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DECAY ESTIMATES FOR SOLUTIONS OF SOME SYSTEMS
FOR ELASTICITY WITH NONLINEAR BOUNDARY FEEDBACK

NAJI YEBARI

ABSTRACT. We study the energy decay rate for the Euler-Bernoulli and Kirch-
hoff plate equations. Under suitable growth assumptions on the nonlinear
dissipative boundary feedback functions, we obtain some new results.

1. INTRODUCTION AND MAIN RESULTS
We consider the following Euler-Bernoulli beam equation with nonlinear bound-
ary feedback controls:
Yt +yxzra: =0 in (07 ]-)7 t> 07
y(0,t) = y,(0,t) =0 (clamped at z =0), t > 0,
—Yuz(1,1) = Ry (1,t)) (moment), ¢ > 0, (1.1)
Yaza (1, 1) = g(ye(1,1))  (force), t >0,
y(ao) = %Yo EH%7 yt(70) =l ELQ(Oa 1))
where HZ = {u € H?(0,1); u(0) = u’(0) = 0}, = stands for the position and ¢ the
time. The flexural rigidity of the beam and the mass density are assumed to be
equal to one. One end is controlled by a point force and point bending moment
which are assumed to be nonlinear functions of the observation. By observation we

mean velocity and angular velocity of the transversal deflexion at the end.
Throughout this paper, g and h are assumed to satisfy the following hypothesis

g € C°(R), nondecreasing, g(0) = 0, g(s)s >0Vs #0, (1.2)
h € C°(R), nondecreasing, h(0) = 0, h(s)s > 0Vs #0. (1.3)
The total energy of system is
B =5 [ G20 + o2t 1) (14)
Formally,
GB() = ~e(1,1) 91, 1)) — e (1,1) By (1,1)) (15)
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Assumptions and imply that the energy E(t) is non-increasing and is a
Lyapounov function. It is well-known that for any initial data (yo,y1) € H = Hz x
L?(0,1), Problem admits a unique weak solution y such that (y(¢),y:(t)) € H
and y € CO(R*; H4(0,1))NC(R*; L?(0,1)) (see Conrad and Pierre [2]). The study
of the strong asymptotic stability of the solution of in H, using the invariance
principle of Lasalle has been proved by Conrad and Pierre [2] in the case where
g and h are multivalued maximal monotone graphs. Our aim in this study is to
estimate the rate of decay of the energy E(t) when the nonlinear feedback functions
g and h satisfy suitable growth conditions. However, the extension of this method
to the case where g and h are maximal monotone graphs seems difficult. Our two
main results are as follows.

Theorem 1.1. Assume (1.2)) and (1.3) hold. Then for every solution y of system
(1.1), we have
(i) If there exist positive constants Cq,Ca,Cs,Cy such that for all v € R,

Cilz| < lg(2)] < Calal,
Calol < h()] < Calal,
then given any M > 1, there exists a constant w > 0 such that

E(t) < ME0)e™*t Vit > 0.

(1.6)

(ii) If there exist positive constants C1,Cs,Cs,Cy, and p, q in [1,+00[ such that

max(p,q) =pV q > 1 such that for all x € R,
Crmin([z|, [z[") < |g(z)| < Ca|a, w7
Csmin(|z], [z|*) < [h(z)] < Cafa], '

then, giwen any M > 1, there exists a constant w > 0 depending continuously on
E(0) such that

E(t) < ME(0)(1 + wt)” Gvo=1 Wt > 0.

Theorem 1.2. Assume (1.2)) and (1.3) hold. Then for every solution y of system
(1.1) we have

(i)If there exist positive constants Cy,Cs,C3,Cy and p,q €]0,1] with min(p,q) =
pAq <1 such that for all x € R,

Cila| < lg(z)| < Comax(|z, [z]"),
Cslz| < |h(z)| < Cymax(|zl, [z]?),

then, gwen any M > 1, there exists a constant w > 0 depending continuously on
E(0) such that

(1.8)

E(t) < ME(O)(1 + wt) T/, ¥t > 0.

(ii) If there exists positive constants C1,Cs, Cs,Cy and (p,q) €]0,1] x [1, +00[ with
% V q > 1 such that for all x € R,

Cilz| < |g(x)] < Comax(|z|, [z]"),

Csmin(|z|, [z]?) < [h(z)] < Calz],

then given any M > 1, there exists a constant w > 0 depending continuously on
E(0) such that

(1.9)

2

E(t) < ME(O)(1+wt) 97" vt >0.
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Theorems [I.1] and [T.2] will also be valid for the following model of a Kirchhoff
plate equation (see Ciarlet [I] and Lagnese [5]), in star-shaped domain by nonlinear
boundary feedback:

Y + A%y =0 in Qx]0, 400l
Ay+ (1 —p)Bry =v1 on I'x]0,4o00],
1.10
%Ay +(1- p)%Bgy =g on I'x]0, 4o0], (1.10)
y(0) =yo € H*(Q),  1(0) =y € L*(9).

We assume that € is a bounded strongly star-shaped domain of R? with respect to
zo € Q and having smooth boundary I' = 9 of class C2, which means there exists
a positive constant § such that

m(x).v(z) >6" Voel, (1.11)
where v(z) = (v1(x),v2(z)) is the unit outer normal vector to I', m(x) = z — o,
and the dot “.” denotes the scalar product in R2. 7(z) = (—va(z),v1(2)) is a unit

tangent vector. We denote by 8% (resp. %, ) the normal derivative (resp. tangent
derivative). The constant 0 < p < 1/2 is the Poisson coefficient and the boundary
operators By, By are defined by

2 0%y 0%y o o 0% Py 9y

Y
_22Y 29 g2 g 99
D10y ! o3 "2 ox3’ 2y = (vi=v2) Ox10x Frava( ox3  0x3 )

where y = y(z1,x2,t) is the vertical displacement of the point z = (x1,x2) € 2 at
the time t of the plate.
The aim of this paper is to study the uniform energy decay rate of the system
by the nonlinear feedback laws v; and v given as follows
o) = A2 ) ) = oyt o) on X0 4ool, (112
(,3) € (L®(M)?, 0<ag<a(@)<a, 0<By<B(x)<B Vrel. (1.13)

It is well-known that for any initial data (yo,y1) € V = H?(Q) x L?(Q), the
system has a unique weak solution y such that (y(¢),y:(t)) € V and y €
CO(RT, H2(Q)) N CHR*, L3(Q)) (see Rao [T]).

We introduce the energy associated with the system as follows

B() = ([ InPde )+ [ (@l + 215000, (114)

Byy = 21119

where
_ [Py, Py, 0Py Py Py o
olrn) = [ (G + (G + 2 b Tl + 201 = i

Using Green’s formula, the derivative of the energy E(t) is

_ N
== (ot h(G P, (115)

Assumptions and imply that the energy is non-increasing and is a Lya-
pounov function. It is easy to prove the strong stabilization by applying Holmgren’s
theorem (see Lions [6]) and Lasalle’s invariance principle (see [8]). The problem
of estimating the rate of decay of the energy E(t) has been studied extensively by
many authors, among which we can mention Lagnese [5], Komornik - Zuazua [4]
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and Zuazua [9]. In the nonlinear cases, under suitable growth conditions on the
functions g and h, Rao [7] has established exponential or rational rates of decay
of the energy for any positive functions «a, 3 given by . We obtain here an
improvement of these results in the sense that we prove the estimates when the
nonlinear feedback functions g and h satisfy more general growth conditions. Now,
we state our main results.

Theorem 1.3. Assume (1.2)), (1.3, (L.11)), (1.13)). Then for every solution y of

system (1.10)) with feedback laws (1.12)), we have

(i) In addition, if we assume that g and h such that (1.7) holds. Then, given any

M > 1, there exists a constant w > 0 depending continuously on E(0) such that
E(t) < ME(0)(1 + wt)” va—T, Vit > 0.

(i) In addition, if we assume that g and h such that (1.8) holds. Then, given any

M > 1, there exists a constant w > 0 depending continuously on E(0) such that

2(
T

Aq)
E(t) < ME(0)(1 + wt) T(ra Vit > 0.

(iii) In addition, if we assume that g and h such that (1.9) holds. Then, given any
M > 1, there exists a constant w > 0 depending continuously on E(0) such that

E(t) < ME(0)(1+wt) '9~" vt > 0.

2. PrRoOOF oF THEOREM [L.1]
Let y be a smooth solution of ([1.1)). We define the functional
p(t) = p1(t) + pa(t) + p3(t),
where
1 1 1
p1= 4/ ryryzdr, pa = 12/(1,75)/ 2?(3 — 2x)y,de,
0 0

1 1
ps = Zy:,c(l,t)/ 22(z — 1)y, d.
0

We can show that there exist positive constants Ky, K1 and K5 such that for any
t > 0, the following estimates hold

Ip(t)] < KoE(1), (2.1)

%(t) < —E() + Ka(,(11) + 57 (1, 1) + Ka (g (e(1, 1) + 52 (e (1,1)))- - (22)
Given € > 0, we introduce the perturbed energy by

B.(t) = Bt) +ep)[E)] - F . (2.3)

This together with the non-increasing of the energy E (t) implies that for any M > 1

(pvg)+1 ~ (pvg)+1
2 2

< [B®)]

(pvg)+1
2

N

M= [E(1)] < M'2[E.(1)] (24)
with

~ 1-(pva)

e <K UE©)] * (1-Mwon). (2.5)



EJDE/CONF/11 DECAY ESTIMATES FOR SOLUTIONS 179

Now, we calculate the derivative of the perturbed energy E.(t)

~ ~ -1 ~ ~ pVa)— ~ pVa)—
2(1) = B0+ P00 B B0) 4 + 20 OEO] S, (@6)
on the other hand, from (1.6]), (1.7) and (2.2]) one obtains
(1) < —B(0) + Ky (1, 1) + Kagfa(1, ) (2.7

where K3 = K; + KoC3 and K; = K; + K2C?. Plugging (2.1) and (2.7) into
equation ({2.6]), one obtains

CYD =L (B0) 4 )~ B0+ Fa FoelB) 4

where Fy = eK3[E()] "3 y2(1,t) and Fy = eK[E(t)]“
distinguish the case pVg¢=1and pV g > 1.
(i) Case pV g = 1. In this case (2.8) yields

EL(t) < (—14+eK3/C1)ye(1,)g(ye(1,8) + (—1+e K4 /C3)yur(1, 1) h(yae (1,8)) — E(t).

E(t) < (—1+4e (2.8)

y2,(1,t)). Now we

1-(pVa)

If we choose e < min(Cy /K3, Cs/ Ky, Kg[E(0)] °  (1— MGV )), this implies

El(t) < —eE(t) < —eM? E.(t),
so we obtain .
E(t) < ME@O)e M2t vt >0.

(ii) Case pVq > 1. Ify2,(1,t) > 1, it follows from hypothesis (1.2), (1.3)) and (1.7)
that

(pvg)—1

Fy < &(K4/C3)[E(0)] Yar (1, 8) Ryt (1,1)). (2.9)
However, while y2,(1,t) < 1, we have min (|y.¢(1,t)|, |yz(1,)|?) = |yz(1,¢)]7 and
Yot (L 1) PV < o (1|7 < (1/C3)yae(L )Ry (1,1)),
by Young’s inequality, we have for any § > 0,

(pVqg) —1 _wva+ ~
= 22 5 eva—I[E(t
el

(pvg)+1
2

9 vt (2.10)
(K4 2t (L, ) (YL (1,t)).
+EC3(p\/q+1)( 4) 2 yt(a)(yt(»))
Combining (2.9) and ([2.10)), one has
(p\/q) —1 _va+r ~ (pVa)+1
———§ Vo-T[E(t K 1,t)h 1.t 2.11
e TIES B4 4 Koy, Oh(yae(L1), (211)
where
Ko = oo (0d) 57 4 (KO B(0)) 4
GNP 4 4/C3
Similarly, we can show that
(p\/q) —1 _ vo+1 ~ (pvVa)+1
P <e————§ eVvo-1[E(t K 1,t 1,¢t 2.12
TR B +eRau(Lg(w(L1),  (212)
with )
(pvg)+1 ~ (pvag)—1
K¢ = (K46)" 2 + (K3/C1)[E(0)] >

Ci(pVvg+1)
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Inserting (1.5)),(2.11)) and (2.12) into (2.8), we obtain

LYL 25 BB @] + (<14 )L 0g((1,0)

+ (=14 X))yt (1, )y (1, 1)),

(pvg)—1

where \; = Kg_; + Ko%[E(O)] 2 for ¢ = 0,1. This implies that

EL(t) <e(—1+2

(pvg)+1
2

EL(t) < —pe[ B(1) 4, (2.13)

(pVa)+1

(VO =1 5=GVn=1 < 1 — y and € is

S
¥ ) < 0fori = 0,1. Combining

provided § is chosen such that for some p > 0, 2
chosen as follows —1+€(K6_i+Ko% [E(0)]
(2.4) and (2.13), we get

EL(t) < —peM ¥ [Bo(0] 4.
Finally, solving the differential inequality (2.14]) and using (2.4) we obtain

E(t) < ME(0)(1+ wt)” wvao—1,

(2.14)

=~ (pvg)—1
2

—(pVa)
EWEitLh w = @=L AVt [E(0))

This completes the proof of theorem

3. PROOF OF THEOREM
(i) First, by the conditions (1.8) and (2.2)), we can deduce the following estimate

P (t) < —E(t) + K(g°(e(1, ) + 12 (yar (1,1))), (3.1)
with K = Ky + K1(1/C? +1/C%). Next, given ¢ > 0, we introduce the perturbed
energy by

~ ~ ~ 1-(pAqQ)

E.(t) = E(t) + ep(t)[E(t)] 2@ra . (3.2)
Then, for any M > 1, we have (2.4]) and (2.5 with 1/p instead of p. We have also
(2.6) with 1/p instead of p. Plugging (1.5), (2.1) and (3.1]) into equation (2.6) one

obtains

E(f) < (-1+ 5Kom@<0>] TR ) (=B (1)) + Dy + Da — e[ B(8)] 5055
(3.3)

1+(pnag) 1+(pnag)
where Dy = eK(E(t)) 2050 g2(y,(1,t) and Dy = eK (E(t)) 2658 h2(yg (1, 1).
If y2,(1,t) > 1, it follows from hypothesis (1.2)), (1.3 and (I.8)), we have

~ —(pAq)

Dy < eCAK[E(0)] T hlyar(1, 1))y (1,1). (3.4)
However, while y2,(1,t) < 1, we have max(|y.(1,1)], [yz¢(1,£)]|9) = |y¢(1,1)|%, so

1+(pAg)

‘h(ywt(lat))‘ (pha) S C4ywt(1at)h(ywt(17t)7

by Young’s inequality we obtain
~ 1+(pAg) 1+(pAg)
Dy < (e/4)[E(t)] 20ra + eCy(4K) 200 yuy (1,8) h(yae (1, 1)) (3.5)

(prg) ~ —(pAa)
Setting 0; = Cy—;((4K) LY e (E(0)) Sor) ) for i = 0 and ¢ = 2 and combining
(3.4) and (3.5), one obtains
1+(pna)

D2 S (5/4)[E(t)] 2ena) + Eeoymt(lat)h(yxt(l,t))' (36)
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Similarly we can show that

~ 1+(pna)
Dy < (8/4)[E(t)] 2@rD + by, (1, 1)g(yi(1,1)) (3.7)
Inserting (1.5 and (| into , it follows

EL(t) < 7[5@1*% + CE w1, D9(31(1,1)) + ar (1L, OA(gan(1,1)),

where C(c) = £(00 +0) — 1 + e Ko 5 2o (E(0))20~4)" . Using (2.4)—@-5) with 1/p
instead of p, we can show that
)

E(t) < ME(0)(1 + wt)” TtAm (3.8)
—(pra)
where w = 814(;1;2§)M TFoAD (E(0)) A and ¢ is chosen such that

€ < min (((90 +62) + K‘)W(E(O)) 0y )1

~ (p (pAq)
K(;l(E(o))Wu _ M wRatD ))

(ii) First, by the conditions (1.9) and ([2.2)), we have
p(t) < —E(t) + Ayz,(1,1) + Bg* (1 (1,1)), (3.9)
with A = K; + K5C% and B = (K /C?) + K. Next, given ¢ > 0, we introduce the
perturbed energy by
(Lva-1

E.(t) = E(t) +ep(t)EW)] T (3.10)

Then, for any M > 1, we have and ((2.5) Wlth 1/p instead of p. We have also

. with 1/p 1nstead of p. Pluggmg (2.1) and ( 1nt0 1 4)) one obtains

~ Lvg—1 . Go G+

EL(t) < (-1 +eKot——[E(0)] ° )(—E'(t)) + E1 + By —[E(t)] *
(3.11)

where
1 1

~ (5 Va) ~ (5 Va)
Bi=cA(E(1)” 7 yh(L,t), Bx=eB(E®X) =  ¢*(u(1,1))).
If y2,(1,t) > 1, it follows from hypothesis (1.2)), (1.3]) and (1.9), that

1

~ (zVo-1
Ey < (A/C3)e[EQ0)]” = yar (1, ) h(yat (1, 1)) (3.12)
However, while yZ,(1,t) < 1, we have min(|yz: (1, t)], [yze(1,1)|7) = [y (1, )],

[t (L)Y < g (1) 7 < (1/C)yan (1, )y (1, 1)),

and by Young’s inequality, for any § > 0, we have

( Vq)+1

E1<a/ﬁ'cg><A6>ﬁ’ymt<1 h(ye(1,1)) + (e/B8)0 P [E(t)] : (3.13)

Combining (3.11)) and ( , one has

(;V4)+1

El S (5/ﬂ)67ﬁ[ﬁ(t)] : + €A((5) ymﬁ(lat)h(ymt(lat))? (314)
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1y

D

~  (Lva /
with A(8) = (A/C3)[E(0)]~ = + (1/8'C3)(A5)?. If y2(1,t) > 1, it follows from
hypothesis , and , that

(zVa)-1

Ey <eBG[E(0)]  * (L, 6)g(yi(1,1)). (3.15)
However, while y?(1,t) < 1, we have max(|y,(1,t)], [y:(1,1)|?) = |v:(1,2)|?,
l9(ye (1, )[FEVD < (Co) 5Dy, (1,8)g(we(1, 1))

and by Young’s inequality, we can deduce that

(zVa)-1 1 o~ (Lvayt+1
By <e(dB)™ = (Co)7 " 1yu(1,0)g(ye(1,1)) + 4 P[E(H)] "= . (3.16)
Combining and , we obtain
_ (Lvg)—1 Ava-1 N £ ~ (3Va)+1
B> < e(CoBLE(0)]” 7 +(4B) "= (C) 7 yu(1, )g(ye(1, 1)+ 7 [E()] ™
(3.17)

Inserting (3.13)) and (3.16)) into (2.6)), one obtains
(3Va)+1

E‘;(t) < —(1- i - (5_6/6))[E<t)] 2 + (_1 +501)yt(1>t)g(yt(17t)) (3.18)
+ (=1 +¢€02)yze(1, 1) h(yze (1, 1))

where
(l \ q) -1 - (%VQ)71 ’ 1
01 = (CoB + Ko ) [EO)) 7 + (4B)” (C2)"")
and
(l Vi q) -1 _ Gve-1
02 = A(5) + Kol [B(0)]

By choosing 4 so that + + (677/8) = %, and

1
1 v _
(Ve 1

e <min(o; oy LK EQ)] T (1= M),
This with (3.17) and using (2.4) with 1/p instead of p, we obtain

2

E(t) < ME(0)(1 +wt) GV01,

,i . (Lvg)—1
with w = i((% Vq) —1)M @Y [E(0))"= . The proof of theoremis thus
complete.

4. PROOF OF THEOREM [L.3|

(i) It follows from that is also true when p is replaced by p V g and ¢
is replaced by pV q. So we get the desired estimate, by applying Rao’s theorem 1.1
(ii) (see [1]).
(ii) implies that is also true when p is replaced by p A ¢ and g is replaced
by p A ¢. This is exactly the condition (1.28)-(1.29) with exponent p A ¢ < 1 of
Rao’s theorem 1.2 (see [7]), consequently, the proof of this part is thus complete.
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(iii) We adopt the method used by Rao [7] but in our case we have two nonlinear
feedback functions g and h satisfying more general growth conditions. We introduce
the same functional defined in [7],

p(t) = / ye(m.Vy)dx + C’O/ yrpdx, (4.1)
Q Q
where (Y is a positive constant and ¢ is the solution of the problem
A% =0 inQ,
dp 9y
Y, % - % on F7

we verify that the following estimates hold

2 2 2 Yo _
/Qw dx < v /F((y) +(5) )dr, a(e,y) = alp,¢) >0,

where 7 is a constant depending only on the domain 2. We can show that there
exist positive constants Ky, K1, K5 are such that for any ¢ > 0,

()] < KoE(t), ¥t>0, (4.2)
P < ~E0) + Ky [ () + (G0 + Ka [ (6 + RGN (43)

This with (1.9)) implies
Yy
') < —E@t)+ A | |==
p(6)< B+ [ 12
WhereA:K1+KC'42andB:(Kl/C’%)—&—Kg

Then, for any M > 1, Plugging (4.2]) and (4.4) into (2.6)) with p replaced by 1/p,
one obtains

2dl' + B / g°(y;)dT, (4.4)
r

(fvg) -1 (Iva-1 (Lvay+1
E.(t) < (-1 4 eKo=————[BO)]" = )(=F'0) —e[E@®] = +L, (45)

where
Vot Yt 19 2
L=c[BO)] 5 (4 [ [GAPd0+ B | D).
r ov r
JFrom , (1.3) and (1.9) we have
(9(5)* < Cag(s)s ¥ls| > 1 |g()| 5YOT < (Ca)»¥g(s)s V]s| <13 (4.6)
Is|2 < (1/C5)h(s)s V|s| > 1;  |s|FYDHL < (1/C5)h(s)s V|s| < 1. (4.7)

Using (4.6) and (4.7), we have

(Va1 Oy Oy
L<Q+eClEQO)] =3 / (20t O g / g(y)dl), (4.8)
( (2> OvOv {ye>1} )

where

Qe T (af | (GEraren | )

o
|2u <1y OV
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1
and C = (A + B)(Cy + 1/Cs), With the exponents § = by, § =
applying Young’s inequality to @, it follows from Hélder’sp inequality and (4.6),

(4.7) that for any parameter § > 0,

(£Va)+1
2 k)

1

Q < 2e67 1B[B ()] 27— + (/8))|T|7 1

¢ Ayt Oy '~ (Evq)
x | (Ad)? /Cg/' h(==)==dI' 4 (Bo)? Cy (Ve / g(ye)ydl|.
{ (1)< Ov 7 ov (o<1} }
(4.9)
Inserting (4.6) into (4.8) gives
(%VQ)+1
L < en(—E'(t)) + 2:6~ /BIE(®) (4.10)

(%\/q)*l , , ’ 1
where n = C(E(0)) = — +(1/8)|T|%/P((A6)7 /Cs + (B8P (Cy)#VD). Inserting
(4.10) into (4.5)), it follows
(%\/q)—l Ava—1

EL(t) < (= 1+ 0+ Ko 2 (B(0) 7)) (~E'(1)

1
(p\/q +1

(4.11)

—e(1-26"7/B)(E(t))
By choosing d so that § = (4/8)1/%), and ¢ as
(tvg -1 (Lvagy—1 —(ve) ,1

e < min((n+ KoL (B(0) "7 )L E©) (=M GT)),

This with (4.11) and using (2.4]) with p replaced by 1/p, we obtain

2
E(t) < ME(O)(1+wt) 570,

with
1y,
e, 1 -T (Gvo-1
w=((=Vae) =M “7T(E(0)
p
The proof of theorem [T.9]is thus complete.
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