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APPROXIMATION OF DISCONTINUOUS CURVES AND
SURFACES BY DISCRETE SPLINES WITH TANGENT
CONDITIONS

ABDELOUAHED KOUIBIA, MIGUEL PASADAS

ABSTRACT. This paper concerns the construction of a discontinuous paramet-
ric curve or surface from a finite set of points and tangent conditions. The
method is adapted from the theory of the discrete smoothing variational splines
to introduce a discontinuity set and some tangent conditions. Such method is
justified by a convergence result.

1. INTRODUCTION

The problem of the construction of discontinuous parametric curves and surfaces
from some Lagrangean points and a set of tangent spaces is frequently encountered
in CAGD, Geology, and other Earth Sciences.

The authors in [I0] present a smoothing method for fitting parametric surfaces
from sets of data points and tangent planes. In those papers and in [0} [7}, 8, [10], the
corresponding original curves or/and surfaces that are approximated do not present
any discontinuities. So for its practical interest, we introduce some discontinuity in
order to study an approximation problem of discontinuous curves and surfaces.

In this paper we present a discrete version of the previous problem in a finite
element space by minimizing a quadratic functional from a set of Lagrangean data
and another one of tangent conditions. The approximation of discontinuous func-
tions from a set of scattered data points is usually a two steps: first, a detection
algorithm is applied to localize the discontinuity sets, then the functions are recon-
structed using a fitting method. In this work we propose a method for the second
stage, based on the computation of discrete smoothing variational splines [7].

Specially, we study the following problem: given a differentiable function f in
a subset Q' of an open set Q0 C RP with values in R", 1 < p < n < 3, whose first
partial derivatives or she can present discontinuity in a subset F of Q, such that
V' = Q\F, construct a function o that approximates f in the given Lagrangean
points of ' and whose tangent spaces at the points of an other given set of Q' are
close to the tangent spaces of f at the same points. To do this, firstly using the
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work of Arcangéli, Manzanilla and Torrens [1], we determine certain hypotheses
about the set ' that allows to model the contingent discontinuities of f. Secondly,
we study a method of smoothness which results from adapting to this context the
theory of the discrete smoothing variational splines (c.f. [1]).

In Section 2, we briefly recall preliminary notation and some results. We study
the problem of discrete smoothing variational splines with tangent conditions in
Section 3. Section 4 is devoted to compute such spline and to prove a convergence
result.

2. NOTATION

We denote by (-)gn and (-, - )rn respectively, the Euclidean norm and the inner
product in R, with n, m and p belonging to N*. We denote by E, §E and cardE
respectively, the adherence, the bounded and the cardinal of E for each subset F
of RP. Let us consider RY'™ the space of real matrices with N rows and n columns
equipped with the inner product

N n
(A, B)xn =) aijbi;

i=1 j=1
and the corresponding norm
(A)nn = (A AN

For all a = (av,...,ap) € NP, we write o] = >°F_, o; and we indicate by 9 the
operator of partial derivative

olel
ox§™ ... 0zp”

Let w be a nonempty open bounded set of R? and we denote by H™(w;R™) the
usual Sobolev space of (classes of) functions u belonging to L?(w;R™), together
with all their partial derivative 9%u —in the distribution sense— of order |a| < m.
This space is equipped with the inner product of order ¢

1/2

o =

(u, 0w = (X0 [ (0%u(@),0%(@)en) " £=0,..m,
la|=£" %
the corresponding semi—norms of order £
g e = (u, u))2en, €=0,...,m,
the norm .
1/2
el wien = (D2 e )
£=0

and the corresponding inner product

m

((, 0))mwrr = > (U, V)pwpe-
=0

Given a function f : w — R", we denote by ImDf(z) the image of the differential
of f at the point x € w, when this exists, i. e. the linear subspace generated by
{0%f(x) : |a| = 1}. Furthermore, if 1 < p < n < 3, we can consider f as the
parameterization of a curve (p = 1) or a surface (p = 2) and, if f is differentiable
at x € w, the space ImD f(x) is called the tangent space of f at x, sometimes when
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p = 2 it is written by T, (f) = span(D; f(x), D2 f(x)), where D; f and Dy f denote
the first partial derivatives of f.

3. DISCRETE VARIATIONAL SPLINE OVER )’ WITH TANGENT CONDITIONS

The first step in order to develop this work is to have an adequate characteriza-
tion over a set of discontinuity. Let us introduce the following definition due to R.
Arcangéli, R. Manzanilla and J. J. Torrens [1].

Definition 3.1. Let Q be a bounded open connected set of RP with Lipschitz
boundary and let F' be a nonempty subset of Q such that, there exists a finite family
{R1,..., Ry} of open connected subsets of 2 with Lipschitz boundary, verifying the
following conditions:
(i) forall4,j=1,...,1, i #j, RN R; =0;
(i) Uiz, B =
(iii) F C 0R, where U/_|R; = R;
(iv) F is contained in the interior of §Q (equipped of the induced topology by
RP) of F'N oY
v) the interior in §R of F' N is contained in F;
vi) FNJQ is contained in F.

It is said that the family {Ry,..., Rr} represents F in Q and we write ' = Q\F.
We denote by CF(€'; R™) the space of functions ¢ € C*(Q/; R"™) such that

Vi=1,....1, ¢ € C*(Ri; R™).

Such space is equipped by the norm

leller @irny = ax, llel . Non (@, mm) (3.1)
Now, we suppose that
m> L4l (3.2)

Let To be a curve or surface parameterized by a function f € H™(€;R"), and Ay,
Ay be two ordered finite subsets of, respectively, Ny and N» distinct points of Q.
For any a € A1, let us consider the linear form defined on C%(Q'; R™) by
v(a) if a € A1\ F,
Pav = . ) (3.3)
v\R‘(a) ifac AANR,NF, 1<i<I,

i

and, for any a € Ay let II, be the operator defined on CL(Q'; R™) by

(Pss(g(a) e, Hfa€A\F 1<i<I,
v = of T (3.4)
(PS#(T;<G)))1<].<I) ifacec AoNR;,NE, 1<i<I,

where, for any a € Az, Pg. is the operator projection onto Sk, being Si the
orthogonal complement of the linear space S, = ImD f(a). Finally, let

Ly = (¢a”)aeA1 and IIv = (Hav)aeA2

and we suppose that
KerL N P, _1(Y;R™) = {0} (3.5)
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where I5m_1(Q’ ;R™) designs the space of functions over Q' into R™ that are poly-
nomials of total degree < m — 1 respect to the set of variables over each connected
component of €.

Now, suppose we are given:

e a subset H of (0, +o0) with 0 is an accumulation point;
e for all h € 'H, a partition 7, of € made with rectangles or triangles K of
disjoint interiors and diameter hx < h such that
VK cT,, KNF =0 (3.6)
each side of K is a side of another K’ or a part of 6§ or a part of F; (3.7)
e for any h € H, a finite element space X}, constructed on 7j, such that
X, C HY(Q)YNCR(Q), k+ 1> m; (3.8)

e for any h € H, a parametric finite element space V}, constructed from X,
by Vi, = (X3)", and from (3.8)) satisfies

Vi, € H™(Q;R™) N OR(SY;R™). (3.9)
Now, given 7 > 0 and € > 0, let J.; be the functional defined on V}, by
JET(U> = <LU - Lf>?\/1,n + T<H’U>?\b,pn +e |v|72n,ﬂ’,R” : (310)

Remark 3.2. We observe that the functional J.,(v) contains different terms which
can be interpreted as follows:
e The first term, (Lv — L f)?vl)n, indicates how well v approaches f in a
discrete least squares sense.
e The second term, (Hv)?vzmn, indicates how well, for any point a € A, the
tangent spaces ImD f(a) and ImDuv(a) are really close.
e The last term, |v|,2n’Q,’]Rn, measures the degree of smoothness of v in order
to reduce, as much as possible, any unwanted oscillations.
We note that the parameters 7 and e control the relative weights corresponding,
respectively, to the last two terms.

Now, we consider the following minimization problem:
Find an approximating curve or surface T of T parameterized by a function o’
belonging to Vj, from the data {f(a) : a € A;} and {S, : a € Ay}, such that ol
minimizes the functional J., on Vj,, i.e. find ¢ such that

O‘g_,_ € Vs, andforallveVy, JE-,—<O'?T) < Jer (). (3.11)

Theorem 3.3. The problem has a unique solution, called discrete smoothing
variational spline with tangent conditions in ' relative to A1, As, f, T and &, which
is also the unique solution of the following variational problem:

Find J?T such that 0. € Vi, and for all v € Vp,

<LU?7—’ Lv>N1»n + T<H0£}T7 HU>N27I)TL + 5(0'?7—5 U)WL,Q'R" = <Lf, LU>N1JL'
Proof. Taking into account (3.2)), (3.5) and that the norm
[[0]] = ({Lo) R, + TCI0) R, o +El0] 0 )/

is equivalent in V}, to the norm || - ||;m /&~ (cf. [I, Proposition 4.1]), one easily
checks that the symmetric bilinear form @ : Vj, x V), — R given by

a(u,v) = (Lu, Lv) Ny n + 7w, II0) N, pr + €(U, U)m 0 w7
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is continuous and Vj—elliptic. Likewise, the linear form
p:veVyr— )= (Lf Lv)N,n

is continuous. The result is then a consequence of the Lax-Milgram Lemma (see
3)- O

4. COMPUTATION AND CONVERGENCE RESULT

Let us see how to compute the discrete smoothing variational spline with tangent
conditions. To do this, for any h € H, let I and {ws,...,wr} be the dimension
and a basis of X}, respectively, and let us denote by {e1,ea,...,e,} the canonical
basis of R™. Then, the family {v1,...,vz}, with Z = nl, is a basis of V},, where for
i=1,....,Jand £ =1,2,...,n,

j=nG—1)+£ v; =wes.
h

ET

4
h _ E
UET - Bivia
i=1

with the unknown G; € R, fori=1,..., 2.
Applying Theorem we obtain that the vector 3 = (8;)1<i<z € RZ is the
solution of the following linear system of order Z:

(ATA+7 PTP+eR)B = A", (4.1)

Thus, for any h € H, the function o2 can be expressed as

where
A= (”j(ai))gigzvl 1<j<2
P = (Hai”j)gigzvz 1<j<Z’
R = ((Uivvj)mﬂﬁR”)gi,ng;

b= (f(@i))giSNl'

We point out that AT A+ 7PTP + eR of the linear system given in is a band
matrix which is symmetric positive definite.

Now, under adequate hypotheses, we shall show that the discrete smoothing
variational spline with tangent conditions converges to f. Suppose that we are
given:

a subset D of (0,+00) with 0 as an accumulation point;

for all d € D, two subsets A¢ and A¢ of respectively Ny = Nj(d) and
Ny = No(d) distinct points of Q;

e for all d € D and any a € A¢, let us consider the linear form defined on
CH(SY;R™) by

B = v(a) if a € AJ\F,
7 \vlr(a) fa€AINRNF 1<i<I

e for all d € D and any a € A4, let I1¢ be the operator defined in CL(€'; R™)
by

% =

a

{(PSL(ggj(a)))lngp ifac AN\F, 1<i<I,
(

PSL(auRi(a)))ISjgp ifac AJNR,NF, 1<i<I,

a \ Oxj
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where for any a € A§, Ps. is the operator projection onto S;-, being S
the orthogonal complement of the linear space S, = ImDf(a).

Finally, for any d € D let

Ly = (qﬁgv)aeA? and TI% = (HZU)GGAg .
We suppose that
ker L% N Py, _1 (3 R™) = {0} (4.2)
and that
sup min (z — a)gre = d. (4.3)
zEQ a€AY

Now, for each d € D, let 7 = 7(d) > 0, ¢ = &(d) > 0 and let JZ_ be the functional
defined in V}, as J., in with L¢ and II? instead of L and II respectively.
Finally, let 0% be the discrete smoothing variational spline with tangent conditions
in Q' relative to A¢, A, f, 7 and e, which is the minimum of JZ_ in V},.

To prove the convergence of Ugf to f, under suitable hypotheses, we need the
following results.

Proposition 4.1. Let By = {bo1,...,boa} be a ﬁm,l(Q’; R™)-unisolvent subset of
points of R. Then, there exists n > 0 such that if B, designs the set of A-uplet
B = {by,...,ba} of points of ¥ satisfying the condition:

forj=1,...,2 and (b; — boj)rr <1, the application

& 1/2
0180 = (S0®)E 410 gnn )

=1

defined, for all B € B,,, is a norm on H™(QY;R™), uniformly equivalent over B, to
the usual Sobolev norm || - || .o/ &n-

The proof of this proposition is analogous to the proof of [I proposition 6.2].
Now, we assume that the family (X,)pep is such that there exists a linear
operator py, : L2(V;R3) — V}, satisfying

(i) Foralll =0,...,m, and all y € H™(Q'; R3),
ly — prylier zs < Ch™ il po (4.4)
(ii) For all y € H™(Q';R?),
}Lig}) |y — prYlm.arrs = 0.
Also assume that the cardinality of the subsets A{ and A9 satisfies
max{N;(d), No(d)} < Cd?, (4.5)

and that the family (7p)pep satisfies the inverse assumptions (c.f. P. G. Ciarlet

[31):
h
Jv >0, VheH, VK € Ty, e <. (4.6)
K
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Lemma 4.2. Assume that (| ., , , , ) hold. Then, there exists

a constant C > 0 such that for any y € Hm(Q’ RS) d € D and h € 'H, one has

> ((ony —y)(@)is < O™ 2|yl2, o s, (4.7)
acA
9 h2m74 ) )
> (Dilpny — y)(b))3s < C—p o ps, 1= 1,2 (4.8)

beBa

Proof. Reasoning as in [I, Lemma 6.1], we deduce that there exists a constant
C > 0 such that for any y € H™(Q;R3), d € D and h € H, and for any K € Ty,
one has

max(y(u))fs < Ch™ ; W21 17 e s (4.9)
m—1
max(Diy(u))gs < Ch~? ; Wy [7 wes = 1,2 (4.10)

Thus, taking ppy — y instead of y in (4.9)), we deduce that

> Aoy =)@z < > > (pny —v)(a)gs

aEA KeT;, acANK
m
<Ch2Ny Y > h oy — ylf ke ps
KeTy, £=0
m
<CRNi Y B |y — yl7orme -
=0

Hence, from (4.4), we have

D oy —y)(@)is < Ch 72N Zh”hzm *lyla.or e
acA £=0

< Ch™2N;y(m + 1)h2m|y\72n,sz/,u@3v

and we conclude that (4.7 holds. Analogously, taking ppy —y instead of y in (4.10)
we deduce, for i = 1,2, that

m—1
> (Dilony —y)()gs < Ch™2Na > h*ppy = yl7 11 0 po-
beBd £=0

Hence, from (4.4)), we have

> (Dilpny = v)gs < Ch2Namb>™ 2[y[2, o, gs,
beBd

and, from (4.5)), we conclude that (4.8]) holds. O

Now we state the main result.
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Theorem 4.3. Assume that (4.2)-(4.6) hold, and that

e=o0(d™?), d—0, (4.11)
T h2m74
T o(1), d — 0, (4.12)
h2m
Then, one has
tim [lo% — Fll 0 = 0. (4.14)

Proof. Step 1. For all d € D, from Theorem [3.3] we have
JE(02) < I (pnf)
where, for each h € H, py, is the operator given in (4.4), which means that

1 T
|O-g:}|72n,ﬂ’,R” < g<Ld(th - f)ﬁvl,n + E<Hd(phf)>?\72,pn + |phf|72n,ﬂ’,R“'
From (4.4) and Lemma [4.2] we obtain
<Ld(ﬂhf - f)>?\/'1,n < CN1h2m|f|72n,Q’,]R"

and taking into account
(M (pnf))y, < CPNR* " fIh g o,

|phf|%7,,ﬂ’,R” = 0(1) + |f|3n,Q’,]R"7 d— 07
we deduce from (4.5)) and Lemma that there exist C; > 0 and C3 > 0 such that

Clh2m Cgh2m_47'
o0& g < (“ g+ = T DIffaen +0(1), d =0, (4.15)

(Ld(agf - f))fvhn =o(e), asd—0. (4.16)
Let By = {bo1,...,boa} be a Pm_l(Q’)—unisolvent subset of points of R and let 5
be the constant of the Proposition Obviously, there exists ' € (0, 7] such that

B(boj,n')C R forj=1,...,A.

From , forallde D,d<n',j=1,...,A,

B(boj,n' —d) C U B(a,d).

a€A¢NB(boj,n')
If N; = card(A¢ N B(boj,n')), it follows: for alld € D, d </, j=1,...,A,
o — " < Ny

Consequently, for any dg € (0,7),alld € D, d < dp, j =1,..., A,

Ny > (f — doyd-. (4.17)
Now, from (4.11) and (4.16)) it follows that for j =1,..., A,
Z (0@ — f)(a)&n =o(d7P), asd—0. (4.18)

a€A{NB(boj,1’)
If a? is a point of A% N E(boj’ ') such that

(o8 = Plafgu = min (08 = Py,
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it follows from (4.17) and (4.18)) that for j = LA,
e f)(a?)>Rn 2y wdors. (a.19)
We denote by B the set {a{,...,a%}. Applying the Proposition 4.1| with B = B¢,

for d sufficiently close to 0, it results from (4.12)), (4.13), (4.15) and (4.19) that
There exists C > 0, a > 0, such that for all d € D, d < a we have

lo& lm, 0 < C.
This implies that the family (02")ep, 4<q is bounded in H™(Q'; R™). Then, there

exists a sequence (agllnl)leN, extracted from such farmly, w1th limy_ 1o d; = 0,
. 7 2™
limy oo by = 0, & = e(di), 1 = 7(d), & = o(d; "), "Gz = o(1), 57 = o(1),
as | — 400, and an element f* € H™(2;R"™) such that

f* converges weakly to agllfll inH™(Q;R™) as | — +o0. (4.20)

Step 2. Arguing by contradiction, it is easy to prove that f* = f.
Step 3. From (4.20) and taking into account that f* = f and H™(Q;R™) is
compactly injected in H™~1(Q/;R™) we have:
f=lim ohM in H™HQGRY). (4.21)
—+o00

Consequently,

3 dih _ 2
l—l}Hloo(( EZITZL’f))m 1, R» ||f||

Using again (4.20) and that f = f*, we obtain

: dih _ : dih dih
l—l}—rl-noo(o-sllﬂl’ )m’Q/’Rn - l—lg-noo (“UEILTLZ’ ))m7Q',]Rn - ((Ualezl’ ))mfl,ﬂ’,R")

—1,Q' R’

= |f‘$n,Q’,]R" .
(4.22)

Since, for all [ € N,
|Ugff,l - f|72n,Q',Rn = |Ugfff|m o Re T f1?

From (4.15) and (4.22) we deduce

lim |o

l—+o0

which, together with , imply

_ ( dihy

m, QY R" El‘f'l ’f)m Q' Rn

dih _
EllTll - f|m,§2’,R" - 07

dihg

g1T] - f”m,Q’,R" = O

lim |jo

l—+oo
Step 4. To complete this proof we will argue by contradiction. Suppose that (4.14))
does’nt hold. Then, there exist a real number p > 0 and three sequences (dy ) en,
(hi)ven, (er)ren, and (11/)ren, with
lim dl/ = 0 hl/ = h(dl/), gy = E(dl/),

' —+oc0

T — T(dl/), e = O(dl,p),

2m—4 2m
Tl/hl, hl’
d;lnzfl/ O( )7 dlplg v O( )3

as I’ — 400, such that for all I’ € N,
o2 — Fllmomn > g (4.23)
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Now, the sequence (agg,’i‘/,’)l,eN is bounded in H™(Q';R™). Then, the reasoning
of Steps 1-3 shows that there exists a subsequence convergent to f, which is a

contradiction with (4.23)). d
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