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A wavelet Galerkin method applied to partial
differential equations with variable coefficients *
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Abstract

We consider the problem K (z)uzz = u¢ , 0 < z < 1,t > 0, where K (x)
is bounded below by a positive constant. The solution on the boundary
z = 0 is a known function g and u,(0,¢) = 0. This is an ill-posed prob-
lem in the sense that a small disturbance on the boundary specification
g, can produce a big alteration on its solution, if it exists. We consider
the existence of a solution u(z,-) € L*(R) and we use a wavelet Galerkin
method with the Meyer multi-resolution analysis, to filter away the high-
frequencies and to obtain well-posed approximating problems in the scal-
ing spaces V;. We also derive an estimate for the difference between the
exact solution of the problem and the orthogonal projection, onto Vj, of
the solution of the approximating problem defined in V;_;.

1 Introduction

In this paper, we consider the following problem, for 0 < a < K(z) < 400,

(1.1)

K(x)ugy(z,t) = ug(z,t), t>0,0<x<]1
u(0,) =g, uy(0,-)=0

We assume that this problem has a solution u(z,-) € L?(R), for K continuous,
and we extend u(z,t) and g to R assuming that both vanish for ¢ < 0.

Problem (1.1) is ill-posed in the sense that a small disturbance on the bound-
ary specification g, can produce a big alteration on its solution, if it exists. This
means that if the solution exists, it does not depend continuously on g (see note
1 below).

We consider the Meyer multi-resolution analysis. The advantage of using this
method is that it has good localization in the frequency domain, since its Fourier
transform has compact support. The orthogonal projection onto Meyer scaling
spaces, can be considered as a low pass filter, cutting off the high frequencies.
We get a version of the Gronwall inequality that we use to obtain an estimate
for the frequency of the solution of the problem (1.1).
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JFrom the variational formulation of the approximating problem on the scal-
ing space Vj, we get an infinite-dimensional system of second order ordinary
differential equations with variable coefficients. An estimate obtained for the
solution of this evolution problem, is used to get the stability of the wavelet
Galerkin method. Using an estimate obtained for the difference between the ex-
act solution of the problem (1.1) and its orthogonal projection onto Vj, we get
an estimate for the difference between the exact solution of the problem (1.1)
and the orthogonal projection, onto Vj, of the solution of the approximating
problem defined on the scaling space V;_;.

Our approach is similar to the one used in [4] for the sideway heat equation.
The problem considered in [4] is an inverse problem for the heat equation with
constant coefficient. There the variational formulation, on the scaling space
Vj, of the approximating problem, produces an infinite-dimensional system of
second order ordinary differential equations with constant coefficients, for which
the solution is known. Stability and convergence of the method follows from
form of this solution.

In section 2, we construct the Meyer multi-resolution analysis. In section
3, we get the estimates of the numerical stability and the convergence of the
wavelet Galerkin method.

For a function h € L'(R) () L2(R) its Fourier Transform is given by h(¢) :=
Jg h(@)e " dx.

2 Meyer multi-resolution analysis
To construct a wavelet basis from a mother wavelet, we need an structure in

L?(R) which allows us to decompose L*(R) in a direct sum of mutually orthog-
onal spaces.

Definition A multi-resolution analysis is a sequence of closed subspaces V; in
L?(R), called scaling spaces, satisfying:

(M1) V; CV_qforalljeZ

(M2) U,z Vj is dense in L*(R)

(M3) Mjez Vi = 10}

(M4) f € Vjifand only if f(27) € Vg

(M5) feVyifand only if f(-—k) eV forall k € Z

(M6) There exists ¢ € Vp such that {¢,, : k € Z} is an orthonormal basis in
Vo, where ¢; x(z) = 279/2¢(2 72 — k) for all j,k € Z. The function ¢ is
called the scaling function of the multi-resolution analysis.
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Remarks 1) M4 and M6 imply {¢; ;. : k € Z} being an orthonormal basis for
the space V.
2) Let ¢ € L*(R) and V; = span{¢;i },. ., where ¢ (t) := 279/2(279t — k) and
j € Z. Thus, Vy = span{¢(- — k)}, ;. We have that V; satisfy M1 if only if
¢ € V_q, that is, if only if there exists a 2w-periodic square integrable function
mg, such that

- £\~ ¢

(&) = m0(§)¢(§)~

The Meyer multi-resolution analysis is constructed in the following way: Let
© be the scaling function defined by its Fourier transform by

1, if |¢] < 27/3
G(&) = { cos[Fr(gxé] = 1)) if 27/3 < [¢] < 4m/3
0, otherwise,

where v is a differentiable function satisfying

0 ifz<0
V(@) = {1 ite>1 (2.1)
viz)+v(l—z)=1 (2.2)

;From (2.2), it follows that >, ., |@(¢ + 2km)[* = 1, which is equivalent to
the orthonormality of ¢(- — k), k € Z. Then M6 is satisfied. Here mg can be
constructed on [0, 27], from @, by

mo(€) =D P(2(¢ + 2x1))

leZ

This function is 2w-periodic, square integrable, and, for ¢ € [0, 27],

mo($)2(5) = X pte + 4m)3() = p3(5) = 3(6)
lez
The second equality above follows from
Ble+4np(5) =0, W0

and the third equality follows from @(£/2) = 1 for all £ € suppp. Then M1
is satisfied and the other conditions of the definition can also be proved. The
associated mother wavelet is given by (see [2])

D(E) = e mo(e/2+ m)B(E/2)
2N " B¢+ 2m(20 +1))B(£/2)

lEZ
= PP +2m) + B(€ - 2m)]B(£/2)
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or equivalently,

/2 sin[Fr(5lgl = 1), i F < Jgf <
D(€) = { e/ eos[Fr(l¢| - 1)), if F <[ <
0, otherwise.

wff ol

The function v is the Meyer wavelet.
Now, we consider the Meyer multi-resolution analysis. We have

QZj\k(f)Z/Ri/ij(x)@_mfdx
= / 2_%’(/J(2_jl‘ — k)e 8 dy
R
= / 2j/21/)(y _ k)e—izjygdy
R
=2j/2/¢(t)e_i2j(t+k)§dt
R
— 9i/2 / w(t)e—ﬂjtg—ﬂjk{dt _ 2j/2€—i2jk§{b\(2j£)
R

Since supp(vZ) = {§ : %w < < %w} we have that

— 2 , 8 A
supp(Ve) = {& 37277 < ¢ < 277} VkeZ (2.3)
Furthermore,
_— 4 .
supp(@r) = {& [€] < gm27} VR e Z (2.4)

Now we consider the orthogonal projection onto V;, P; : L*(R) — Vj,

Pif(t) = _{f,0i)ein(t)
kEZ
The hypothesis M1 and M2 imply that lim;,_ P;f = f, for all f € L?(R).
This means that from a representation of f in a given scale, we can get f by
adding details which are given at higher frequencies. ;From (2.4), we see that

P; filters away the frequencies higher than §7T2_j (low pass filter).
We have, for all f € L?(R),

f = Pf-PFf+f
Pif+(I—-P)f

D (Frein)ein + DY f )i

kEeZ 1<j keZ

This implies

()= ) for lel < 2n2 (2.5)
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since, by (2.3), ¢y (€) =0 for all [ < j and |¢| < 2r27.
Considering the corresponding orthogonal prOJectlons in the frequency space,
P L*(R) = V; = span{gojk}kez,

Pf Z fa‘ij Pjk

kEZ

we have

F=> %@ GiREk = Y _(fr05)E5k = Bif
kEZ

keZ

Then (2.5) implies that

)

I =Py [l = 1T = P) A1 = (I-F)

L
NG
(I = P)x; fIl < IIxs Fll

1
V2T
— LH
B V2T

where ; is the characteristic function in (—oo, —27277] U [27277, +00).

(2.6)

3 Results of Stability and Convergence
Hereafter, the multi-resolution analysis considered corresponds to the Meyer
multi-resolution analysis with scaling function . The next lemma is a version

of the Gronwall inequality.

Lemma 3.1 Let u and v be positive continuous functions, x > a and ¢ > 0. If

Y<ce+ [T [T 7)drds then
) < cexp / / des
Proof. Let w(z) = c+ [ [*v 7)drds. Then w'(z) = [ v(r)u(r)dr
Therefore,
w”(z) = v(z)u(r) < v(r)w(r) and 1;11:’((5;) < wv(zx)
Now
w” (x) w’ w'(z)
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Therefore,

Inw(z) — Inw( / / 7)drds

Since w(a) = ¢, mw(z) —In ¢ < [ [*v(7) drds, which implies

// 7)drds and w(z) < cexp // des

Since, by hypothesis, u(z) < w(z), we have

) < cexp / / des

which completes the proof. O

Applying the Fourier Transform with respect to time in Problem (1.1), we
obtain the following problem in the frequency space:

T (2,6) = ng)

u(x,€), 0<ax<l1, £€R

whose solution satisfies

u(x, //K u(r, &) drds

Then, from lemma 3.1, for g(§) # 0, we have

el < a©lewp [l [ [ g dras] (31)

The next lemma corresponds to proposition 3.1 in [4], when K (z) is constant.

Lemma 3.2 The operator D;(x) defined by

1

(D)) (x))iez, kez = m«p;l’%kﬁzezkez

satisfies the following three conditions: 1) (D;)(z) = —(D;)m(z)
2) (Dj)ix(x) = (Dj)-ryo(x). Hence, (Dj)(x) are equal along diagonals.

3) |1D;(@)ll < 5

Proof. This proof follows quite closely the proof in [4] for D;(x) independent
of x.
1) As we already know, ©;0(&) = 2//23(27€), pr(§) = 20/2e ¥ 5(27¢) =
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e~ ke ©;0(), and the Fourier transform of the scaling function ¢ is even. Then
©j0(&) = Pjo(—¢) and

(D;)x(x) Ll

K Z‘) <§Dgl7 @]k> = K( ) o <<pjlv (ij>
1

1
K(z)
1

K(z)2
1
( Sojl QO]k g
)

o ),
:Ka:/
).

—i(l—k)e2 d
K@) 2r @i0(8)7de

ge
Then

@ ()P (€) dE
3
[@j0

) 1
. - —i(k—)w2’ d
Do) = grge [ B
4 /w —i(k— l)w2j| ( )| dw
[ vme)z

()
( @)l
- /5;7 ) Fa(w) dw.

=
=

w) dw

=
=

1

2
1

2
1

x)
() 2

=
3

=

Thus
(Do) = ~ 5725 35 P B) = =37 i o) = ~(D3)ua@)

2) As proved above

(Du(o) = T3 [ €I BORE = (D))a-wnla)

Then (D, )i (x) is equal along diagonals.
3) We have

12, = | 757551l = 777181

1
K(z)
where (B;)i = (¢, pjk). (From results 1) and 2), we have (B;)i, = —(B;)xi,

(Bj)ik = o= [ €71 0=RE | 555(6) [2de = (Bj)—kyo and (Bj)u, is constant along
diagonals. We will show that | B;| < 7277. Thus, we will have

D ()] < mQﬂ

For |t| <7277,
L) =277 [(t — 277" m)|@jo(t — 277 m) | + t]gjo (1)
(27 ) gt 4+ 27 )]
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Extend I'; periodically to R and expand it in Fourier series as
t) = Z 'ykeimj
kEZ

We have ~y;, = by, for all k£, where by, is the element in diagonal k of B;. In fact,
since @j0(t) =0 for [¢| > 7277, it follows that

1 = ikt2
= — Lj(t)e " dt
T o B0

. 277 .
- QL (t — 277t ) g0t — 279 ) 2% g
T J—m2-i

7/ t|<p]0 |2 7zkt27dt

*on - g 2 e

Making a change of variable, we obtain:

—m277 ; 7277 o
Ve = 7/ t|80]0 |2 —ikt2 dt-‘r / t|6j\0(t)|2€_lkt2 dt
323 27 ) _po-i
i sm2 2 —ikt2?
+— tlo0(t)[Fe™ " dt
3 |, tE)
i sm2 2 —ikt27
= — tloio(t)|“e™" dt
o B 0l

1 — —q J
= 2*/75\%‘0(75)\26 M2t = by,
T JRr

Now, || B; || = supy sy [|B; fI| where || f[|? = 3=,z | Fxl?. Let F(t) = Yy fre't
and define W (t) =T';(t)F(t). We have

t) = Zwkeimj and wy = Zbkflfl = (Bjf)k
kEZ I€Z

Hence

1 T2
ol = Sl = 55 [ WP

kez 2
1 ﬂ'2_j
= . T dt
s |, IOFe)

1 w27
< s [NOPs [ @

|t|<m2-i

= sup [I;@®)PIf)?

|t|<m2-i
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Then
1Bl < sup  |T;(1)[?
Jt|<m2-9

On the other hand, I'; is an odd function. Hence

sup |T;(8)]* = sup [D;()?
[t|<m2—i 0<t<m2—7

But, for 0 <t < 7277, we have t + m277+!L > 7279+ and t — m277+! < 0.

Hence

)

Gio(t+m277 ) =0 and (t—7277 ) |gso(t — 7272 <0

for t € [0,7277]. Thus

sup [T < 72777 sup  tfgjo(h)]?
0<t<m2-7 0<t<m2-7
— m s (129)R(200)
0<t<m2-7

= 7279 sup s|@(s))?
0<s<m

By definition of & we have |5(s)|* < 3~ and therefore s|@(s)|? < 5= = 3 for
0 < s <. Then

2 oz o T2 —j
sup D (OF < sup sl3(s)|? < — n27
0<t<w2-i 0<s<nm 2
Thus ;
1 1 w277
IDj(@)| = == IBjll € == sup [T;(t)|* <
! K(z) ! K(x) [t]<m2-7 ! K(x)
which completes the proof of lemma 3.2. O

Let us now consider the following approximating problem in Vj, where the
projection in the first equation of (3.2) is due to the fact that we can have ¢ € V;
with ¢’ ¢ V; (see note 2 below),

K(2)ugy(z,t) = Pjuy(z,t), t>0,0<zx<1
u(0,-) = Pjg uz(0,-)=0 (3.2)
u(z,t) €V

Its variational formulation is

(K (2)uzz — ug, @jk) =0
w(0,-),05%) = (Pig,0ix),  (ue(0,-),0) = (0,05%), keZ

where ¢jj, is the orthonormal basis of V; given by the scaling function ¢. Con-
sider u; a solution of the approximating problem (3.2), given by u,(x,t) =
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Ytez wi(@)pi(t). Then, we have (u;)(z,t) = ez wi(w)¢y (1) and (uy)ea (@, ) =
> ez wi' (x)@ji(t). Therefore,

K(2)(uj)ea(z,t) — (uj)e(z (@) > wi' (@)pu(t) = > wi(x)gh(t

leZ l€Z
Hence
(K(2)(uj)ae — (ug)e, pjK) =0
— <Z K(z)w;'pji — sz%—z» k) =0
€7 lez
= K@w) (e, e) = Y wil@h, oik)
leZ leZ
T)wy = Zwl <p]l7<pjk ke Z.
leZ
Therefore,
d? 1 d?
ﬁwk = Zwlm<sﬂ;l,@jk> and @wk = Zwl(D
lez l€Z

where, as defined before, (D; )i (z) = ﬁ(g@él, ©jk). Thus, we get an infinite-
dimensional system of ordinary differential equations

d2
a2
w(0) =7, w'(0)=0

= —Dj@w (3.3)
where 7 is given by

P

9 =) Ve = D (9, 02) P52

2€Z 2€EL

Lemma 3.3 If w is a solution of the evolution problem of second order (3.3),

then o
w@ < Ihlexp (2707 [ [ s aras)
a 0 Jo K(7)

Proof Since w(z) =~ + [y [; (=D;)(T)w(r) drds,

lw(@)l < Il + / ' / 1Dl ()] dr ds

By lemma 3.2 this implies

e |<||vll+// sl drds.
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Then by lemma 3.1 we have

@)l < lexp (277 [ [ 2 aras)

which completes the proof. O

Theorem 3.4 (Stability of the wavelet Galerkin method) Let u; and v;
be solutions in V; of the approzimating problems (3.2) for the boundary specifi-
cations g and g, respectively. If ||g — g|| < e then

2-i-1lg

luj(x, ) —vj(z,-)|| < eexp ( m2)

where a satisfies 0 < a < K(x) < 400 as in the definition of the problem (1.1).
For j such that 277 < 27“ log e~ ! we have

.2
sz, ) = vz, )] < €77

Proof. wuj;(x,t) = >, cpwi(x)e(t), vi(z,t) = > cp Wi(x)p;i(t) where w and
w are solutions of the Galerkin problem (3.3) with conditions w(0) = ~ and
w(0) = 7, respectively. So, by lemma 3.3 and linearity of (3.3) we have

[wj(2, ) = vz, ) = Jw(z) —w(z)]]
< |v- ’y||exp237r/ / G des

< eexp237r/ / —drds)

= eexp(279° ol —z?)
a

For j = j(e) such that 277 < 22]oge~!, we have

1—2?

luj(@,) = v, )|l < eexp(a®loge™") =

which completes the proof. O
Now, we are interested in the solutions u(z,-) € L?*(R) of problem (1.1),
for the functions g € L?(R) such that g(-)exp(| - |/(2a)) € L?(R), where g is

the Fourier Transform of g. The Inverse Fourier Transform of exp(— & +|§|) for
instance, satisfies this condition. Define

=g )exp(|2 |) € L*(R) (3.4)
Proposition 3.5 If u(x,t) is a solution of problem (1.1), then
17 .
(e, ) — Pyute, ) < 17z exp(—5 22751 ~a2)

where f is given by (3.4).
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Proof ;From (2.6) and (3.1), we have
I = Py)ulz, )l < [xgule, )
= P
|€|>5m2i

G(E)? ex L e asag
< U, 0Pl [ s drasad
Then
2
0= Bute )l < 1 O eselil T ag
< (f . @res-Eh el
lg[>Fm2—d o @
_ 2 o _@ 1— 22)) delt/2
s VOPep 0= a
For |z| < 1,
2/3)m277
0= Putell < [ 15©F g2 e 22 - a2)
< Il exp(—5 2279 (1~ %)
which completes the proof. g

Proposition 3.6 If u is a solution of problem (1.1) and wj_1 is a solution of
the approximating problem in V;_; then

8e,8) = Gj-a(2,6) for €] < gm270 (35)

Consequently,
Pyu(e,) = Pyuy_i(x, ) (3.6)

Proof Let A(z,&) = u(x,&) — uj—1(z,§). We will show that A(z,€&) = 0 for
€] < %w2_j. Consider the approximating problem in V;_;:

K(x)(uj,l)m = jfl(’U,jfl)t teR, 0<z<1

Uj—l(oa ) = Pj—lga (uj—l)z(oa ) =0
uj1(z,-) € Vi

Applying the Fourier transform with respect to time, we have

~ ~

K(2)(Uj-1)a(,§) = Pj—1[(uj—1)e] (2,8) = Pj_1(i€u;—1(x,§))
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~

for 0 < 2 < 1, £ € R, with the conditions: @;_1(0,§) = P;_1g(§) and
(Uj—1)2(0,-) = 0. Now, by (2.5),

Py (i€ -1 (x,€)) = i€tj—1(2,€) and  P;_17(0,€) = 0(0,€)
for [£] < §m27J. Thus, for |¢| < 37277, we have
= K (@)U (2, ) — K(2)(Wj-1)wa(z, &) —i€[u(z,§) — uj—1(z,§)] =0

A0,€) = A(0,€) = ;-1 (0,€) = (0,€) — Py1g(&) = @(0,€) — Pj—1@(0,€) = 0
Hence, for [£| < %71’2_j, fixed, A(z,£) is solution on 0 < z < 1 of the problem

K(2)Apy(z, &) —iéA(2,6) =0, 0<z<1
A(0,6) =0, A,(0,€)=0

This problem has an unique solution A(z,&) =0, for all 2 € [0,1). Thus,
. ~ 4
u(x, &) =uj_1(x,§) for ¢ < §7r2 J

Now, (3.6) is consequence of (3.5) and the definition of ]3]-. O
Theorem 3.7 Let u be a solution of (1.1) with the condition u(0,-) = g, and

let f be given by (3.4). Let vj_1 be a solution of (3.2) in V;_y for the boundary

specification § such that ||g — gl < €. If j = j(e) is such that 277 = Sloge™!,

then ) ) ,
1Pjvj—1(@,) —u(z, )| < € + [|fllrem e

Proof Note that

| Pjvj-1(z,-) —u(z, )| < ||Pjvj-1(z,-) — Pjulz,-) + Pu(z,-) — u(z,)|
< ||Pjvj-1(z,-) — Pju(z, ) || + | Pju(z, ) — u(w,-)| .

Let u;j_; be a solution of (3.2) in V;_; for the boundary specification g. By
(3.6), Pju(x,-) = Pjuj_1(z,-). Thus, by theorem 3.4, we have

| Pjvj—1(z,-) — Pju(z,-)|| = [|Pjvj-1(z,-) — Pjuj—1(x,-)]
2
< wjmr(@, ) — uj—a (@, )| < €7
Now, by proposition 3.5,

].7T o 1(1—z2
IPyu(, ) = ulw, )| < 1 fll2 exp(-5 =27 (1 = 2%) < [|fll 2w - 507

Then || Pyv;_1(z,-) — (e, )| < & + ||l 2qmyed 0= 0
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Conclusion

We had considered solutions u(z,-) € L*(R) of the problem K (7)uz: = uy,
0<z<1,t>0, with boundary specification g and u,(0,-) = 0, where K (x)
is bounded below by a positive constant. The inequality (3.1) implies that a
solution of the problem above will be in L?(R) if § has a rapid decay at high
frequencies. Since the Meyer wavelet has compact support in the frequency
domain, it cuts the high frequencies. Utilizing a wavelet Galerkin method with
the Meyer multi-resolution analysis, we regularize the ill-posedness of the prob-
lem, approaching it by well-posed problems in the scaling spaces, as shown by
theorem 3.4. We had shown the convergence of the wavelet Galerkin method
applied to our problem, with an estimate error, in theorem 3.7. A more direct
result would be to have a similar estimate for the difference between the exact
solution of the problem and the solution of the approximating problem defined
on the scaling space V;. We are working towards this goal at the moment.

Notes: 1) Consider the problem

Uy (2, 1) = we(z,t), t>0,0<z<1
'LL(O,) = gn, UT(07) :07

where
n"2cos2n’t, if0<t <ty
gn(t) = .
0, ift>tg.

The solution of this problem is

[CH I

(2. 1) > ?';0 n~2 cos(2n?t +jg)7(\/§m)2j ifo<t<ty
Up(x,t) =
O, ift > to .

Note that g,(t) converges uniformly to zero as n tends to infinity, while for
x > 0, the solution u,(z,t) does not tend to zero. This example was inspired

by [1].
2) Note that (¢;)" ¢ Vj. In fact, if (p;)" € Vj then (0;)" = >, cy an@jn-
Hence
(o) = anin
kez

So, we would have

1292186 5(21g) = S ay2/2e 72 e G(2g)
keZ

This equality implies £ =37, -, ope~ 12 (k=DE+5],
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