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Monotone method for nonlinear nonlocal
hyperbolic problems *

Azmy S. Ackleh & Keng Deng

Abstract

We present recent results concerning the application of the monotone
method for studying existence and uniqueness of solutions to general first-
order nonlinear nonlocal hyperbolic problems. The limitations of compari-
son principles for such nonlocal problems are discussed. To overcome these
limitations, we introduce new definitions for upper and lower solutions.

1 Introduction

This paper is concerned with the first-order hyperbolic initial-boundary value
problem
u + (9(@,t)u)e = F(z,t,u,¢(u)(z,t)) in Dr,

b
gla, tyula,t) = / By, yu(y,H)dy on (0,T), (1.1)
u(z,0) = uo(z) in [a,d].

Here Dy = (a,b) x (0,T) for some T > 0, 0 < a < b < o0, and ¢ is a
function of u. Problem (1.1) often arises in applications. For example, the well-
known size-structured model, where F'(z,t,u, ) = —m (z,t,¢) v and ¢(u)(t) =
fab d(y)u(y,t)dy, fits under the class of problems given in (1.1). For the size-
structured model g, m and B denote the individuals growth, mortality and
reproduction rates, respectively, and ¢ denotes a population weight.

There are three common methods used in the literature to prove the exis-
tence and uniqueness of solutions to certain cases of (1.1). One is the semigroup
of operators theoretical approach. This approach is very elegant but has been
applied only to special cases where the parameters are time-independent, i.e.,
g =g(z) and 8 = B(x). The idea is to write the PDE as an abstract evolution
equation of the form du/dt = Au + F(u), u(0) = ug and show that A is the
infinitesimal generator of a Cy-semigroup of operators, and hence establish the
existence and uniqueness of solutions under some regularity conditions on the
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mapping F(u) (see, e.g.,[1, 9, 11]). The second approach is based on the clas-
sical characteristics method [12, 14]. This approach is, in general, feasible and
relatively easy to apply provided the function F(x,t, u, ¢) is linear in w. In such
a case one can obtain an implicit representation of the solution and use this
representation to transform the PDE into an equivalent system of nonlinear in-
tegral equations. Then the contraction mapping principle is applied to establish
the result. The third approach to study the well-posedness of solutions is via
the finite difference approximation technique used for the classical conservation
laws (see, e.g., [13, 15]). The crucial step in this technique is to show that the
developed finite difference approximation has a bounded total variation. Then,
through the compact imbedding of the space of functions of bounded variation
in L!(a,b) one can extract a convergent subsequence and show that the limit is
indeed a solution [2, 8, 10]. Application of such a technique results not only in
the existence of solutions but also in a numerical scheme that can be used to
investigate the solution quantitatively.

The goal of this paper is to present recent results on the employment of the
monotone method for investigating the existence and uniqueness of solutions of
(1.1). The idea behind such a method is to replace the actual solution in all the
nonlinear and nonlocal terms with some previous guess for the solution, then
solve the resulting linear model to obtain a new guess for the solution. Iteration
of such a procedure yields the solution of the original problem upon passage
to the limit. A novelty of such a technique when applied to (1.1) is that an
explicit solution representation for each of these iterates is obtained, and hence
an efficient numerical scheme can be developed (see [4, 5]). The key step is a
comparison principle between consecutive guesses.

To carry out our program, let Cs(€)) denote the space of continuous and
uniformly bounded functions on 2. The following assumptions will be imposed
on our parameters throughout the paper:

(A1) g € C5(Dr), g > 0on [a,b)x[0,T]. In addition, if b < co then g(b,t) =0,
t € [0,7]. Otherwise, lim,_,o0 g(z,t) =0 for ¢t € [0, 7.

(A2) € Cp(Dr) is a nonnegative function.
(A3) F € CL(Dr xR x R).

(A4) ug € Ck(a,b) is nonnegative and satisfies the compatibility condition
b
g(a,0)unfa) = [ By O)uoly)dy.

It is worth noting that (A4) can be considerably relaxed for certain cases (see,
e.g., [4, 6, 7).

The paper is organized as follows. In Section 2, we present a comparison
principle and show that this principle holds for the case Fy(x,t,u,¢) > 0. In
Section 3, we discuss the case Fy(x,t,u,¢) < 0. Section 4 is devoted to the
case where Fj, has no sign restriction. An unbounded domain (i.e., b = o0) is
considered in Section 5.
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2 The case Fy(z,t,u,¢) >0

In this section we assume that ¢ = g(z), 8 = B(z), b < o0, ¢(u)(t) =

fab u(y,t)dy, Fp > 0 and F,, + M > 0 for some positive constant M. We begin
with the definition of upper and lower solutions of problem (1.1).

Definition 2.1 A function u(z,t) is called an upper (a lower) solution of (1.1)
on D7 if all the following hold.

(i) u e C(Dr) N L=(Dr).
(i) u(,0) = (<) uo(z) in [a,b].

(iii) For every t € (0,7) and every nonnegative &(z,t) € C(Dr),

b
/ u(z, t)€(z, t)dx

_(_)/a u(x,0)¢ dem+/§aT/ﬁ u(z, 7)drdr

+/0 / (@, 7)[er (2, 7) + g(@)Eo(x, )] da dr
* /Ot /ab {(z, ) F(z, 7, u,¢(u)(7)) dz dr.

The following comparison principle is established in [3]. To our knowledge,
this result is the only comparison result for problem (1.1) available in the liter-
ature.

Theorem 2.2 Let u and v be an upper solution and a lower solution of (1.1),
respectively. Then uw > v in Dp.

Next we construct the following monotone approximation. Let u° and @° be
a lower solution and an upper solution of (1.1), respectively. For k = 1,2,...
let ©* and @* satisfy the uncoupled systems

(W")e + (gu)e = Fla t,u" " o(u 1) = M(u® —u*7") in Dr,
(a,t) / By t)dy on (0,7),
u*(2,0) = ug(z) in [a,b]
and
@) + (gu") = F(a,t, 7", ¢(@ 1)) — M@ —a*') in Dy,
g(a)a*(a,t) = [ By)a*(y.t)dy on (0,T),

" (x,0) = ug(z) in [a,b].
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The functions u* and @* exist since they satisfy linear equations. Furthermore,
it can be shown that (see [3])

W <u' <o <ub <w << <a® in Dy

The following convergence result was established in [3].

Theorem 2.3 Let u® and @° be a lower solution and an upper solution of (1.1),
respectively, and they are continuously differentiable in t. Then the monotone
sequences defined above converge in L*(a,b) to the unique solution u(w,t) uni-
formly on 0 <t <T. Moreover, the order of convergence is linear.

In [3] it was shown via a counter example that the restriction F, > 0 is
necessary for establishing a comparison between upper and lower solutions. To
overcome this obstacle, in the next section we define a new pair of upper and
lower solutions and use this definition to establish a comparison principle.

3 The case Fy(z,t,u,¢) <0
In this section we restrict our attention to the case F(z,t,u, ¢) = —m(z,t, p)u.

We assume that b < oo, ¢(u)(t) = f;u(y,t)dy, and mg > 0. We introduce the
following definition of upper and lower solutions.

Definition 3.1 A pair of functions u(z,t) and v(z,t) are called an upper so-
lution and a lower solution of (1.1) on Dr, respectively, if all the following
hold.

(i) u,v € L*>®(Dr).
(i) u(z,0) > uo(z) = v(z,0) in [a, b].
(iii) For every t € (0,T) and every nonnegative &(x,t) € C1(Dr),
b
/ u(z,t)é(x, t)dx
b t b
> [ wu(x,0)¢(z,0)dx+ [ &(a,7) | Bla,7)u(x,7)dxdr
——

T /Ot /ab[ff (,7) + g(x, )& (@, 7)|u(z, 7) de dr
- /ot /ab E(z, m)ym(z, 7, 6(v)(7))ulz, T) dx dr



EJDE-2003/Conf/10 Azmy S. Ackleh & Keng Deng 15

and
b
/ v(z, t)é(x, t)dx

b t b
< | v(z,0){(z,0)dz + | &(a,7) [ B(z,7)v(z,7)dxdr
[ [

+_jﬁt/C%£T(x7T)+_gcm7ﬂ£m(x’T”U(xyT)dxdT
__Jﬁt/Cbg(x’T)”“f777¢(U)0ﬁ)v(x,7)dxdT.

A function u(z,t) is called a solution of (1.1) on Dy if u satisfies (3.1) with
“>” replaced by “=" and ¢(v)(7) by ¢(u)(7). Based on this definition, the
following comparison result was established in [4].

Theorem 3.2 Let u and v be a nonnegative upper solution and a nonnegative
lower solution of (1.1), respectively. Then u > v a.e. in Dr.

As a consequence, the following uniqueness result can be proved (see [4]).

Theorem 3.3 Let u(x,t) be a nonnegative solution of (1.1) with ¢(u)(t) €
C([0,T)). Then u is unique.

We now construct monotone sequences of upper and lower solutions. To this
end, let u°(x,t) and u°(xz,t) be a nonnegative lower solution and a nonnegative
upper solution of (1.1), respectively. We then define two sequences {gk}Z‘;O

and {ﬂk}iio as follows: For k=1,2,...
uf + (9@ )u"), = —m(x,t, 6@ ))* i Dr,
g(a,t)u"(a,t) = B*"*(t) on (0,T),

u(x,0) = ug(z) in [a,b],
where BF71(t) = f; By, t)u*~1(y,t)dy, and

al + (g(x, )", = —m(z,t, (" 1))a* in Dy,

gla, )@ (a,t) = B"'(t) on (0,T),

7" (z,0) = uo(z) in [a,b],

—k—1 b ke
where B"(t) = [ By, t)yu" " (y, t)dy.
. _ —k— . . . .
Since B*~! and B ! are given functions, the existence of solutions u* and

* easily follows. Furthermore, we can show that these sequences satisfy

u
W< < <dh << <wt <@ ae. in Dy

Upon establishing the monotonicity of our sequences, we can prove the following
convergence result (see [4]).



16 Monotone method EJDE-2003/Conf/10

Theorem 3.4 Suppose that u°(x,t) and u°(z,t) are a nonnegative lower solu-
tion and a nonnegative upper solution of (1.1), respectively. Then, the sequences
{gk}]jio and {Uk}:;o converge uniformly to the unique solution u(x,t) of prob-
lem (1.1) on Dp. Moreover, the order of convergence is linear.

Remark 3.5 In [4] this monotone method was used to numerically solve (1.1).
The resutls in that paper indicate that such a scheme converges rapidly to the
solution.

4 No restriction on the sign of F,(z,t,u, ¢)

In this section we assume that b < oo, ¢(u)(t) = fj d(y)u(y,t)dy, and that
F(z,t,u,¢) = —m(z,t,¢)u with M + m, > 0 for some positive constant M.
Consider the following new definition of upper and lower solutions:

Definition 4.1 A pair of functions u(z,t) and v(z,t) are called an upper so-
lution and a lower solution of (1.1) on Dr, respectively, if all the following
hold.

(i) u,v € L*®(Dr).
(ii) u(zx,0) > uo(x) > v(x,0) a.e. in (a,b).

(iii) For every t € (0,T) and every nonnegative &(x,t) € C'(Dr),
b
/u(x,t){(a:,t)da:
b ¢ b
Z/a u(z,O){(x,O)dz+/0 E(a,T)/a Bz, T)u(x, 7)dx dr
t b
+ [ [l @+ st e o nlute ) dodr
t b
~ [ [ 6@m) it o0) () + Mot r) = Mot (e 7) dadr

(4.1)
and

/abv(x,t)ﬁ(x,t)das
< /abv(x,O)ﬁ(x,O)dx + /Oté(a,T) /ab Bz, T)v(z, 7) dz dr
T /Ot /ab[fT (x,7) + g(x,7)& (x,7)|v(x, T) do dT

t b
- / / £(a,7) [mle, 7, () (7)) + M(u)(r) — M(w)(r)] vz, 7) da dr.
‘ (4.2)
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A function wu(z,t) is called a solution of (1.1) on Dy if u satisfies (4.1) with “>”
replaced by “=” and ¢(v)(7) by ¢(u)(7). Using this definition, we establish the
following comparison principle [6].

Theorem 4.2 Let u and v be a nonnegative upper solution and a nonnegative
lower solution of (1.1), respectively. Then u > v a.e. in Drp.

Furthermore, we prove the following uniqueness result.

Corollary 4.3 Let u(x,t) be a nonnegative solution of (1.1) with ¢(u)(t) €
C([0,T7). Then u is unique.

We now construct a pair of nonnegative lower and upper solutions of (1.1).
Let u°(x,t) = 0. Choose a constant 7 large enough such that

max (3(z,t)/ ming(a,t) < /2.
DT [O’T]

Fix this v and choose § large enough such that
[uolloe < (6/2) exp(—7b).
Now choose o large enough such that

0 > 2M6|n||s exp(—vya) /v + ymax g(z,t) + max g, (z, t)|.
Dr Dr

Let u'(x,t) = dexp(ot)exp(—yx). Then it can be easily shown that u® and

u’ are a pair of lower and upper solutions of (1.1) on [a,b] x [0,Tp] with
oo k oo

To = min{T, (In2)/c}. We then define two sequences {u*} and {u

k=0 k=0
as follows:
For k=1,2,...
uf + (g(w,t)u), = —D*Y(a,t)u* in Dr,,
g(a,t)gk(a,t) = Ek_l(t) on (0,Tp), (4.3)
gk(x,()) =wug(x) in [a,?],
where
D" Ya,t) = m(z, t, p(@" ")) + M@ ") — Mo(u*1),
b
E’H(t)E/ By, t)u* 1 (y, t)dy,

and

a + (g(x, )7, = —E* Yz, t)@" in Dy,
gla, )@ (a,t) = B*'(t) on (0,Tp), (4.4)

Hk(x,()) =wug(x) in [a,b],
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where

E*Y(a,t) = m(a,t, o(u 1)) + Mp(u"1) — Mo(@* )
b
570 = [ . 0n" v 0.

The existence of solutions to problems (4.3) and (4.4) follows from the fact that

_ —k—1 . .

B*!and B are given functions.

By similar reasoning, we can show that wF < ot < P < %F and that
w¥*1 and @**! are also a lower solution and an upper solution of (1.1), respec-
tively. Thus by induction, we obtain two monotone sequences that satisfy

W<y < <dh <uf < <ut <% ae in Dy
Hence, it follows from the monotonicity of the sequences {gk}zozo and {ﬂk };020
that there exist functions u and @ such that u* — w and @* — @ pointwise in
Dr,. It is not too difficult to argue that u = w a.e. in Dg,. We denote this
common limit by .

Upon establishing the monotonicity of our sequences, we can also prove the
following convergence result.

Theorem 4.4 The sequences {gk}:ozo and {ﬂk};io converge uniformly along
characteristic curves to a limit function u(xz,t). Moreover, the function u is the
unique solution of problem (1.1) on [a,b] x [0, Tp].

Remark 4.5 It is not too difficult to show that this local solution is indeed a
global solution.

5 Unbounded Domains

This section is concerned with a special model which describes the aggregation
of phytoplankton (see [9]). Here a = 0, b = oo,

o0

o) (at) = 5 [ e =yt = )ty Oy [ o ghute,uts. Oy

0

and
F(z,t,u,¢) = ¢+ f(x,t)u.
We assume that n and f are bounded continuous functions. Let Cj,.(Dr) =

{4 € CY(D7) : 3 2y € (0,00) such that ¢ = 0 for z > z,,}. We then introduce
the following definition of coupled upper and lower solutions of problem (1.1).

Definition 5.1 A pair of functions u(z,t) and v(z,t) are called an upper so-
lution and a lower solution of (1.1) on Dy, respectively, if all the following
hold.
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(i) u,v € L>®((0,T); L'(0, 00)).
(i) u(z,0) > ug(z) > v(z,0) a.e. in (0, 00).

(iii) For every t € (0,T) and every nonnegative £ € Cj .(Dr),
/000 u(z, t)é(x, t)dx
> /0 u(z,0)é(x,0)dx +/O E(O,T)/O Bz, T)u(x, ) dx dr
+/O /0 (& (2, 7) + g(z, 7)€ (z, T)|u(z, T) de dT (5.1)
+/O /OOO &, ) F(u)(x,7)dedr
—/ /DO &(x, ) /DO n(x,y)u(x, 7)v(y, 7)dydxdr
o Jo 0

and

/000 v(z, t)E(z, t)dr

g/ooo v(z,O)g(x,O)dm+/ot£(0,7) /Ooog(w)v(m)dxdT
+ /Ot /Ooo[fr(a:,T) + g(x, 7) (z, T)v(z, 7) do dT (5.2)
T /Ot /Ooo {(x,7)F(v)(z,7) dodr
- /Ot /OOO §@7) /O " (e y)o(a, Puly, T)dydadr,

where
1 x
F(w)(z,t) = 5/0 n(x —y,y)w(x —y, H)w(y, t)dy + f(z, t)w(z,t).

A function u(z,t) is called a solution of (1.1) on Dy if u satisfies (5.1) with “>”
replaced by “=” and v(y,7) in the last integral by u(y, 7).
The following comparison principle was established in [7].

Theorem 5.2 Let u and v be a nonnegative upper solution and a nonnegative
lower solution of (1.1), respectively. Then u > v a.e. in Drp.

Corollary 5.3 Let u and uw be a nonnegative lower solution and a nonnegative

upper solution of (1.1), respectively. If u is a solution of (1.1), thenu <u <u
a.e. in Dp.
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We now construct monotone sequences of upper and lower solutions. Sup-
pose that u(x,t) and @°(x,t) are a pair of lower and upper solutions of (1.1).
Since f and n are bounded we can choose a positive constant M such that
M — fooo n(z, y)u(y, t)dy + f(x,t) > 0 for (z,t) € D and u°(z,t) < u(x,t) <
@’ (z,t). We then set up two sequences {u*}2° ; and {u*}22, by the following
procedure:

For k=1,2,... let ¥ and @* satisfy the systems

o0
uf + (gu¥)e = Fu"') = M(uP — ") — o / n(z,y)a"*(y,t)dy in Dr,
0

M&®W®J%=Am6@¢m“%%ﬂ@ on (0.7),
w(z,0) = ug(z) in [0, 00)

and

a + (gu)e = F@ ) - M@ — a7 7! / n(x,y)u" (y,t)dy in Dr,
0

90.070.0) = [ Bl 7@ )y on (0.7),
u(z,0) = ug(x) in [0, c0).
By induction, we can show that the sequences satisfy
u<u' <o <uh<uF < <@ <Tae in Dr
Then, we have the following existence-uniqueness result.

Theorem 5.4 Suppose that u®(z,t) and u°(x,t) are a nonnegative lower solu-
tion and a nonnegative upper solution of (1.1), respectively. Then there exist
monotone sequences {u”(z,t)} and {u*(z,t)} which converge to the unique so-
lution of (1.1).

Remark 5.5 As an example, for a large class of initial data such as ug(z) =
O(e™) as x — o0, we can construct a pair of nonnegative lower and upper
solutions of (1.1) as follows: Let u’(z,t) = 0 and u°(z,t) = cze?t/(1 + c2a?)
with c1, co, c3 positive constants. First choose ¢; so large such that

W@axﬂ(x,t)/r[rolill]lg(O,t) <cj.

D1

Fix this ¢; and choose c3 large enough such that c3/(1 + c3x?) > wug(z) for
0 < x < co. We then determine cy. Through a routine calculation, we find

/I dy _ 2 cixtan~!(c1z) + log(1 + c32?)
o [M+E@—y)?](1+cy?) Sz 4+ 222
2(1+m)

= G+ )
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Thus we can choose co sufficiently large such that

2c

c2 = =2 (14 m) + max g(e, t) + max |f(2,1) - go(2,1)]-
1 Dy D,

Then it follows that u° is a desired upper solution of (1.1) on Dy with T =

min{1,log2/cs}.

We now show that the solution of (1.1) has the following property.

Theorem 5.6 For the solution u(z,t) of (1.1), P(t) = [~ u(x,t)dx is contin-
uous in the existence interval.

Finally, we establish the existence of a global solution.

Theorem 5.7 The unique solution of (1.1) exists for 0 <t < oo.
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