide a necessary condition for the local solvability of (1.1).
We first obtain estimates (1.7), (1.8) and then prove Theorem 1.2. Without lost
of generality we may assume that for large ||,

[V(z)| <l|z|™% a>0.

Proof of Theorem 1.2 Suppose that u is a local solution to (1.1) defined in
St,0 < T < +00. Let ¢ be a test function which is nonnegative. According to
(1.4) we have

/ u(m,O)C(m,O)dm+/ t"w(dxdt—i—/ t”huP{ dx dt
RN St St
S/ u((—A)QC)+dxdt+/ u|Ct|d:Edt+/ u|VI[¢dzdt, (2.1)
St St St

where [.]; = max{.,0}. By considering the Young inequality, with p’ = p/(p—1),
we obtain

/ u|Cy| dx dt
St

1 / ’
< g/ t“uphgdxdt+(p—1)31/<P—1>p—P/<P—1>/ G |P (t7h¢)P da dt,
ST ST

1
/ w((—A)5 Q)4 du dt < 7/ t7uPh¢ da dt + (p — 1)34/ =D p=p/(P=1)
ST 3 ST

x / (~A)30) (t7he) 7 dudt,
St
and

/ |V (2)|C dz dt
St

1 ’ /

< 7/ t7uPh¢ da dt + (p — 1)31/(p_1)p_p/(p_1)/ \VIP'C(t7R) P da dt.

3 ST ST
Using the above estimates in (2.1), we obtain

/ u(z,0)((z,0)dz +/ t"w dx dt

RN St

<(p - 1)3"/ @ pr/on | / Gl (¢7R¢) 7 da di

+ /S () T

208 (t7h¢) P dmdt+/ VP ¢(t7h) 7 da dt|.
St
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At this stage, let
((z,t) = (/1)) @(x),
where ® € C°(RY), @ > 0 and n € C$(R,), 0 < n < 1, satisfying

1 ifr<i
n(r) {0 ifr>1,

With the above choice of ¢, we obtain
1 T
7(—)1+W/ dwdx + / Pugdx
1 + Yy 2 RN RN
< (p— 1)31/(p*1)p*p/(p*1)cf'*1{(p')p’T(HU)(l*p') € tan ®h P da dt

+ Ttte=r) / (=A)7®) ()P d 4 T+ (=) / |V|P'q>h1*p’dx},
RN RN

(2.2)
where
. max {12}
cr-t= L=
i l+o(l-p)
Next, we consider ®(z) = ¢(z/R), R > 0, where
peCP®Y), 0<p<1 swppoC{l<f|<2}, (~0)%)<y

Accordingly, via (2.2) we find
inf (uo(x)hp’*l) / SR dr < (p — 1)3Y/ @~ Dpp/ G-V S1[(R), (2.3)
|z|>R RN

and

inf (w(x)hplfl)/ dh' P da
RN

|z|>R
< (12T (p = )3V Dy TDCTTU(R), - (24)
for R > Ry, where
I(R) == [(L )P p-p)+e) +T1+0<1—P’>{ L H / o7 da.
p—1 RBP"~ Rav’ RN
Then estimates (1.8), (1.9), with K; = 135*1,1(2 = (y+ 1P~ 27(p — 1)K;,
are easily obtained by dividing (2.3) and (2.4) by [px ®ht~P dz and letting
R — +00. This completes the proof. O

Note that assumption (1.2) are only used to eliminate the second term of
I(R) when R tends to infinity. It is obvious that the conclusions of Theorems
1.1 and 1.2 remain true if we assume

limsup |z|*Vi(x) < 400,

|| =00
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or
lim max V(z)y =0,
Rotoo {R<|z|<2R} @)+

instead of (1.2).

Remark 2.1 Following the above proof, the condition ¢ > —1 is not used. It
is easily verified that estimates (1.7), (1.8) are satisfied for any o. This leads in
particular to

liminf uf~"h(z) = 0,

|| —+o0
if 0 < —1, or if 0 = —1 the limit is finite. Therefore there is no local solution if
liminf,| 1o ug_lh(x) > 0 and o < —1. For the case 0 = —1 there is no local

solution if
liminf uf~'h(z) > K.

|| =00

3 Necessary conditions for global solvability

In this section, we discuss conditions for the non existence of global solution to

(1.1).

Proposition 3.1 Let p > max{1,1+4 o}. Assume that (1.1) has a global solu-
tion. Then the following two limits are finite:

lim inf wP~h(x)|znHAa 4o (3.1)
|z|—+o0
|£1\r2142>fo ugflh(x)|m|inf{ﬁ7a}(7(p—1)+p+a) (3.2)

Proof Assume that (1.1)—(1.2) has a global weak solution. According to the
proof of Theorem 1.2 we have, for any 7" > 0,

/ dugdr < Cl{(L)p’T(Ho)u—p') 1 OR- inf{ﬁ,a}p’TlJra(lfp’)}
Qr -1
X / dh'P drdt (3.3)

Qr

and

/ dwdr < 02{ (L)p,Ta(l—p’)—p'—'v +9R™ inf{ﬁ,a}p’TU(l—p’)—'y}
Qn 1
x / SR P dudt, (3.4)
Qr

where Qg = {R < |z| < 2R}, C1 = (p — 1)31/(1’_1)19_1’/(1’_1)05/_1, Cy =
(v + 1)27*F1C; and ®(z) = p(z/R), with ¢ € C°(RY) nonnegative satisfying
((—A)P2p), < ¢ and suppyp C {1 < |a| < 2}.
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A simple minimization of the right hand side of (3.3) with respect to T > 0
yields

/ Bugdy < AP LR~ nFB.e) 15 o7 da,
Qr o

where A, = A,(p,0) is a positive constant. This leads to the estimate

inf (wo(w)h?’ ! (@) PHP 555 / Op1 |0 g
|z|>R Qr

+

< Afl_l/ |~ MO R gy
Qr

Thus ) ' ey )
|li‘minf (uo(x)hp *1(x)|x|mf{ﬂ’a}ﬁ) < AP L
x| ——+o0
To confirm (3.2) we use (3.4 ), with 7' = R™{%:9} to deduce
/ Qwdz < BY' 'R A} Or e =1) / oh' 7 da.
Qr

Qr

The rest of the proof as above. O
Remark 3.2 As in section 2, condition (1.2) can be relaxed to

lim sup V4 (z)|z]* < 400,

|z|— o0

where V. = max{V,0}. For equation (1.1) with W = 0, i.e, equation

B
2

up = —(—A)2u — V(x)u + t7u?, (3.5)

we have no global solution whenever

lim ul ! () |x[HAa ) 5 g (3.6)

|z|—o0

Now i f we keep the function K;Mp—UTO_’Y_lt7 1-‘ij|$|’T0 >0, in (1.1), any local
solution ceases to exist before Tj.

Remark 3.3 In [7, 10, 11] a crucial role is played by some estimate of the heat
kernel associated to the linear operator involved in the considered equations.
The methods used in this paper seem to be more efficient because there are
not based on a knowledge of the kernel of the involved operators. The methods
have a remarkable degree of simplicity and versality. For instance, equations
with nonlinear diffusion can be handled by the methods presented in here as we
can see below while the methods adopted in [7, 10, 11] are clearly inoperative.
For example, we can consider the

ug > Ala(z, t)u™) + t7h(x)uP,
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where a > 0 in L% (R x (0,+00)) and 0 < m < p. These methods can also be
used to derive a non global existence of weak solutions to

up = —|z|*(=A)P 20 — V(z)u + t7h(z)u® + O w(x), u(z,0) = ug(z), (3.7)

where 0 < o < N. We note that this equation has a diffusion that vanishes at
the origin = 0 [5]. Concerning the nonexistence of global solutions to the last
problem, the following result can be established without any major difficulty.

Theorem 3.4 Let 0 > —1,p > max{l,1 + o} . Assume that

lim uP*lh(x)|x|—ap+(1+U)inf{ﬂ,a-{-a} = 400
oo ’

or

lim wpflh(;g)|m|inf{ﬁ:a}[v(p*1)+ff]*ap = 400.
|| —+o0

Then problem (3.7) has no global weak solution.
Observe that we can also consider the equation
uy = Au~+t7h(x)(1 4+ u) log(1 + u)?, (3.8)

with an initial data ug > 0. We refer the reader to [9] for the case o = 0 and
h = 1. Equation (3.8) can be written

vy = Av + th(z)oP + | Vo> > Av + t7h(x)v?,
via the transformation v = log(u + 1). According to the previous results, if

lim inf (log(1 + wg))h(z)Y/ P=V|z|20+0)/ =1 5 ¢

|z]|—+o00

for some positive constant Cp, where p > max{1,1 + o}, Equation (3.8) with
initial value ug does not possess global solution.

4 Nonexistence results for nonlinear hyperbolic
equations

This short section deals with the equivalent of Theorems 1.1 and 1.3 for nonlin-
ear hyperbolic equations of the form

uge = Au — V(z)u 4+ t7h(z)u? + Yw(z), (4.1)
for » € RY and t € (0,T) subject to the conditions

u(z,0) = ug(x), wu(x,0) =ui(x), =RV, (4.2)
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The extension of the results of Section 2 to equations of type (4.1) presents no
conceptual difficulty. We will follow the routine calculations, except that we
choose
t2 2p'

() = ()™ () (43)
as a test function. Without loss of generality, we assume that the potential V'
satisfies

V()] <[z, a>0, (4.4)

for large |z|.

Proof of Theorem 1.5 Since the proof is similar to the one in the preceding
sections, we only give here a sketch of the proof. First we assume on the contrary
that problem (4.1)—(4.2) has a global solution, say u. Let ¢ be a test function

defined by (4.3) where n and ® are defined in Sections 2 and 3. Observe that
¢i(z,0) = 0 for all x in RY. Therefore, we have the estimate

/ ul(x)g(x,O)dx—i—/ t”w@dxdt—i—/ thuP{ dx dt
RN St St

§/ u(—A()+dxdt+/ u|§tt|dxdt+/ u|V(2z)|¢ dx dt,
St ST St

which leads to

/RN up ()P (z)dz

< [OyT P02 4 0 p- 22010 e (1-0)] / (I’(f)l
RN hp

dx, (4.5)

for some positive constants Cy,Csy, and for any T > 0. Therefore, by a mini-
mization argument, we deduce that

dx.

/ u1(1‘)¢’(1‘)dax<KlR’inf{l’a}(HHU)(p’fl)/ ®(x)
RN - RN hplil

Hence, as in section 2,

liminf u? ™" h(z)|z|PHLA PFI4O) o oo,
|z|—+o00

which is impossible. The rest of the proof is similar to that in Section 3 and is
hence left to the reader. g

Remark 4.1 An immediate necessary conditions for the local existence can be
obtained from (4.5) which leads to

K
imi 1/(p—1) 1
@f&?fo u1h < Tlto+2p
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Concerning the function w we have also a necessary condition for the local
existence,

K
m i Yp-1) « 2
ﬂ;fﬁﬂfo wh < Ty(p—1)+o+2p°
We illustrate our results with the example

e = A+ 17 [ul? + (14 [2]) 7% g, 0) = AL+ [af?) =D/,

Ifk < i‘%‘; or ¢ < +t7EP the problem has no global weak solution even if ug has

2(p—1)
a compact support or if ug = 0. Now if k = i‘%‘; and q¢ > é&”_ﬁ?

has no global weak solution if A is large enough.

the problem
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