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DOUBLY NONLINEAR PARABOLIC EQUATIONS RELATED TO
THE P-LAPLACIAN OPERATOR

FATIHA BENZEKRI, ABDERRAHMANE EL HACHIMI

ABSTRACT. This paper concerns the doubly nonlinear parabolic P.D.E.

9B(u)
ot
with Dirichlet boundary conditions and initial data. We investigate here a
time-discretization of the continuous problem by the Euler forward scheme. In
addition to existence, uniqueness and stability questions, we study the long-
time behavior of the solution to the discrete problem. We prove the existence
of a global attractor, and obtain regularity results under certain restrictions.

— Apu+ f(z,t,u) =0  in Q x R,

1. INTRODUCTION

We consider problems of the form

0B(u)
ot

— Apu+ fz,t,u) =0 in Qx]0, col,
u=0 on 90x]0, 0], (L.1)
B(u(.,0)) = Blug) in Q,

where A u = div (|Vu|p_2Vu), 1 < p < 400, § is a nonlinearity of porous medium
type and f is a nonlinearity of reaction-diffusion type.

The continuous problem has already been treated quite completely in [7]
for p > 1, and in the case p = 2 in [3]. Here, we shall discretize and replace
it by

BU™) — TAU™ + 7f(z,n7,U™) = BU™ 1) inQ,
U"=0 on 09, (1.2)

BU°) = B(ug) in €.
The case p = 2 is completely studied in [4]. Here we shall treat the case p > 1, and
obtain existence, uniqueness and stability results for the solutions of (|1.2)). Then,
existence of absorbing sets is given and the global attractor is shown to exist as
well. Under restrictive conditions on f and p, a supplementary regularity result for
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the global attractor and, as a consequence, a stabilization result for the solutions
of are obtained in the case when ((u) = w.

The paper is organized as follows: in section 2, we give some preliminaries and in
section 3, we deal with existence and uniqueness of solutions of the problem .
The question of stability is studied in section 4, while the semi-discrete dynamical
system study is done in section 5. finally, section 6 is dedicated to obtain more
regularity for the attractor.

2. PRELIMINARIES

Notation. Let 8 a continuous function with 3(0) = 0. we define, for ¢ € R,

t
t) = ds.
vit) = [ Bas
The Legendre transform ¢* of v is defined by
Pi(r) = SUE{TS —(s)}

EIS

Here € stand for a regular open bounded set of R?, d > 1 and 09 is it’s boundary.
The norm in a space X will be denoted as follows:

-l if X = L7(©), 1 <7 < oo

Il i X = W9(Q), 1 < g < +oo;

| - lx otherwise;

and (.,.) denotes the duality between W, (Q) and W~1# (). For any p > 1 we
define it’s conjugate p’ by % + i = 1. On this paper, C; and C will denote various
positive constants.

Assumptions and definition of solution. We consider the following Euler for-
ward scheme for ([1.1)):
BU™) — TAU™ +7f(z,n7,U™) = BU™ 1) inQ,
U" =0 on 09,
BU°) = B(ug) inQ,
where N7 =T is a fixed positive real, and 1 < n < N. We shall consider the case
ug € L2(Q2), and we assume the following hypotheses.

(H1) ( is an increasing continuous function from R to R, 3(0) = 0, and for some
C1>0,Cy>0, 6(&) <Ch|g| + Cs for any £ € R

(H2) For any £ in R, the map (z,t) — f(z,t,£) is measurable, and £ — f(x,t,¢)
is continuous a.e. in Q x RT. Furthermore we assume that there exist
q > sup(2, p) and positives constants C3, Cy and C5 such that

S (€)(1,1,6) 2 Oyl — O
f(z,t, )] < a(l€])

where a : RT — R7 is increasing, and

limsup |f(xat7£)| < 05(|£|q*1 + 1)

t—0+

(H3) There is Cg > 0 such that for almost (x,t) € QXRT, & — f(x,t,£) +CeB(€)
is increasing.
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Definition 2.1. By a weak solution of the discretized problem, we mean a sequence
(U™)o<n<n such that B3(U%) = B(ug), and U™ is defined by induction as a weak
solution of the problem

BU) —7AU +7f(x,n,U) = U™ ) in Q,
U e W, ().

3. EXISTENCE AND UNIQUENESS RESULT

Theorem 3.1. Ifp > %, then for eachn =1,..., N there exists a unique solution

U" of in W=LP(Q) provided that 0 < T < C%s
Proof. We can write as
—TAU + F(2,U) = h,
U € Wy™(Q),
where U = U™, h = (U™ Y) and F(x,€) = 7f(z,nT,€) + $(£). From (H1) and
(H2) we obtain
rmsign(§)F(z,&) > —7C; and h € WP (Q) for p > ———.

Hence the existence follows from a slight modification of a result in [I] (there,
C4 = 0). To obtain uniqueness, we set for simplicity

w=U", flz,w)=f(z,nr,U"), g(z)=pU""").
Then problem reads
—TApw +7f(z,w) + Bw) = g(=),
w e WyP(Q) N L>®().
If wy and wy are two solutions of , then we have

—TApwi + TApw2 + 7(f (2, w1) — f(2, w2)) + Blwi) — Bwz) = 0. (3:2)
Multiplying (3.2)) by w; — wo and integrating over €2, gives
(—TApwi + TApwa, w1 — wa) + 7'/ (f(x,wl) - f(x,wg))(wl — wsy)dx

; (3.3)
+/ (ﬂ(wl) — 5(w2))(w1 — wg)dx = 0.
Q

Applying (H3) yields

/ (T(x, wy) — f(x, w2))(w1 —wa)dz > _06/ (ﬂ(“ﬁ) —5(102))(101 —wa)dz. (3.4)
Q Q

Now, (3.4 and the monotonicity condition of the p-Laplacian operator reduce (3.3))
to

(1- 7’06)/Q (B(wr) — B(ws)) (w1 — wa) dz < 0.

So by (H1)7if7'<ci6 , we get wy = ws. O
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4. STABILITY

2d
Theorem 4.1. Assume p > 5.

such that, for alln=1,...,N

Then there exists a positive constant C(T,up)

/Q B de+ 7S JURE, + O S ORI < O(Tue)  (40)
k=1

k=1

and

max [|BUM)]3+ Y 18U*) = BUF 5 < C(T, o). (4.2)

1<k<n
k=1

Proof. (a) Multiply the first equation of (1.2]), with k instead of n, by U*. Then
using (H2) and the relation

[ v~ [ ety < [ (50" - k) U,
Q Q Q

we get, after summing from k =1 to n,

JRACCRIEED SR S UTEYeS S LA IEN AT
Q k=1 k=1 k=1 Q2

Thanks to Young’s inequality, for all £ > 0 there exists C. (T, up) such that

/ VB dz + 7Y UFR, +Cr > [UFE < er > NUFE + Co(T, o).
Q k=1 k=1 k=1
Now for a suitable choice of €, we have
er Y _IUR|IE < Cu(T, ug).
k=1

That is, (4.1]) is satisfied.
(b) Multiplying the first equation of (1.2)), with k instead of n, by B(U*). Then
using (H2), we have

/Q (BU) = BUY) BU ) da + 7(~A,U*, BU)) < O /Q AU |dz.  (4.3)

With the aid of the identity 2a(a — b) = a® — b*> + (a — b)?, we obtain from (4.3)),
IBWHIE = 18U I3 + 18(U*) = BUEHIE < CrlIBUM)]1- (4.4)
Summing (4.4) from k = 1 to n, yields

IBU™3+ D I8U*) = BUF Y3 < 1Buo)l3 + CmY_BWUF)1. (45)

k=1 k=1

As in (a), we conclude to (4.2)). O
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5. THE SEMI-DISCRETE DYNAMICAL SYSTEM

We fix 7 such that 0 < 7 < min(1, C%;)’ and assume that p > dQTle' Theorem
allows us to define a map S, on L?(2) by setting
s, urt=un.

As S, is continuous, we have SPU° = U™.

Our aim is to study the discrete dynamical system associated with . We
begin by showing the existence of absorbing balls in L>(£2). ( We refer to [13] for
the definition of absorbing sets and global attractor).

Absorbing sets in L>®().
Lemma 5.1. Ifp > %, then there exists n(d,p) € N* depending on d and p, and
C > 0 depending on d,§) and the constants in (H1)-(HS3) such that

U" € L*(Q) for alln > n(d,p) (5.1)

and
C n(d.p)

U™ P < m(”uoﬂg

+1), (5.2)
where o = p' [p. Moreover, if d =1,d =2 or d < 2p, then n(d,p) = 1.

The proof of the lemma above follows from a repeated application of the following
lemma (cf. [I1])

Lemma 5.2. If u € Wy*(Q) is a solution to the equation
—TApu+ F(z,u) =T,

where T € W=Y"(Q) and F satisfies EF(x,€) > 0 in Q x R then we have the
following estimates

(a) Ifr > fiv then u € L>®(Q) and
1Ty,

p'/p
=

Julloe < C(

(b) Ifp <r< p—fl, then uw € L™ () and

”TH—lr p'/p
S O(EnyPI,
Jull < C(-—=1)
where % = ﬁ — %
(c) If r = % and r > p' then u € L1(Q) for any q, 1 < ¢ < 0o and
1Tl 1, \p/
Jull, < c(1 Tty

We can write (1.2]) as
—TAU™ + Fp (2, U™) = (U™ 1) 4 Cysign(U™) =T, in Q,
U™ =0 on 09,

where

Fon(2,8) = 7f(z,mT, ) + B(§) + Casign(§).
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Note that by (H1) and (H2) we have
EFm(z,€) > 0 for all &,
T € WHP' ().

Now, applying lemman we can find an increasing sequence (a ) m>1 such that

a(m) > p/ LI S (5.3)
=P am ) T - Da(m) & '
and
m Cm a™
||U ||O¢(m) S 7—04+D¢2+-~~+04m (HUO”Q + 1) (54)

We shall stop the iteration on m once we have a(m—1) > %. Indeed, if ¢ > %, then
there exists r > ﬁ such that LI(Q) c W=17(Q). Then we have T, € W~=17(Q)
and thus U™ € L>(2). n(d,p) will be the first integer m such that a(m — 1) > ¢
Finally will follow from and lemma

Remark 5.3. (i) If d = 1 or d = 2, then for all ¢ > 1, we have L*(Q) ¢ W~19(Q),
in particular for q > oo Ifd>3and d < 2p, we can choose ¢ > 1 to be such
that L <g< 75 In the two cases, Ty € W~14(Q) for some ¢ > o5 7 and, from
lemma Ul e L‘X’(Q). We have then n(d, p) = 1.

(ii) If a(m) < % for all m , then | = lim,, - a(m) exists and equals %d.
Consequently, for p > %, we have [ < p’ , which contradicts the fact that
a(m) >p'. Hence the existence of n(d, p) is justified.

(i) If p = d+17 then a(m) = p/ for all m, and T},, € W' (). Then we cannot
necessarily expect an L solution.This is due to results in [I], [2] and [IT].

87 +1).

Lemma 5.4. Let k be such that 1 < k < g—1 and k < 1+ —. Then, there
exist v > 0,0 > 0 depending on the data of (H1)-(H3) and p > 0 depending on
no, q,7, 9, k such that, for all n > ng, we have

For the remaining of this article, we set ng = n(d,p) and C; = C(

§ a1 Cy+ p
Hﬁ(Un)HOO S - + 1 )
(7) (Tﬁ(n—no—i—l)) k=1

1 ifa <1,
a™ gfa>1.

where 3 = {

Proof. From lemma 5.} for n > ng we have
o
Tataitfaro

Next, multiplying the first equation of (1.2)) by |3(U™)|™B(U™) for some positive
integer m, we derive from (H;) and (Hsy), after dropping some positive terms, that

IBU™mi2 _/ B HBU ) de + O [BU™) mti — CTIBU™) g

Ut e L*®(Q) and U™ <

By setting
= 1BU™)m+2 and 2z, = [|B(U") ],
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and using Hdélder’s inequality, we deduce the existence of two constants v > 0,0 > 0
(not depending on m nor on U™) such that

Y () T < 0Tyt
As m approaches infinity, we then obtain
Zn + 'yrzgfl <071+ zpn_1,
with
Zno < wcﬁﬁ
(i) Ifa<1,then a+a?+---+a™ <ng. So, we have
Zng < C1/T™,
Zn + ’yrzg_l <OT+ zp—1-
Then we can apply lemma 7.1 in [4] to get
)ﬁ n Ci+p

zZn < (é T
v (T(n —ng + 1)) FoT

= co(n).

(i) If a > 1, then a + a® + - -+ + a™ < nga™. By setting 7 = 7" we have

n,
an S Cl/Tloa

! —1 !
Zn + YTzl <0 4 2n—,

where 7/ = 717"~ and ¢’ = 717%"°§. Then, once again, we can apply lemma 7.1
in [4] to get
1
N Ch+
Zn < (7) + LT —— = ca(n).
v (7'1(77,7”04’1)) k-1

O

Remark 5.5. In the case a > 1, a slight modification has to be introduced in the
proof of lemma 7.1 in [4], since p is depending on §’ and +' and hence on 7. In fact,
it suffices to choose in that proof, with the same notation, u such that

A(E) T 2 28 k- ),

and to remark that v > ~.

Consequently, lemma implies that there exist absorbing sets in L(Q) for all
q € [1,00]. Indeed, this is due to the fact that

U™ lloe < max (87 (ca(n)), |8~ (—ca(n))]),

_1
for all n > ng, with cq(n) — (%) =T asn — o00.
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Absorbing sets in Wol’p(Q), existence of the the global attractor. Multi-
plying the equation in (1.2) by §,, = U™ — U""!, we get

<6(U") — B

+ {f(z,n7,U"),6,) = 0.
By setting

,On) +/ VU™ [P2vU" (VU™ — VU Ydx
Q (5.5)

Faw) = [ (FGo.nmw) + Cop(u) du,
we deduce from (H3) that
Fy(u)(u—v) = Fg(u) — Fs(v),
and then
(f(@,n7,U"),0n) = (f (@, n7,U") + C6B(U"), 0n) — Ce(BU"), bn)

> [ (FaU™) ~ Fo(U" ) do - Co{B(U™).50)
Now, using (H1), we get ¢'(v)(u — v) < ¥(u) — 1(v). Therefore, we have
/ ﬁ(U")(U" _ Un_l)dl‘
Q
= / (BU™ =W H) (U =U"da +/ B (U™ = U da
Q Q

< / (BU™) - BU™Y) (U™ — U™ Y)da + / ((U™) — p(U™Y)) da.

Q
With the aid of the elementary identity

1 1
al’~2a.(a — b) > —|a|? — =|b|?, 5.6
P 2aa =) 2 Sl - (5.6)
we obtain
[ 9T U U e = S0, = S0 (5)

Since T < CLG , from 1} we obtain

IO+ /Q Fa(Um)de < Cy /Q ($(U™) —p(U™ ) dar+ /Q Fy(U" V)dz. (5.8)

Now, setting

Fu) = [ flo.nmwydo,

/ Fa(u)dx = / F(u)dx + C’G/ P(u)de.
Q Q Q
Hence, from , we get

1 1
~jorp +/FU"dx§f gn—hyp —i—/FU"’lda:.
pll 17, ; om) pH 7, ; ( )

yields

By setting
1
= UM, + [ Pz,
p Q
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we get Y, < yn—1. And by choosing N7 = 1, using the boundedness of U™ and the
stability analysis, there exists n, > 0 such that

no+N
T Z yn < ay, foralln>n..

n=no

Hence we can apply the discrete version of the uniform Gronwall lemma (cf. [4
Lemma 7.5]) with h,, = 0 to obtain

1
-y, + | F{U")dz <C for alln > n..
D P g

On the other hand, since U™ is bounded, we deduce that
1U™ 1o < C.
We have then proved the following result.

Proposition 5.6. If 7 < 0%,7 there exist absorbing sets in L>(Q) N W1P(Q).

More precisely, for any ug € L?(2), there exists a positive integer n, such that
U loo + U™ [[1.p < €, V1 2 nr, (5.9)
where C' does not depend on .

In order for the nonlinear map S, to satisfy the properties of a semi-group,
namely SP*t? = S"0SP, we need to be autonomous. So, we assume that
flx,t,) = f(z,€). Thus, S, defines a semi-group from L?(Q) into itself and
possesses an absorbing ball B in L>(Q) N W~1?(Q). Setting

neN  m>n
we have a compact subset of L?(Q) which attracts all solutions. That implies that
for all ug € L*(Q),
dist (.AT, Sfuo) — 0 asn— oo.

Therefore, we have proved the following result.

Theorem 5.7. Assuming ug € L*(Q) and (H1)-(H3), the discrete problem (1.2)
has an associated solution semi-group S, that maps L?(2) into L>=°(Q)NW ~LP(Q).
This semi-group has a compact attractor which is bounded in L>(Q) N W ~LP(Q).

6. MORE RECULARITY FOR THE ATTRACTOR

In this section, we shall show supplementary regularity estimates on the solutions
of problem (1.2 in the particular case where §(£) = £&. We obtain therefore more
regularity for the attractor obtained in section [bl The assumptions are similar to
those used for the continuous problem in [7]; namely u, € L?(2) and f verifying
the following assumption

(H4) f(z,t,&) = g(&) — h(z) where h € L>°(Q) and g satisfying the conditions

(H1)—(H3).
The problem (|1.2)) becomes
on — ApU™ +9(U") = f, (6.1)

yn_pyn-1

T

where §,, =
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First, we state the following lemma which we shall use to prove the principal
result of this section.

Lemma 6.1. There exists a positive real C such that for all ng > n,, and all N in

N, we have
no+N

Ty el <c (6.2)

n=ngqo

Proof. Multiplying (6.1)) by d,,, using , (5.9), (H4) and Young’s inequality, we
get after some simple calculations

T8+ SIU7 I, = U, < O (63)
Summing from n =ng ton =ng + N , yields
1 el 1 1
i > l16all3 + EIIU"”N Ty < ];IIU"OH’{,,, +CNr. (6.4)
n=ng

Now choosing ng > n, shows that U™ is in an W~1P(Q)-absorbing ball. As
7N = 1, we therefore obtain (6.2)) from (6.4)). O

Theorem 6.2. For alln > n., we have ||0,||2 < C, where C' is a positive constant.

Proof. By subtracting equation (6.1)), with » — 1 instead of n, from (6.1)) and mul-
tiplying the difference by §,,, we deduce from the monotonicity of the p-Laplacian
operator, Young’s inequality and (H3) that

1 1
S18al13 < 51161113 + Cl|8nll3-
2 2
Setting
1
Yn = 5”571“% and  hy, = C||6,]13-
and using [4, Lemma 7.5] and Lemma we deduce that

C
n < —+C.
y+N_N7_+

If n > n,; and N7 =1, then we get the desired estimate. O
Using this theorem, we have the following regularizing estimates.

Corollary 6.3. If p > f—fz and p # 2, then there exists some o, 0 < o < 1, such
that
U™ prror(qy < C for alln > n,,
where BLP(2) denotes a Besov space defined by real interpolation method.
If p=2, then
U w22 < C for alln > n,.

Proof. (i) If 24 < p < 2 then there exists some ¢/,0 < ¢’ < 1 such that

d+2
L2(Q) — WP (Q) (6.5)
By (6)n, (6.5), (H4) and theoremwe get

| =AU <C foralln>n,.

e o)
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Th

(i)

Th

(iii

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]

(9

(10]

(11]

erefore, Simon’s regularity result in [I2] yields

||U"HBg(l,al)(p,l)zyp(Q) <C foralln>n,.

If p > 2, then, by (6.1)), (H4) and theorem we get
| =AUy <C  foralln>n,.
erefore, Simon’s regularity result in [I2] yields

||UnHBl+WYP(Q) S C for all n Z Nr.

) For p = 2, see [4]. O
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