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Uniform stability of multidimensional travelling
waves for the nonlocal Allen-Cahn equation *

Fengxin Chen

Abstract

In this paper, we study the uniform stability of mutidimensional planar
travelling waves for the nonlocal Allen-Cahn equation.

1 Introduction

The main concern of this paper is the stability of planar travelling wave solutions
of the multidimensional nonlocal Allen-Cahn equation

up=Jxu—u+ flu). (1.1)

Here J € C*(R™) is a nonnegative function with [, J(y)dy =1 and J(0) # 0;
Jxu= f]R" J(x —y)u(y)dy is the convolution of J and u; f is a smooth bistable
function with three zeros, £1 and a € (-1, 1) satisfying f'(£1) < 0 and f’(a) >
0. A typical example is f(u) = (u — a)(1 — u?) for some a € (—1,1).

Travelling wave solutions of the nonlocal Allen-Cahn equation in one spatial
dimension have been extensively studied. It is well known that there exists a
travelling wave solution of the form u(z,t) = ¢(x — cot) satisfying

cop +Jxdp— ¢+ f(¢) =0, @(+oo) ==+l (1.2)

where ¢ is a monotone function; If ¢ is continuous,

w=[ 11 i [ (62

if ¢g # 0, the travelling wave solution is smooth and unique modulo a spatial
shift; and it is uniformly and asymptotically stable (see [4], [5] and [6]). If the
unique speed ¢y = 0, the wave may be discontinuous but monotone waves are
still unique up to a spatial shift.

A planar travelling wave solutions of (1.1) is a solution of the form ¢(§) =
(k- x — ct) and ¢(£oo) = 1, where k € S"~! is a unit vector. Without
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loss of generality, we assume k = (1,0,---,0). Then ¢(k -z — ct) = ¢(x; — ct)
satisfies (1.2) with J being replaced by Ji(-) = fR,L,l J(-,2")dz’. Notice that
Jg J1(x)dz = 1. Therefore the existence of such planar travelling wave solutions
can be derived from the one dimensional case. Therefore, in this paper, we
assume that ¢(z1 — cot) is a planar travelling satisfying ¢'(x) > 0 for all z € R;
and ¢(+oo) = limy oo ¢(Ex) = £1, with wave speed ¢y. Our main concern is
the multidimensional stability for the planar travelling wave ¢(x; — cot). We
have the following theorem.

Theorem 1.1 (Uniform Stability) Let u(z,t) = ¢(x1 — cot) be a travelling
wave solution satisfying ¢' () > 0 for all x € R and ¢(+o0) = +1. Then
o(x1 — cot) is uniformly stable, that is, for any € > 0 there is 6(€) > 0 such that
Jor any ug € L=(R™) with |[uo(-) — ¢(-)|| L ®n) < d(¢), one has

[u-, t;u0) — ¢(- — cot) || Lo @n) <€

for allt > 0, where u(-,t; ug) is the solution of (1.1) with initial data u(-,0;ug) =
Uug .

The global exponential stability in one space dimension is due to the spectral
gap [2]. In the multidimensional case, however, the gap disappears due to the
effects of the transverse diffusion along the planar wave front and there may exist
continuous spectrum all the way up to zero. The global asymptotic stability for
the multidimensional case is studied in [2] for special kernel J. For general case
the asymptotic stability is still open.

2 Proof of the main Theorem

In this section, we will use super-and sub- solution method to prove the theorem.
First we have the following comparison principle.

Lemma 2.1 (Comparison Principle) Suppose Ry is an open set in R"™ and
Ry = R™ \ Ry is the complement of Ry. Suppose u € C([r,to], L>°(R™)) and
u(z,t) > 0 for almost all x € Ry and t € [1,19]. Assume u(x,t) satisfies

uy — Ko(z, t)u — (J *u)(x,t) >0 (2.1)

for almost all (z,t) € Ry x (7,10], where Ko(x,t) € L®(R™ x [1,10]). Ifu(z,7) >
0 for almost all x € R™, then u(x,t) > 0 for almost all x € R™, and t € [1,t].
If, furthermore, u € Cypif(R™ X [1,t0]) and u(z,7) # 0, then u(z,t) > 0 for
r € Ry, andt e (’T,to}.

Proof The proof is similar to that of one dimensional case(see[5] and [6]).
We may assume 7 = 0. By assumption, essinf,cgrnu(z,t) is continuous. If the
conclusion of the lemma is not true, then there exist constants ¢ > 0,7 > 0 such
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that u(x,t) > —ee?X? for almost all x € R",0 < t < T and essinf,cgru(z,T) =
—ee?5T | where
K = || Kol Loo (®n x[r.t0)) + 1- (2.2)

Let z(x) be a smooth function such that mingegn z(z) = 2(0) =
SUP,ern 2(x) = 2(+00) = 3, and |z, ()] < 1fori=1,--- ,n. Define w,(z,t
—€(2 +oz(z)) 2Kt for 0 € [0,1]. Since wi(z,t) < u(z,t) for almost all
z € R and 0 < t < T, and wo(z,t) = f%eeQKt, there is a minimum
o* € (g, 1] such that we«(z,t) < u(z,t) for almost all z € R", and ¢ € [0,T].
Since we-(£00,t) < —2ee?X! < w(x,t) and u(z,t) > we-(z,t) for almost all
x € Ry, and t € (0,7, there exist (zn,tn) € R1 x (0,T] and (Z,t) such that
limy, oo (T, tn) = (Z, 1), limy, oo {u(@n, tn) — Wor (Tn,tn)} = 0, the infimum of
u(z,t) — wex(z,t) on R x [0,T], and limy, o0 (4 — We= )¢ (X, tn) < 0. Therefore,

17
)=

0> lim (u— we=)t(@n, tn)

7 3
> lim {(J * w)(Tn, tn) + Ko(Tn, tn)u(2n, tn)} + 2K e (J*z(f) + 1)
> nILIEO{KO(mna tn) (U — Wor ) (T, tn) + Ko(Tn, tn)Wor (T tn)
7 3
+ J % (U= Wo ) (T, tn) + J * Wor (T, b))} + 2K ee? (0% 2(z) + 1)
7 3 3
S co2KE[ L 9 9 _
> €e [4K QHK()H 2] >0

by the choice of K in (2.2), which is a contradiction. Therefore u(z,t) > 0 for
almost all z € R™ and t € [r, ().

Let v(x,t) = eXtu(x,t). Then we have vi(z,t) > J xv(x,t) for x € Ry and
t € (7,to] since u(x,t) > 0. Therefore, v(z,t) > tJxv(x,0). After N'" iteration,
we have v(z,t) > %J*~ —xJxu(z,0). If u € Cupif(R™ X [7,0]) and u(z,0) # 0,
we can choose N large enough such that J - -- % J xu(x,0) > 0. Therefore, we
have v(x,t) > 0. This completes the proof. O

Lemma 2.2 Suppose ui(x,t) and us(x,t) are super-solution and sub-solution
of (1.1), respectively, with ui(x,7) > uz(x,7), for all x € R™ and for some
T € R Then ui(x,t) > us(x,t) for all x € R™ and t > 7. Moreover, if
uy(x, 7) # uz(x, 7), then uy(x,t) > ug(x,t) for allz € R™ and t > 7.

Proof Let v(x,t) = ui(z,t) — ua(x,t). Then v(z,7) > 0 for all z € R™ and

v(x,t) satisfies
vy — Ko(z,t)v — (J xv)(x,t) >0 (2.3)

for all z € R™ and t > 7, where

1
Ko(l‘,t) = A fu(UQ + 0(u1 — Ug))da —1. (24)

The result follows from Lemma 2.2. O
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We use the super- and sub-solution method employed in [6] to prove the
stability in one dimensional case. To that end, we first develop the following
lemma.

Lemma 2.3 Let ¢(x—cot) be as in Theorem 1.1 and By = —% max{f(—1), f(1)}.
There exist 6, > 0 and oy > 0 such that, for any 6 € (0,61), & € R and wt(z,t)
are super- and sub-solutions of (1.1) on (0,00), respectively, where

wE(z,t) = (21 + &0 £ 010(1 — e 1Y) — cot) £ de Pt (2.5)

for x e R™ t € (0,00).

Proof We prove only that w™(z,t) is a super-solution. The other can be
proved similarly.

Lw =wf — (Jxwt —wh) = fw")

=[0161¢' (N4 (2,1)) — B1 — Ko(w,t)]de (2.6)

where L
Ko(z,t) = / fuld(ne(z,t)) + 956_51t)d9,
0

and ny (2,t) = o1 + & + 016(1 — e P1t) — ¢ot. Since lim, oo ¢(Fz) = +1,
Ko(z,t) — fu(£1) uniformly in ¢ € [0,00) as ny(z,t) — £oo and 6§ — 0. So,
there exist 7 > 0 and d; > 0 such that for x € R™ with |n4(z,t)] > m and
0<d <o,

KQ(SC,t) < 7ﬂ17 (27)
that is, —81 — Ko(z,t) > 0 for x € R™ and t € RT with |ny(z,t)] > m.
Therefore, Lw™ > 0 for z € R™ and ¢ € RT with |ny(x,t)| > m.

For |ny(x,t))| < m, choose

B+ K
Bra(m)’
where K = sup{|fu.(u)| : u € [-2,42]} and a(m) = min{¢p(x) : x € [—m,m]}.
We know that a(m) > 0 since ¢(x) > 0 for all z € R. Then, for t > 0, z € R"
with |n4(z,t)] <m and any 0 < § < §;, we have Lw™ > 0.
Therefore Lw™ > 0 for all # € R” and ¢ € (0,00). That is, with the above
choices of §; and o1, the function w*(z,t) is a super-solution for (1.1). O

o1 (2.8)

Proof of Theorem 1.1 For ¢ > 0 given, since ¢ is uniformly continuous,
there exists ko > 0 such that, for all |k| < ko,

(a1 + k) = dlan)| < 5 (2.9)

for all 1 € R. Let (1, o1 and d; be as in Lemma 2.3. Choose 6 > 0 such that
6 < min {%, 5—?, 51}. Then by Lemma 2.2, the condition

d(x1) — 6 <wup(z) < d(x1) + 6
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implies

o(x1 —o10(1 — e_ﬁlt) —cot) — de Pt
< u(z,t)
< p(x1 + 010(1 — e P1t) — ¢ot) 4 et (2.10)

By the choice of § and (2.9) - (2.10), we have

lu(z,t) — ¢(xo — cot)| < €

for all x € R™ and t > 0. That completes the proof.
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