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A SYSTEM OF SEMILINEAR EVOLUTION EQUATIONS WITH
HOMOGENEOUS BOUNDARY CONDITIONS FOR THIN
PLATES COUPLED WITH MEMBRANES

JAIRO HERNANDEZ

ABSTRACT. In this work we consider a semilinear initial boundary-value prob-
lem modelling an elastic thin plate (in the context of the so-called Kirchhoff-
Love theory) coupled with an elastic membrane, regarding homogeneous bound-
ary conditions. By means of the theory of strongly continuous semigroups of
linear operators applied to abstract semilinear initial valued problems [16],
we obtain existence and uniqueness of a weak solution which is defined in a
suitable way.

1. INTRODUCTION

In this work we consider a semilinear evolution problem which we pose as follows:
Let Q and Q,, be two open bounded connected subsets of R? with sufficiently
smooth boundary 9 and 99, so that 2, CC Q. Let Q, := Q\Q,;, and I'y := 9y,
We decompose 02 in two connected parts I'y and T's with T's NT'3 =0, 01(T3) # 0
and o1(I'3) # 0, where oy is the surface measure on 92, induced by the Lebesgue
measure on R (see figure [I). Then we consider the system of partial differential
equations

9%u I BE 9%u
hip t - A A Aa —r t

Pp atg ( 733') + 192 a,ﬂ%_l 3xa81:g( ,3“/9(:1") 89378$9( ,CL’)) (11)

= fp(t,x,up(t,sc)) in 0,7 x Q,

2

pmaa%(t,w) — CAUm (t,2) = fu(t, 2, um(t,2)) in]0,T] X Qpy (1.2)

R 9 02w B3 2 9%u
— e —— Aa P — = « Aa —
= aﬁ;ﬁu o, (e 8:075'%9) T2 af(aﬁ;ezl” 7845 3%73%9) (1.3)

=0 on]0,7] xTq,
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2 2

3 P 9%u, PR 0?u,,
B2 Vg Aeswgeg) T Taprl 2 g, )

,B8,7,0=1 a,B8,7,0=1 (1.4)
Oum,
+C gﬁ =0 on]0,T] x Iy,
2 0%u
Z VQVBA(WWW =0 on]0,T] x (0Q,\TIs), (1.5)
«a,B,v,0=1 gttt

0
u, = % =0 on]0,T] x I, (1.6)
Up = Uy on |0,T] x Iy, (1.7)

with the initial conditions
up(oa )= 92 in va (1.8)
U (0,-) = g% in Q,, (1.9)
ou .

a—t”(o, ) =g, inQy, (1.10)
N () = g1 in Q. (1.11)

ot
Equations — describe the vibrations of a structure which consists of a thin
elastic anisotropic plate (in the context of the so called Kirchhoff-Love theory) with
its middle surface occupying the domain ,, coupled with a membrane occupying
the domain €2,,, (see figure [I)).

It is supposed that p, and p,, are positive constants, where p, (resp. pm )
is the density of the middle surface of the plate (resp. the membrane) and h is
the thickness of the plate. The coefficients A,3y6 depend on the elastic modulus
of the plate and are assumed as C* functions on Q,; they satisfy the symmetry
assumption

Aapre = Apares  Aapye = Aapers  Aapre = Aroas (1.12)
and the coercivity hypothesis
2 2
> Aapye(@)er0bas = p Y s (1.13)
o, 3,v,0=1 a,B=1

for all x € Q, and for all real matrices (£a8)2x2 With £ag = €ga for o, 8 € {1,2},
where p > 0 is a constant. Moreover it is supposed that the plate is clamped on I's
(equation (1.6)) and is free on I'y (see figure [T]).

The vector 7 = (11, 12) is the unitary outward normal to 02, and 7 = (11, 72) =
(—va,11) is the positive oriented unitary tangent vector. C' is a positive constant
depending on the material forming the membrane. f, (resp. f,,) is the pressure
supported by the plate (resp. the membrane) and depend on the transverse dis-
placement u, (resp. u,) of the plate (resp. the membrane). The initial conditions
g9 and g} (resp. gy, and g},) are real functions defined on €, (resp. €,). The
equations and are the boundary conditions expressing the coupling be-
tween the plate and the membrane.

We give the definition of weak solution for our semilinear problem — and
with help of the theory of C°-semigroups of linear operators we obtain a result of
existence and uniqueness for this type of solution. For other works in the area of
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FIGURE 1. €, (resp. €2,) is occupied by the membrane (resp.
the middle surface of the Plate). The Plate is clamped on I's.

—~

transmission problems and networks we refer the reader to [2, [3| 4\ [6] [7], [10) 1T, 12
13, (14, [15].

2. NOTATION AND MATHEMATICAL PRELIMINARIES

In this section we shall present the concepts and abstract framework that we
need for the treatment of our problem —. We shall consider only real
valued functions. Let n a positive integer. For any multi-index a = (a1, ..., q2)
(i.e. @ € Njj, where Ny is the set of all nonnegative integers), we write

N olel
0% = m, where |a|:=a1 + -+ ag.
Sometimes we write 9; for B%i’ i =1,...,n. For the rest of this section, let 2 be
an open bounded connected set in R™ with sufficiently smooth boundary.

For any nonnegative integer k let C*(£2) be the vector space consisting of all
functions ¢ which, together with all their partial derivatives 9%¢ of orders |a| < k,
are continuous in Q. C°°(2) is the vector space consisting of all functions ¢, such
that ¢ € C*(Q) for all nonnegative integer k.

We write C*(Q) for the Banach space consisting of all functions ¢ € C*(Q) for
which 9%¢ is bounded and uniformly continuous on  for |a| < k, with norm given
by

o . «
H¢Hck@D~——ﬁgzizggla o(x)].
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For a nonnegative integer k and 1 < p < oo let W*P(Q) be the usual Sobolev space
defined as

WEP(Q) := {u € LP(Q); 0%u € LP(Q)foralla € NJ, |a| < k}, (2.1)
where 0%u is understood in distributional (or weak) sense, with the usual norm
1 .
ullkpa = { Z / 10%u(z)|Pdx} P < p < 00, (2.2)
la]<k /¢
|ullk,00,0 1= max esssup |0%u(x)|. (2.3)
lal<k  zeQ

As usual we shall write H*(Q) := W"2(Q).

Lemma 2.1. The set D(Q) of restrictions to Q of functions in C°(R™) (i.e. the
set of all infinitely differentiable functions on R™ with compact support) is dense in
WkP(Q) for 1 < p < oo.

For the proof of the above lemma, see Adams [I, theorem 3.18,].
Lemma 2.2. If kp = n, then WFP?(Q) — LI(Q) for p < q < oo.

For the proof of the above lemma, see Adams [I}, lemma 5.14].
Lemma 2.3. If kp > n, then WP (Q) — C°(Q).

The proof of the above lemma can be found in Evans [9, sec. 5.6, Theorem 6]
and in Adams [Il lemma 5.17].

Lemma 2.4. Let 1 < p < 0o. Then there exists a linear operator
Yo : WHP(Q) — LP(99) (2.4)
such that

(i) You = ul,, if ue WHP(Q) N C(Q).
(i) [Youll poony < o, Qlullipo for each u € WHP(Q), where ¢(p,Q) is a
constant depending only on p and €.

For the proof of the above lemma, see Evans [9, theorem 5.5.1].
Remark 2.5. We call yyu the trace of order zero of v on 9).

Definition 2.6. Let j,k € N,k >1,1<j <k—1and u € WFP(Q). We define
the trace of order j of u on 02 by

,_ J! oy N on
Y= ol e 0@t (2.5)
ee| =4
where 7 = (v1,...,V,) is the unit outward normal along 92.

Remark 2.7. v, : W*P(Q) — LP(9Q) is a linear operator with

: _ du o 4! « ay forn s :
(1) vu = 55 LT Dlal=j aan0%ulgoryt g for j =1,k — 1 if

u € WkP(Q) N Ck1(Q).
(1) [[vull e < clkp, D[ullkpo for each u € WFP(Q) and for all j =
1o k—1.




EJDE/CONF/13 SEMILINEAR EVOLUTION EQUATIONS 39

Now for j,k € Ny, 0 < j <k, and 1 < p < co we define the the functional given
by

lul, e ={ Y [ 0%u(@)Pda} ", we WhP(Q). (2.6)
a|—j/Q

Clearly, |u|op.0 = [|ullop.0 = [Jull We have the following statement.

P (o)’

Lemma 2.8. The functional

1/p
(@)oo = Il o+ 2}

is a morm on WkP(Q), equivalent to the usual norm | - ||x.p.c-

The proof of the above lemma can be found in Adams [Il corollary 4.16].

We need some crucial results of the theory of semigroups of linear operators in
Banach spaces. We refer to Pazy [16] or Dautray-Lions [8], chapter XVII, with
respect to this theory.

Let V (resp. H) be a real separable Hilbert space with scalar product (-|-)y
(resp. (+|")g) and norm || - ||y (resp. || - ||m). We assume V — H and V dense in
H.

Let a(-|-) : V xV — R be a continuous bilinear form, V-coercive with respect to H
i.e., there exists A\g € R and ¢g > 0 such that

a(v]v) + XollvllF > collvlly, Vv € V. (2.7)
We put
D(A) :={u € V;V 3 v a(ulv)is continuous for the topology ofH }. (2.8)

Theorem 2.9. Let A: D(A) C H — H be the operator given by (Aulv) g = a(u|v)
Vu € D(A) and Vv € V.. Then —A is the infinitesimal generator of a C°- semigroup
{T'(t)}+>0 in H which satisfies

IT®) ||z < e™F V> 0.

For a proof of the above theorem, see Dautray-Lions [§, theorem XVII.3.3].
Now we assume furthermore that a(:|-) is symmetrical (a(ulv) = a(v|u) Yu,v €
V). Let H :=V x H. H equipped with the scalar product defined by (u|v)y =
a(ui|vr) + (uzlve) g for u = (uy,uz)t,v = (vi,v2)" € H ( we write the elements of
H as columns ) is a Hilbert space (cf. Dautray-Lions [§], Section VII.3.4., p. 331).
Let D(A) := D(A) x V. We define the operator A over D(A) by

Au = (Et ‘3”’) (Z;) _ (;&‘j) . Vu= (Z;) € D(A). (2.9)

It follows that D(A) is dense in H and A is a closed operator.
Theorem 2.10. —A is the infinitesimal generator of a C°-semigroup in H.
For the proof of the above theroem, see Dautray-Lions [8, theorem XVII.3.4].

Theorem 2.11. Let —A be the infinitesimal generator of a C°-semigroup of li-
near operators on a Banach space X and ug € D(A). If f : [to,T] x X — X
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is continuously differentiable with bounded partial derivatives then there exists a
unique classical solution u € CY([to, T); X) of the initial value problem
du(t)
dt

+ Au(t) = f(t,u(t)) in X, onlto,T)
u(to) = UQ -

The proof of this lemma ca be found in Pazy [16, theorem 6.1.5].

(2.10)

3. FUNCTION SPACES AND BILINEAR FORMS FOR THE SEMILINEAR PROBLEM
PLATE-MEMBRANE

We define the vector space (with the usual vectorial sum and multiplication by
scalars)
2 1
V= {(up,um) € H(Qy) x H (Qm>3up‘r3 = 71“p|r3 = 0>up|r1 = ’70“m|r1}
(3.1)
(In this work we only consider real vector spaces). The vector space V', endowed
with the inner product

((up, um)|(vp, vm))y = (uplvp)H2mp) + (umlvm)Hl(nm)7 (3:2)

is a separable Hilbert space. The norm in V is given by

1/2
(g, wm)lly = ( W) (3.3)
We consider also
H:=L*(Q,) x L*(Q) (3.4)
with inner product and norm given by
((upaum”(vpvvm))lf = (U‘P|U;D)L2(Qp) + (um|vm)L2(Qm) (35)
and ,
1/2
s )l 1= (gl o, + NmlEo, ) - (3.6)
Also we consider
V= {(tp, ) € H*(Qp) x H Q)3 (——= iim) €V}, (3.7)

N

endowed with the norm

. 1, | S 1/2
Nl = - . 3.8
Iyl = (B, + il z0,) 38)

m

We have the 1rnbedd1ng V- H with V dense in H. Identifying H with its dual

H’ we obtain Vb H = H' & V’ where i : V — H is the identity operator and
: H — V' is the dual operator of i : V. — H. Since i : V — H is injective and its
range is dense in H, the same holds for i’ : H — V’. Furthermore we identify i’ f
with f for f € H. Therefore we regard H as subspace of V.
We consider the symmetric bilinear form

a((“p,um)l(vmvm))

3 3.9
h Z / Aagro5——F— » Up » Up ——dx + C/ Vuy, - Vodx (3:9)
b= 0x, 09 0xo0x3 Q,,
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for (up,Um), (Vp,vm) € V (The symmetry is a consequence of the assumption
(1.12)). For technical reasons it is convenient to consider also

(3.10)

i (i GV (F 5 = a 1 i ! a L 0 L v
a((Up, Wm)|(Op, Om)) == ((m P Jpm m)|(\/pp7h P /Pm m)>
for (Gp, Um), (Op, Um) € V.

Lemma 3.1. Under the assumptions introduced for the coefficients Aapyo, the

bilinear form (5.9) (resp. ) is continuous and V -coercive (resp. V — coercive)

with respect to H .

Proof. From the Schwarz inequality we have the continuity of the bilinear forms
(-9) and (B:10). Now let u = (up, tm) € V. From Lemma [2.8 we have that there
exists ¢, > 0 such that

(up))2.2.0, > cpllupll2.2.0,-

Then
B3 2 0%u 0%u
a(ulu) = — / 0B85 55—z +C [ |Vup|*d
12 ;3%:9 . 70 02,019 010013 Qm "
> Z / ‘ ” up ‘ dz + Clumy|3
> 8 m|1,2,Q,
3
h3
> 1 QU C|u’”|0 2,m

With A\ := max{}f—; p,C} and cq := min{ﬁ pcp, C'} we obtain the V-coerciveness
of a(-|-) with respect to H. From this follows immediately the V-coerciveness of
a(+|-) with respect to H. O

LetD(A) := A=Y (H) and A := /1|D(A),
a(a|), for all 4,9 € V. We have that —A is the infinitesimal generator of a C°-
semigroup in H (see [I1} p. 54].

where A : V — V' is given by (Aa|t) =

4. WEAK SOLUTION
For the function
(t,x,u) — fp(t,z,u) : [0,T] x 2, xR =R (4.1)

we assume the following;:
(i) For all t € [0,T], z — fp(t,z,u(x)) : ©Q, — R is measurable, if u : 2, — R

is measurable.

(i) [fo(t,z,u)] < q,(t,)+k, |u| for all (t,z,u) € [0,T]xQ, xR, where q,(t,-) €
L*($),) for all t € [0,T] and k, > 0 is a constant.

(iii) fp 2(t,x,u) exists for all (t,x,u) € [0,T] x , x R. It is bounded and
Llpschltz continuous on [0,T] x €, x R.

(iv) 3 9fp L (t,r,u) exists for all (t,x,u) € [0,T] x ©, x R. It is bounded and
Llpschltz continuous on [0,T] x 2, x R.
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For the function
(t,x,u) — fo(t,z,u) : [0,T] X @y, x R - R (4.2)

we assume the following;:

(i) Forallt € [0,T], x — fum(t,z,u(z)) : Qpy, — Ris measurable, if u : Q,, —» R
is measurable.

(ii) |fm(t,z,uw)| < q,, (t,2) + &, |u|, for all (t,z,u) € [0,T] X Q, x R, where
q, (t,-) € L*(Q,) for all t € [0,T] and k,, > 0 a constant.

g;" (t,z,u) exists for all (t,z,u) € [0,T] x Q,, x R. Tt is bounded and
Lipschitz continuous on [0,T] x £, x R.

(iv) %(t,x,u) exists for all (¢t,z,u) € [0,T] X Q,, x R. It is bounded and
Lipschitz continuous on [0,T] x £, x R.

Let £, : [0,7] x L3(,) — L*(Q,) and £, : [0,7] x L*(Q) — L?(%y,) be defined
by

[, (8, up)] () = fo(t, x,up(x)) for (t,2) € [0,T) x Qpu, € L*(Q,),  (4.3)
[ (t, Um)] () i= frn(t, 2, U (2))  for (t,2) € [0,T] X D U € L2 (). (4.4)
From assumptions on (4.1)) and (4.2)), we see that f,(¢,u,) € L*(Q,) and £, (¢, u,) €

L2(Qy,), for u, € L2(8,) and u,y, € L2(Qyy,).
For technical reasons we introduce the following functions:

1

< 1

£,(t,up) := mfp(t, mup) for t € [0,T) u, € L*(Q,), (4.5)
P P

- 1 1

£ (t,u) = Tfm (t, Tum) for t € [0, T] tp, € L*(Q) - (4.6)

Let us suppose that u, : [0,T] x Q, — R and u,, : [0,T] X Q,, — R are smooth
enough in such a way that the system (1.1] - 1.11)) for (up, wm) holds i.e., we sup-
pose that (up, u,,) is a classical solution of the bemlhnear problem ([1.1] - Fur-
thermore we assume that (4, (t,.), um( )) € D( ) for ¢ €]0,T) Where (T, um) :

(\/pp uP,Mum) If we multlply (resp. 1.’ Wlth{ (resp. \/pTL O )s
7

where (@, 9,,) € V, by use of integration by parts, 1.7) and the fact that
is dense in H we obtain

024 0%y, -

( atQP (t7 ')’ o2 (tv '))_’_A(ap(ta ')aﬂm(ta )) = (f (t up( )) Ff. (ta 7-~"m(ta ))) (47)

in H, for t €]0,T]. On the other hand we have

di,

ﬂp(o,') :ggv ﬂm(oa') :ggm 7(07) :gzln W(O») :fj}na (48)

swhere g9 = \/pphgl. 30 = \Pmgle: G5 = v/pphg} and Gl = P,

‘We suppose
(i) (9p: gm) € AT (H),  (id) (95:9m) €V (4.9)
where A:V — V' is given by (Aulv) = a(ulv), for all u,v € V.
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Equations (4.7) and (4.8) motivate the following definition: Consider the Hilbert
space ‘H := V x H endowed with the inner product

(4.10)
Moreover let D(A) := D(A) x V and A := (21 _Sd
that —A is the infinitesimal generator of a C-semigroup of contractions in H.

We put

). It follows from theorem

T T 0 (ﬁglwﬁ}n)
e <(fp(t,ﬁ1>,fm(t,ﬁ%n>)> for U= ((ﬁ%ﬁ%)) e
G:= (927?%) : (4.12)
(Gps G

Next we define weak solution for our semilinear problem.

Definition 4.1. Assume that ( - -7 , . ) and (4.9)) are satisfied. We

say that a function (u,,u,,) € C1([0,T]; )ﬁ C’Q([O TY; H) is a Weak solution of
the semilinear problem (|1.1)-(1.11)) if the function

(i, ) 1= (V/pphtty, /Bt € CH(0,7]: 7)1 C2((0, T); H)

has the following properties:

(i) (o8 8Dy 4 A5y (1), 80 (1)) = (B (18, (0). B (1))

in H, on 10,7
(i0)(0p(0), @ (0)) = (Jp» Gon)-

<m>(f—;<0>,d§—tm<o>> (3. 3)

Lemma 4.2. Assume (1.12), (1.13), (4.1] an. Then the function (t,U) —
4.11]

F(t,U) : [0,T) x H — H whzch is deﬁned by ), is continuously differentiable
with bounded partial derivatives.

Proof. 1. The assumptions (4.1))(i),(ii) and ( . ) lead to

f,(t, 1) € L*(Qp) and f(t 1y,) € L*(Qm)

(4.13)

for @) € L?(€,) and G}, € L*(Q,,) and for all ¢ € [0,7] (cf. [5, theorem 2.1]).
Then we have F(t,U) € H for (t,U) € [0,T] x M.
2. Tt follows from (4.1))(iii) that

%(t 1 ul

o ok

(1) € L*(Q,) Vt€[0,T] Vi, € L*(,).
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Let t € [0,T]. For 7 € R with —t <7 < T —t we have
?(H—Tﬁl)—f“(t iil) 1 of 1. 2
& - St )l

v/ Pph ot " /pph p L2(p)
8fp Lo Ofp 1
(t _ ey )]d ‘ d
/ pph‘/ +f7' €, ﬁh p(x)) ot ( Z, ﬁh p f T
8fp 1 Ofp 1
t—|—§r,m, a,(x)) — == (t,z, dg} dx
/Qpp /| NI ) 815( N hp )|
< —const p, ()72 —— 0
pph T—0
(4.14)
The above inequality because the Lipschitz continuity of %.
3. It follows from (4.2))(iii) that
Ofm 1 . -
W< Wu1 (1)) € L*(y) Vt € [0,T) Viiy, € L*(Qp,).
Let t € [0 T]. For 7 € R with —¢t <7 < T — ¢ we have as above
LTl )= (tal) 1 Ofm 1 . 2
| T ) — B ) _ (1=, (115)
T /Pm Ot VPm L2(2m,
approaches zero as 7 — 0.
- . =1 =1
4. Let (¢,U) € [0,T] x H with U := ((1312”13’2”)) We consider the operator
(0, 05,

D1F(t,U) € L(R; H) which is defined by

L 0
D1F(t,U)r := (( 1 %(t,-, L_qil(-))r, L Bfm(t’_’Lﬁ} ())7_)> (4.16)

\/pph ot \/pph u, > \/Pm Ot Vom o m
For (t7[[~J) €[0,7] x H and from (4.14) and (4.15) we have that
”F(t + 7, ﬁ) — F(ta ID) — Dl]ﬁ(tv G)THH 0 (4 17)
7| —t<r<T—t, 740,70 '

Then there exists the partial derivative of F with respect to t for all (t,U) € [0, T]xH
and it is equal to D1F(¢, U) By the Lipschitz continuity of 6ftp and Bf’" it can be
showed that

||D11~F(t1,®1) — Dllﬁ(tg,@gﬂh%m < const.(\tl —to| + ||@1 — IfngH). (4.18)
Then the maping
(t, U) — D1 F (t U) [0,T] x H — L(R;H)
is continuous. The boundedness of 65;” and 6f = jmplied by the boundedness of
D F.
5. From ([@.1))(iv) and (4.2)(iv) we have

Ofp 1 .
%(ta Bl \/ﬁu;( )) € Lz(Q )
and of )
(e, ——=1),() ¥, € L2 ()

ou " \/Pm
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1
for all t € [0, 7] and all (@i}, &%), (v}, ¥L) € H. For t € [0,T], U := ( ﬁ_g ﬁ;n)> €
pr Um

. 0
DyF(t,U)V := <(pih %{f (t, . \/1713117( ))Vzlw i%(t’ , ﬁﬁ#(.))q#)) (4.19)

Since 88” (resp afm) is bounded on [0,T] x 2, x R (resp. [0,T] x Q,, x R), we see
that DQF(N, U) € L(H) for all (¢ ,0) e [0,T] x H.
For (¢,U) € [0,T]xH and V € H with ||V]|,, # 0 we have (with “const” denoting
different constants)
|[F(¢,U + V) —F(t,U) — DoF (¢, U)V|2
V1%,

const afp -1 -1
izt [ 15 @) + s53o)
af,,(

t,x,

(), 121¥,( )|2
d dx
v )| { "’Ph (4.20)

ou
] /|a’” = (@ (o) + €71, 0)

Ofm U, \Vm(ﬂﬂ)l2
- S (b, M)Wf} .- dz}

const 1 - 1 _
< Ni{Q—hZ/ |v11,(37)|4dx + T/ |Vin(x)|4dx}.
Pp Qp Pm JQ,,

VI

dfm . Since

The above holds because of the Lipschitz continuity of %f and
V), € H*(Q,) = C°(Q,) — LY () and V), € H' () — LY ()
(see lemmas and , from (4.20)), we have

V112,
B T%?T; (P2h2H~1||H2(0 ) | HHl(sz >)
n P 4.21
OB @k LI o
> TE p' Ym
V1|2,
const.

= V|[* = const.||V]2.
e 1Vl = const VI,
It follows that the partial derivative of F with respect to the second variable U
exists and it is equal to DoF(t, U) for all (¢, U) € [0,T] x H. We can show similarly
that the Lipschitz continuity (resp. the boundedness) of % and %L;" leads to the
continuity (resp. the boundedness) of

(t,U) — DoF(t,0) : [0,T] x H — L(H).
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So the proof is complete. O
Lemma 4.3. Let F: [0,T] x H — H (resp G) be deﬁned by ([@.I1)) (resp. )

Under assumptions -, - , and (4.2)), there exists a unique func—

tion U : [0,T] — H with the followmg propertzes.
(H)U € C'([0, T]; H).

(i )dU( ) 4 AU®t) =F(t,U(t)) inH on]o,T). (4.22)
(#4)U(0) = G.

Proof. 1. It follows from theorem that —A is the infinitesimal generator of a
C%-semigroup of linear operators in H.

2. From lemma we have that F : [0, 7] x H — H is continuously differentiable
with bounded partial derivatives.

3. It can be seen that G belongs to D(A).

4. From theorem 2.17] we have the desired result.

Theorem 4.4. Under assumptions (1.12), (1.13)), (4.9), (4.1) and (4.2)), there
m (L)1),

ezists a unique weak solution of the semilinear proble

Proof. Let
:[0,T] = H

be the unique function satisfying (4.22) (Lemma . It can be showed that
(@), 1},) belongs to C'([0,T]; V) N C?([0,T]; H) and that it satisfies 1] Then

S ; ;
( \/pThuP’ mum) is the desired weak solution. The uniqueness follows from the

uniqueness of U. (]

Remark 4.5. For sufficiently smooth solutions in the sense of definition [I.1] we
can obtain as usual a classical pointwise solution of system (1.1)-(1.11]). See [12].
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