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EXISTENCE AND REGULARITY OF ENTROPY SOLUTIONS
FOR SOME NONLINEAR ELLIPTIC EQUATIONS

LAHSEN AHAROUCH, ELHOUSSINE AZROUL

ABSTRACT. This paper concerns the existence and regularity of entropy solu-
tions to the Dirichlet problem

Au = —div(a(z,u, Vu)) = f —dive(u) in Q
u=0 on Q.

In particular, we show the LI-regularity of the solution to this boundary-value
problem.

1. INTRODUCTION

Let Q be a bounded open subset of RY (N > 2), and let p be a real number
such that 2 — % < p < N. Consider a Leray Lions operator

Au = —div(a(z,u, Vu)),

where a : Q X R x RN7—> R¥ is a Carathéodory function satisfying for a.e. = € Q,
all s € R and all £ # ¢ € RY the conditions

la(z, s,6)| < Ble(z) + [sP~ + [¢[P] (1.1)
a(z,s,£).& > algl’ (1.2)
<a(1',8,f) - a<x737£_)7£ - €> > 0. (13)

Here a > 0, 3 > 0 and ¢(z) € s (©). In the present paper, we study the boundary-
value problem

Au = —diva(z,u, Vu) = f —dive(u) in Q

u=0 on 0, (1.4)

where the right hand side is assumed to satisfy
ferL' (), (1.5)
¢ € CO(R,RY). (1.6)
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Recall that, since no growth hypothesis is assumed on the function ¢, the term
div ¢(u) may be meaningless, even as a distribution for a function v € W, (),
r > 1 (see [4] and [7]).
Definition A function u is called an entropy solution of the Dirichlet problem
@) i,
Np-1)

N-1"~
Ti(u) € WoP(), Vk >0,

[t ViV — o < [ Tu=g)do+ [ 9T ) de,
Q Q Q

Yo € Wy P(2) N L (),

ueWyi(Q), 1<qg<g=

where Tj(s) is the truncation operator at height k£ > 0 defined on R.

When ¢ = 0 and f is a bounded Radon measure, it is known that admits
a weak solution u in Wol’q(Q) with 1 < ¢ < @; see for example [5, [6, @]. It also
have been shown there, that if f lies in the Orlicz space LLogL(2), then the critical
regularity VVO1 9(Q) is attained. Further contributions in this sense can be founded
in the work [3] where the authors have replaced the hypotheses and by
some general assumptions.

When ¢ # 0 and f € L'(), L. Boccardo proved in [4, Theorem 2.1] that
the boundary-value problem admits an entropy solution (in the sense of the
definition 1.7) which belongs to Wol’q(Q), 1 < ¢ <. Moreover, the author showed
that if f € LLog(1 + L)(Q), then the solution belongs to Wy ?(£).

Our objective in this paper, is to prove the existence and Li-regularity of an
entropy solution to the boundary value problem , when ¢ # 0 and f € L*().
This is possible by replacing 7 by the following assumption.

There exist two N-functions P, M with P << M; six positive real numbers
o, 0, k1, kg, k3, kq; and a function C in E5; such that

la(z,5,0)| < C(x) + k1P M (kals|) + ks M M(ks|C]) (1.7)
(a(z,s,¢) —a(z,5,£),(—&) >0 (1.8)
a(x,s,()¢ > on(%‘)7 (1.9)

for a.e. x € Q, for all s € R, and all £ € RV

2. PRELIMINARIES

Let M : RT — RT be an N-function, i.e. M is continuous, convex, with M (t) > 0

for t > 0, @ — 0ast— 0, and @ — 00 as t — oo. Equivalently, M admits

the representation:
t
M(t) :/ a(s)ds
0

where a : RT — R* is nondecreasing, right continuous, with a(0) = 0, a(t) > 0 for
t > 0 and a(t) tends to co as t — oco.

The conjugate of M is also an N-function and it is defined by M = fg a(s)ds,
where @ : RT — R™ is the function a(t) = sup{s : a(s) < t}.
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An N-function M is said to satisfy the As-condition if, for some k,
M(2t) < kM(t) Vt>O0. (2.1)

When holds only for ¢t > ty > 0 then M is said to satisfy the Ay condition
near infinity.

We will extend these N-functions into even functions on all R. Moreover, we
have the following Young’s inequality

st < M(t) + M(s), Vs, t>0.

Given two N-functions, we write P << @ to indicate P grows essentially less

rapidly than @Q; i.e. for each ¢ > 0, 5((;)) — 0 as t — oo. This is the case if and

only if

Q7Y
=T
Let © be an open subset of RY. The Orlicz class K/ () (resp. the Orlicz
space Ly (€2) is defined as the set of (equivalence classes of) real valued measurable
functions w on ) such that
u(z)

M(u(x))dz < 400 (resp. / M(——=)dz < +oo for some A > 0).
Q

Q A

The set Ly () is Banach space under the norm
lullare =inf {A>0: / M(@)dm <1}
Q

and K/ () is a convex subset of Lp/(2). The closure in Ly () of the set of
bounded measurable functions with compact support in Q is denoted by Ej/ ().
The dual of Ej () can be identified with Ly7(€2) by means of the pairing [, uv dz,
and the dual norm of L37(f) is equivalent to [|.||57 -

We now turn to the Orlicz-Sobolev space, WLy () [resp. W1Ep ()] is the
space of all functions u such that u and its distributional derivatives up to order 1
lie in Lpr(2) [resp. Ean(2)]. It is a banach space under the norm

lulliar = > [1D%ul|ar

laf<1

Thus, WLy (Q) and W!Ey(Q) can be identified with subspaces of product of
N + 1 copies of Ly (2). Denoting this product by [] Las, we will use the weak
topologies o(I] Lar, [1 E57) and o([] Las, [T Lz)- The space Wy Ep(€) is defined
as the (norm) closure of the Schwartz space D(Q) in W!Ey(Q) and the space
Wi L () as the o([] Las, [] Eg7) closure of D(2) in WL ().

Let W—L37(9) [resp. W1 E77(£2)] denote the space of distributions on €2 which
can be written as sums of derivatives of order < 1 of functions in L77(£2) [resp.
Ew7(€)]. It is a Banach space under the usual quotient norm.(for more details see
(D).

We recall some lemmas introduced in [2] which will be used later.

Lemma 2.1. A domain  has the segment property if for every x € OS2 there exists
an open set G, and a nonzero vector y, such that x € G, and if z € QN G, then
z+ty, €Q forall0 <t < 1.
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Lemma 2.2. Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let M be
an N-function and let u € WLy (Q) (resp. WLEN (). Then F(u) € WLy (2)
(resp. WIEyN(Q)). Moreover, if the set D of discontinuity points of F' is finite,
then

0 B F’(u)%u a.e. in{xeN:u(x)¢ D},
&’CZF(U) {0 ’ a.e. in{x €N :u(x)¢ D}

Lemma 2.3. Let F' : R — R be uniformly Lipschitzian, with F(0) = 0. We suppose
that the set of discontinuity points of F' is finite. Let M be an N-function, then
the mapping F : WYLy (Q) — WLy (Q) is sequentially continous with respect to
the weak™ topology o (1] Lar, ] Eqp)-

We give now the following lemma which concerns operators of the Nemytskii
type in Orlicz spaces (see [2]).

Lemma 2.4. Let Q be an open subset of RN with finite measure. Let M, P,Q be
N-functions such that Q << P, and let f : Q@ x R — R be a Carathéodory function
such that, for a.e. x € Q and all s € R:

(@, 8)] < e(x) + ki P~ M (kals]),
where k1, ke are real constants and c(x) € Eqg(Y). Then the Nemytskii operator
Ny defined by N¢(u)(z) = f(x,u(x)) is strongly continuous from P(En(£2), é) =
{u € Ly (Q):d(u, Exr(Q)) < é} into Eg(§2).

3. MAIN RESULTS

In the sequel we assume that € is an open bounded subset of RN, N > 2, with
the segment property, and that M is an N-functions satisfying the As-condition
near infinity. We shall prove the following existence theorems.

Theorem 3.1. Assume that (1.7)-(1.9) hold, 2 — % <p< N, felLQ),¢c

CO(R,RY), % is mondecreasing near infinity and foo f\Z(t) dt < oco. Then the
problem,

Ti(u) € WaLp(Q), Vk>0
/ a(x,u, Vu)VT(u — ¢)dx < / fTe(u—p)dx+ / d(u) VT (u—¢)dz, (3.1)
" V@EWO?LM(Q)HLOO(Q) "
admits at least one solution u € Wy9(Q).

When p = N we assume, in addition, that There exists an N-function H such
that H(tV) is equivalent to M (t).

Theorem 3.2. Assume that for p = N the above hypotheszs hold, . . ) hold,

ferL (), ¢ € CORRY), [ i\]/lv(t; dt < oo and W remains bounded near

infinity. Then (3.1) admits at least one solution in W0 Nq).
Proof of Theorems and[3-9

Step 1 The approximate problem and a priori estimate. Let f, be a
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sequence in W1 E57(Q) N LY(Q) such that f, — f in L*(Q), and || fullr < || f]1-
Consider the approximate problem
Auy, = [, — div ¢, (uy)

u, € Wy Ly (Q) (32)

where ¢, (x) = ¢(T,,(x)). From the work [8], there exists at least one solution
uy, of the approximate problem (3.2)). Moreover, as in [3], there exists a constant
C = C(p,a, | f]l1) such that

V|| L@ < C,
which implies that u,, is bounded in W, ?(Q2). Then there exists u € W, /(Q) and
a subsequence still denoted by u,, such that

u, — u  weakly in W, 9(Q) (3.3)
un, — u  strongly in L7(Q) and a.e. in Q. .

Moreover, the use of Ty (u,) as test function in (3.2) implies that the sequence
Ty (u,) is bounded in WLy (2), then there exists a subsequence of Ty (uy,) still
denoted by Ty (uy) such that

Ti(tn) = Ti(u) weakly in Wi L (Q) for o(] [ Las, [ | Bxp)

(3.4)
Ti(up) — Tk(u) strongly in Ep/(2) and a.e. in €.

Step 2 Convergence of the gradient. Let Q, = {z € Q : |[VTi(u(x))] <
r} and denote by x, the characteristic function of ©,. Clearly, 2, C Q,4; and
meas(Q\€;) — 0 as r — oo.

Fix r and let s > r. We have,

0< /Q [a(z, T (un), VI (un)) — a(z, Tk (un), VI ()] [VTk () — VT (u)] dx

r

< /Q [a(z, Ti(un), VT (uy)) — a(z, Tk (un), VI ()] [V (un) — VI (u)] dx

= / [a(z, Ti(un), VI (un)) — a(z, Tk (un), VI (w)xs)][VTk(un) — VI (u)xs] dx
Qg

< /[a(%Tk(un),VTk(un)) —a(z, Ti(un), VIk(u)Xs)][VTk(un) — VI (u)xs] dz.
Q

On the other hand, let h > k and M = 4k + h. If one takes w, = Top(u, —

Th(un) + Tr(un) — Tk(w)) as test function in (3.2)), it is easy to see that Vw, =0
when |u,| > M. We can write

/ a(x, Tar (un), VI (un))Vw, de = / frnwy, dx + / On(Un)Vw, dx.
Q Q Q
‘We have

/Qa(sc, Tas(un)y VTag (un))VTog (un — Th(un) + Ti(un) — Tk(w)) dz
> / (@, T (), VT (1)) (VT (1) — VT (1)) d
Q

_/I - |a(a, Tar (un ), VT (un)) ||V Tx (u)| dae
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= /Qa(x,Tk(un), VT (un)) (VT (1) — VT (1) xs) da:
_ /Qa(x,Tk(Un),VTk(un))(VTk(u) VT (u)xs) dx
/| ‘>k\a(:z:,TM(un),VTM(un))HVTk(u)‘Xsdz

_/I - la(z, Tas (), VT (up))|(|V Tk ()| — [VT5(w)|xs) do .
Then

/Qa(x, T (un)y VTag (un)) Vg (un — Th(un) + Tr(un) — Tk(w)) dz
> / a(x, Tk (un), VI (un))(VTx (un) — VT (u)xs) dx
Q
—/ a(x, Tk (upn), VI (1)) VT (u) dz
Q\Q,
—/I . la(x, Tar(un), VI (un))| VT ()| xs dx

Q\Q,

From this inequality, it follows

/Q[a(x, Ty (un ), Vi (un)) = a(@, T (un), VT (w)xs)[[VTk (un) = Vi (u)xs] d

< [ o Tartun). Vas ) [ VTi ) e d
|un|>k
+/ a(x, Ty (un), VI (un)) VT (u) da
Q\ Qg
o\Q,
+ / fnTQk:(Un - Th(Un) + Tk(un) — Tk(u)) dx
Q
+/ G (un)) Vg (un — Th(un) + Tk (uy) — Ti(u)) d
Q

- /Qa’(xv Tk(un)? VTI@(U)XS)HVTIC(UH) - VTk(u)Xs] dx

(3.5)

Now, we study each term of the right hand side of the above inequality. We denote
by e;(t) (i =1,2,3,...) various sequences of real numbers which tends to 0 when ¢
tends to infinity. Remark that a(x, T, (uy), VI, (uy)) is bounded in L37(€2) for all

u > 0. Let € > 0, we have

|VTk(u)|xsX{\un\>k}) <M(Z)e LY(Q)

M( s
13 13

and
VT (W) XX {jun>ky — 0 ace.
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Then by the Lebesgue dominated convergence theorem we deduce that
VT (u)[XsX{Jun|>ky = 0 in Lar(9),

which implies that the first term in the right hand side of tends to 0 as n
tends to oo. Concerning the second and third terms on the right hand side of ,
since |a(x, Th(un), VT (uy))| and |a(z, Ty, (un ), VT (uy,))| are bounded in Ly7(€2)
then there exist two functions ¢ and ¢ in L7;(12) such that

la(z, Tar(un), VI (un))| — ¢ for o(Lyp, Ewr)

la(z, T (un), VI (uy))| — ¢ for o(Lyz, En) - (36)

This implies
/ (a2, Tt (), V Tar () ||V Tk ()| dz — / SVT (W) dz  (3.7)
O\ Qs Q\Qs
and
/ la(z, Tr(urn), VTE (u))||VTk ()| de — / Y|V (u)|dx . (3.8)
o\Q. O\Q.
On the other hand,

m | foTor(un — Th(un) + Ti(un) — Ti(u)) dz = / fTor(u = T (u)) do = e3(h)
Q Q

n—oo

and, for n large enough, one can write.

/Q G (1) V Tt (1, — T (1) + T (1) — Ti(u)) d

= /S2¢(T4k+h(un))VT2k(un — Th(un) + Tk(un) — Tk(u)) dlL’7
which yields,

lim O (Un) Vo (un — Th(up) + Ti(un) — Ti(u)) da

n—oo 9]

= /Qgi)(u)VTgk(u — Ty(u)dz = 0.

The right-most term in (3.5) tends to 0: Since a(x, Tx(un), VIk(u)xs) converges
strongly to a(x, Ty (u), VIi(u)xs) in (E37(2))Y, using Lemma while VT, (uy,)
tends weakly to VT (u) by (3.3). We conclude then that

0< limsup/Q [a(x,Tk(un),VTk(un))

n—0o0

— a(z, T (un), VIR (W)] [V (uy) — VI (v)] d

g/ﬂ <p|VTk(u)|dac+/Q\stVTk(u)d:):—l—/Qngk(u—Th(u))dx.

s

Letting s and h approach infinity we get,
/ [a(z, Ti(un), VI (un)) — a(z, Ti(un), VI (w)][VTk(un) — VI (u)] dz — 0
Q.

as n — 00. Passing to a subsequence if necessary, we can assume that

[a(z, T (un), VI (un)) — a(z, Tk (uy), VI (w)][VTk (uy) — VT (uw)] — 0
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a.e. in Q.. Asin [2], we deduce that there exists a subsequence still denoted by wu,,
such that Vu, — Vu a.e. in Q.

Step 3 Passage to the limit. Let o € W} Ly (Q)NL> (), and set M = k+/¢]| oo
with £ > 0. We shall prove that

liminf/ a(x, U, Vg ) VT (u, — @) dx > / a(x,u, Vu)VT(u— @) dz.
Q

nmee Q
We have: If |u,| > M then |u, — ¢| > k which implies
a(x, Upn, Vg ) VT (u, — @)
= a(z, Ty (un), VIn (un))(Vtn — VO)X{ju, —p|<k}
= a(x, Tar (un ), VI (un)) (V0 (Un) = VO)X{jup -l <k}

Let Qs = {x € Q : [Vp| < s} and denote by x, the characteristic function of 2.
Then

/ CL(:ZZ, Unp, vun)VTk(un - 410) dx

Q

- /Q (2, Tag (un ), Va1 () ) (VT (1) — V)Xol
= /Qa(l’v Tag(wn), VI (un)) (VT (n) = VX)X {fun—o| <k} AT

- /Qa(%TM(un%VTM(Un))(V@ = VX)X {|un—o| <k} dT,

and

CL(QS, U,y vun)VTk (un - 410) dx
Q

v

- / (a2, Ts (n), Vs (un)] [ V| d
O\

+ / la(x, T (un), VTar(un)) = a(a, Tar(un), Vioxs)]
Q
X [VTM(un) - VQDXS]X{\un—cmgk} dx
+ /Q 0, Tar (n), Veoxs) [V Tnt (tn) — VOXoIX (-1} -

Similarly to the proof of ([3.7)), the first term in the right hand side of ([3.9) is greater
than a value €6(s), which implies

liminf [ a(z, up, Vu,) VT (uy — ¢) d

n—oo Q

> lim [ a(z, Ta(un), Voxs) [VTar (un) — VOXs|X{jun—o| <k} 4T+ €6(5) (3.10)
n—oo Q .

+ [ fale Tas(w), V230 (0) = ae, Tas (), Vi)
Q
X [V (u) = VoxsIX(ju-e|<k} dz-
From Lemma the first term in the right hand side of (3.10) is equal to

,/Q a(w, Ty (u)v v‘ﬁXs)[VTM (’LL) - V@Xsb(ﬂu—ap\gk} dx + 56(8)7
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then

lim inf/ a(, Up, Vi ) VT (uy — @) da
Q

> / a(x, Tar(u), VT (w)[VTar(u) — VX)X {u—p|<k} AT + €6(8).
Q
By letting s — +00, we obtain

lim inf/ a(x, Un, Vg ) VT (u, — @) dz
Q

n— oo

Z/a(w,TM(U)’VTM(U))[VTM(U)—Vw}xuuw\gk} da
Q

= / a(x,u, Vu)VT(u — @) dz.
Q

Now taking T (u, — ¢) as test function in (3.7)) and passing to the limit we deduce
the desired statement. (]

Remark 3.3. If M and M satisfy the Ay condition, instead of (1.7)) we can assume
the condition:

—1 —1
la(z, s,§)| < c(@) + kiM M (ka|s|) + ksM M (k4l€]). (3.11)
Then we prove the same result as in Theorems and

Remark 3.4. If wf belongs to W—!Ly7(Q) the statements of Theorems and
[3.2] still hold.

Example. Let 2 — & < p < N, (N > 2), and let the N-function be M(t) =
tPlog™ (e + t) with ap > 1. Then it is easy to verify that M (¢) satisfies the
condition of Theorems [3.3] and
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