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Abstract
In this paper, we study the existence and regularity of positive solu-
tion for an elliptic system on a bounded and regular domain. The non
linearities in this equation are functions of Caratheodory type satisfying
some exponential growth conditions.

1 Introduction

In this work, we study the elliptic system

—Apu = f(z,u,v) inQ
—Apv =g(z,u,v) inQ (1.1)
u=v=0 on 01,

where Q is a bounded regular domain in RY, 1 < p < 400, and f and ¢ are
Carathéodory functions satisfying some growth conditions specified later.

In the recent years; the existence and non existence for the scalar case have
been studied by several author’s by using various approaches [9, 5]. For the
system case, we mention the recent work of Bechah [4]. He study the local and
global behaviour of solutions of systems involving the p-Laplacian operator in
unbounded domains with f , g functions satisfying some growth conditions of
polynomial type. Also, we cite the work of Ahammou [2], where he studied
the positive radial solutions of nonlinear elliptic systems (1.1) using the method
of topological degree. There  is a ball in RY and f, g are positive functions
satisfying f(z,0,0) = g(x,0,0) = 0 under some growth conditions of polynomial
type.

Here we study the existence and regularity of positive solutions of (1.1) in a
regular bounded domain and f, g are functions of Carathéodory type satisfying
some growth conditions of exponential type. We extend the results of De Thelin
[8] for the problem

Apu+g(z,u) =0
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172 Existence and regularity of positive solutions

in the case when the growth of g(z,.) is allowed to be of exponential type.

The rest of this paper is organized as follows: In section 2 we introduce the
assumptions and some results preliminaries. In section 3 we introduce the main
results of this paper.

2 Assumptions and preliminaries

Let X be a closed subspace of Wol’p(Q); f and g be two positives Carathéodory
functions satisfying the growth conditions:

(H1) For all K > 0, there exists m > 0 such that for all (£,7) € RxR, satisfying
|€] + |n] < K and for almost every where x € Q we have

f(x7§an)gm and g(xvgan)gm

(H2) There exist o9 > 2p — 1, 6y > 2p — 1 and R > 0 such that for all (§,7n) €
RT x RT satisfying £ + 71 > R we have

Ef(x,6,m) = (00 +1)G(x,&,m) ae x €Q (2.1)
ng(z,&,m) > (0o + 1)G(z,£,n) ae v € Q (2.2)

where 280E0) = f(z.¢,n), and ZEEE0) = g(z, ¢, 7).

Definition We say that (u,v) is a weak solution of elliptic system (1.1) if for
all (¢,9) € (W, ()% we have

/|Vu|p_2VuV¢:/f(x,u,v)¢
Q Q
[ ver=2vvs = [ g
Q Q

Theorem 2.1 (Mountain Pass [3]) Let I be a C!-differentiable functional
on a Banach space E and satisfying the Palais-Smale condition (PS), suppose
that there exists a neighbourhood U of 0 in E and a positive constant « satisfying
the following conditions:

(I11) 1(0) = 0.

(12) I(u) > « on the boundary of U.

(13) There exists an e € E\U such that I(e) < c.
Then

c=inf sup T(v(y))
7€l yelo,1]

is a critical value of I with T' = {g € C([0,1]);g(0) = 0,9(1) = e}.
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3 Main result

The case p # N.

Set

1
J(u,v) = 7/(|Vu|p + |Vul?) dx —/ G(z,u,v)dx
b Ja Q
J is well define in (Wy?(2))2. In this subsection we have the following result

Theorem 3.1 Let f and g are two Carathéodory functions satisfying (H1),
(H2) and suppose that

i) X C L®(Q).

it) There exist some rg >0, 0 >p—1,0 >p—1 and ¢ > 0 such that, for
almost every where © € Q and for all |£| + |n| < ro we have

Gla, &) < c(€7T 1711,
Then, there is at least one positive solution (u,v) € (X NCH(Q))? of (1.1).

Remark. The condition i) is true for X = Wy(Q) where Q is an open
bounded domain in RY and p > N.

The following proposition gives another interesting example of the space X
with p > 1.

Proposition 3.2 ([8]) Let0 < p< R< +oo and Q= {z e RN : p < |z| < R}
an annulus in RN . Let X be the set of radially symmetric functions in WOI”’(Q),
Then, there exist a positive constant ¢(N, p,p, R) > 0 such that, for allu € X
and for almost every where x € £ we have

lu(@)| < (N, p, p, B)[|Vullp.

To prove Theorem 3.1 we prove some preliminary lemmas.

Lemma 3.3 Let u € X. Suppose that f and g satisfy (H1) and (H2). Then,
any sequence {(u;,v;)};>0 € X x X satisfying the following two hypotheses:

| (ug,v5)| < K (3.1)
and for all € > 0 there exist jo € N* such that Vj > jo,
(" (g 05), (g, 0))] < €ll(ug v3)], (3.2)

1s bounded in X x X.
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Proof. Set [|(u,v)|| = (|[Vull® + |[Vv|[2)}/P. This is a norm in the product
space X x X, and ||Vull, = ||ul]|x. Now we proceed by contradiction. Suppose
that a subsequent denoted by {(u;,v;)};>0 be such that

(0] = oo,
In virtue (3.1), we get
-K 1 fQ x,uj,v5)d K
[[(wj, v) 1P~ p gy vp)lP = (g )P

By passing to limit we deduce that

svj)de 1
lim Jo Glw,us vj)dw 1 (3.3)
J—+oo [ (wj, v)P p

On the other hand, (3.2) implies

—c o1 Jo (uj f (2, uj,v5) + vig(x, uj, v;))de €

([ (g, vg) [P~ — [ (g, v5) [P = [ (ug,v5)Pt

By passing to limit, we obtain

Jo (ug fz,ug,v5) +vig(x,uy,v5))de

L8 Ty, o)l =t (34)
Combining (2.1), (2.2), (3.3) and (3.4) we deduce that
R S,
p~ oo+l 6Op+1 p
A contradiction, whence ||(u;,v;)||x is bounded. O

Lemma 3.4 Let f and g be two Carathéodory functions satisfying the hypoth-
esis of Theorem 3.1 and let {(u;,v;)};>0 be a sequence in X x X such that
(uj,v;) = (u,v) weakly in X x X. Then

lim / fl,ug,v5)(uj —u) = 0,quad lim [ g(x,u;,v;)(v; —v) = 0.
Jj—+o0 Jo j—=+ Jo

Proof. By using Holder’s inequality we obtain
[ #os )y = 0] < 10l =l

In virtue i), (H1) and by using the imbedding Sobolev space we have (u;,v;) —
(u,v) strongly in LP(Q) x LP(£2). Then, by Lebesgue’s theorem, as j — 400,

lim [ f(z,uy,05)(uy —u) = 0.
Jj—+o0 Jo
The proof of the second limit in this Theorem is the same. O

Lemma 3.5 Under the hypothesis of Theorem 3.1, J € C1(X x X) and satisfies
the Palais-Smale condition.
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Proof. In virtue of the preceding lemma we have J € C'(X x X). Let
{(uj,v;)};>0 be a sequence of element in X x X satisfying the conditions (3.1)
and (3.2). Hence, by Lemma 3.3 the sequence (u;, v;) is bounded, then, there ex-
ist a subsequent still denoted {(u;, v;)};>0 weakly convergent to (u,v) € X x X
and strongly in LP(2) x LP(2) . On the other hand, since

(=Apuj,uj —u) = (J'(uz,v5), (uj,v5) — (u,v)) —/Qf(:c,uj,vj)(uj —u).

As j — +o0, in virtue of Lemma 3.4 and (3.2) we have

dim (—Apuj,u; —u) = 0.
Jj—+oo

Or the p-Laplacian operator satisfies the condition (S, ), thus
u; — u strongly in X.

The same way, we prove that v; — v strongly in X. O

Proof of Theorem 3.1 It suffices to prove that the functional .J satisfies the
conditions for the Pass-Mountain lemma [3]:
J satisfies condition of Palais-Smale and J(0) = 0 (see Lemma 3.5).
For ||(u,v)|| = r sufficiently small, we have J(u,v) > o > 0.

We prove this second conditions first. By i), for all x € 2, there exist ¢/ > 0
such that |u(x)|+ [v(x)] < ||(u, v)]; and for ||(u,v)| < %) Using ii) we deduce
that

Gz, u(x), (@) < e(ju(@)]"™ + fo(2)|"*)
< (@) o) 7T A () 0) |7
< ()17 (1w, 0) [ 7F).
Then
J(u,v) = %H(%WH”—c”(ll(u,v)\l"“ﬂLH(u,v)lle“)
1

z Sl o)l =2 I, )

1

with { = min(o + 1,0 + 1). It suffices to take r < min(%), (QP%)W)
Finally, for ||(u,v)| < r, we have

J(u,v) > a=—>0.
b

Now, we prove the first condition. Let (ug,v9) € X x X such that for almost
every where z € Qy with meas(Q2) > 0 we have ug(x) + vo(z) > ag > Owith
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some g > 0. For ¢t large enough we have tug > &, tvg > 1o with & +no > R.

From (2.1) and (2.2) we get

are increasing, then

/ G (x,tug, tvg) > Gz, tug, tvg) > B0 4 oty
Q Qo

with
5= Lint (L/ Gz, &0, m0)ug ()| 0+
2 fgoJrl Q » S0 )
1
i [ Gl ).
Mo Qo
Consequently,
tP oo+1 0o+1
J(tug, tvg) < Ell(u,v)llp—ﬁ(t O,
by passing to the limit, as ¢ — 400 we have lim;_, 1 o, J(tug, tvg) = —co. Then,

there exist some (e1,e2) € X x X, with e; # 0 and ez # 0, such that J(e1,e2) <
0.

By the Pass-Mountain theorem, there exists (ug, vg) € X X X ug # 0, vg # 0,
such that .J' (ug, vo) = 0, i.e for all (¢,10) € WyP(Q) x W, (),

/ Vol 2Vup Ve — / F(r, o, v0)p = 0,
Q Q
/ Voo P> Vuo Ve — / g0, vo)ib = 0.
Q Q

In virtue of Tolksdorf regularity [10], (ug,vo) € C**(Q) x C¥(Q) and by
Vazquez’s maximum principle [11], ug > 0 and vg > 0. O

Example Let f(z,€,1) = &7 exp(€? + 1), g(z,&,n) = 1’exp(€ +1"), 0 >
2p—1,0>2p—1,r,q > 0. The functions f and g satisfy the hypotheses (H1),
(H2), (ii), and X the space defined in Proposition 3.2. Hence, for 0,0 > 1;
—Apu =uexp(u? +0") inQ
~Ayv =" exp(u? +v") in Q
u=v=0 on J9,

has a positive solution (u,v) € (X x C1¥(Q))2.
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The case p = N

Recall that a Young function is an even convex function from R into R, such

that
lim 7M(€) =0 and lim 7M(€)

= +OO
£—0 { £—+o0 f

The conjugate function of M is defined as

M*(§) = igg[és — M(s)].

The Orlicz space Ly (€2) is the set of measurable function u defined on R such
that, there is some A > 0 with

[)M(%) < +00.

This is a Banach space for the norm

lullas = Inf {)\ >0 /QM(g) < 1}.

Let Ep(92) be the closure of C5°(02) in Ly (€2).
We say that M is super-homogenous of degree (o + 1) [8] if there exists K > 0
such that

M(h¢) < h7TIM(KE), VEER,Vhe[0,1].

Let Q be a bounded regular domain in RY. In this case Wy () ¢ L>(£2) but
W3 P(Q) C Ear, (Q) [1] where

My(€) = exp(i€F) — 1, or }3 1oy

So, we can get the following Theorem.

Theorem 3.6 Let f and g be two positive functions which are Caratheodory
and satisfy (H1) and (H2). Assume also that there exists a Young function of
exponential type M such that:

i) The imbedding W, P (Q) — Ex(Q) is compact.
1) M is super-homogeneous of degree o1 + 1 > p.

iii) There are some c¢; > 0 and K1 > 0 such that for a.e x € Q and for all
(€,m) €R?,

§f(x,&m) < CIM(I%) and ng(z,&,n) < clM(Kil)'
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i) For all K > 0, we have

f(x,&m) 0 and . g(x,&,n)

= lim =0
€l+nl—>+oo M/(£) &l +Inl—+oo M'(3£)

almost every where in x € Q.

Then there is at least one positive solution (u,v) € (WyP(Q) N C(Q))? of

(1.1).
The proof of this Theorem needs the following lemma.

Lemma 3.7 Under the hypotheses of Theorem 3.6, J € C'((Wy"*(2))? and
satisfies the Palais-Smale condition.

Proof. Let {(u;,v;)};>0 be a bounded sequence in W, ?(Q) x W, *(). By i)
there exist some K > 0 such that

/QM(%) <1, /QM(%) <1

Let ¢ > 0 be large enough such that M*(1)meas(€2) < 1. From iv) for all
(&,m) € R? and for a.e x € Q we have

P &)l + lale &) < & + 3 (M) + M(L)),

e |

or M* is a Young function satisfies the “As-condition”. Then

< flz, ug,v5) 1,1 1 .1 u 1. ., v
M (—22L) < —M*(- M M -M
( c? ) - 2 (c)+2 (2 ( K)+2 (C2K))
1 1 1 2u; 20,
< ZM*= _ -7 Z7J
- 2M (c)+4(M(02K) (CQK))
1 1 Uj v,
< ZM*(= Z il ).
< GMU)+ (M) + M)
Hence
Q c
In the same we obtain
/M* (=, “J’”ﬂ)) <1 (3.6)

Let {(u;,v;)};50 be a subsequent of the least sequence of element in (W, *(£))?
converges to (u,v) € (W *(2))2. For § > 0 sufficiently small, for all € > 0 and
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A C Q such that meas(A) < § we have

S%M*(%)meas(A)aLi/A{M(;%) (2]
S%M*(%)meas(A)Jré/A {M(UJKU)JFM(%)JFM( JK )+M(%)}

then M* (f(i’“j’vjc);f(z’u’v)) is equi-summable and

lim M*(f(x,uj7vj)—f(x,u,v)

j—too Jg 2 ):O

By ii) and since M* satisfies “Ag-condition” we have

m || (., ug,v;) — f(u,v)|[ar- = 0.

li
In the same way we have

im {lg(.,uz,05) = g(u,0) e =0
J—+too

Whence J € C'((W,P(Q))2. Let {(uj,v;)};50 be a sequence satisfying (3.1)
and (3.2) then by lemma 3.3 the sequence {(uj,v;)};>0 is bounded in (W, 7 ()2
Jhence {(uj,v)} >0 converges weakly to (u,v) € (WyP(Q))? and strongly in
(Eam(2))%. In view of (3.5) (3.6) we deduce that f(z,u;j,v;), g(z,u;,v;) con-
verge with o(Lys X Lyr, Epr X Epr). So the same proof of lemma 3.5 shows that
the Palais-Smale condition is satisfied. O

Proof of Theorem 3.6 Let us show that for ||(u,v)| = r sufficiently small,
J(u,v) > a > 0. By (H2) and iii), for a.e z € Q, for all £ € R,and for all
h € [0, 1], we have

1r 1 1
G(z,&mn) < g[mff(x,&nwrmng(af,n)}
C1 1 5 1 n
= ?[ao+1M(E +90+1 (E)]
€1, 0, K¢ . K
< 5[71 +1M(h—K1)+h9 +1M(h—K1)}

on the other hand, in virtue of i) there exists ¢ > 0 such that for all (u,v) €
WP (€)% we have
llullar + l[vllar < el (u, v)]-
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Whence for ||(u,v)[| =r < 5% and h = % we get

/QM(%)Q and /QM(%)gl.

Hence

IN

/ G(z,u,v)dx %1 (Rt 4 h‘91+1]
Q

¢ [l o) |7 + 11, 0) ]

IN

The same proof as in Theorem 3.1 gives (u,v) € (Wol’p(Q))z, uZ 0, v Z0,
solution of (1.1). The rest of the proof is a consequence of the following lemma.
]

Lemma 3.8 Under the hypotheses of Theorem 5.6, if (u,v) is a solution of
(1.1) then (u,v) € CH* () x CT(Q).

Proof. This proof is inspired by the work of De Thélin [8] and Otani [6] (see
also [7]).

In view of iii), there exists s > 1 such that uf(z,u,v) € L*(Q) and vg(x,u,v) €
L#(92). Consider the following sequences:

«_ 2ps
Q=2ps" = ——. k1 =2 +ax)
my = s qp.

Multiplying the first equation of (1.1) by |u|%w and the second equation by
|v|? v, we obtain:

[ vl vt = [ ufu o

Q Q

[ 9ol 2969 (efreo) = [ vgte.uv)lul
Q Q

by Hélder’s inequality we deduce that

(L2 /Q U = /Q £y, ) [ul

P+ qk
<fuf (. u,v)|s[lu

qdk
g%

(3.7)

s*

<cf|u

Since the imbedding Wy * () < L?*" () is compact, there exists K > 0 such
that

Il < K7 [ [Fu P (3.5
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By combining (3.7) and (3.8) we have

ma1/(257) C(K(p + Qk))p”u”mk/s*

||u||25*(p+qk) = D my

Since p + g < 4¥ps* we get

ka

”uHkarl < 023*(4K8*)2ps*42(k71)ps* 2m

Mik+1

uf

Set Ey = mylog ||[ullm,, a = 427", b = log[c** (2K s*)?**" | and 1, = b+ (k —
1)loga. We obtain
Eypt1 <7+ 2Ej

then, by the result’s of Otani [6] we deduce that

E
lte]] o < limsup exp (—k) < 400.
k mg

——+00

Finally, by the regularity of Tolksdorf’s results u € C17(Q). In the same way
we have v € C1V(Q). O

Example Let f(z,&,n) = £ exp(£7—n"), g(z,&,n) = exp(—£1+1"), o >

2 —1,0>2—1, N >20<rq< 2, and M(E) = [¢7H0+1~} (el — 1)

with max(p,r) < 1 < 2 hence the functions f and g satisfy the hypothesis (H1),
(H2), (i), (i), (iii) and (iv). Then

—Apu=uexp(u? —v") inQ
—Apv =0 exp(—u? +v") inQ
u=v=0 on 99,

has a positive solution (u,v) € (W3 (Q) x C1¥(Q))2.
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