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A SOLUTION METHOD OF THE SIGNORINI PROBLEM

AHMED ADDOU, ABDELUAAB LIDOUH, BELKASSEM SEDDOUG

ABSTRACT. In this note, we are interested in the variational formulation of
an unilateral contact problem, the so-called Signorini problem. We show that
the normal derivative of the solution, can be computed according to the data
of the problem. What permits the determination of the solution by solving a
Neumann problem.

1. INTRODUCTION

In this work, we are interested in the Signorini problem that consists in finding
u such that
—Au+u=f in €,
ou ou
u>0,—>0, u=— =0 onT,
— 'on — on
where  is a bounded open subset of R?, which boundary I is regular enough, and
f € L?(Q2). Another unknown of the problem is the coincidence set on the border
of Q.
It is known that the variational principle applied to (|1.1)) produces the variational
inequality that consists in finding u such that

(1.1)

a(u,v —u) > /Qf.(v—u) Vv € K, (1.2)

where a is the scalar product of H*(2) and K = {v € H'(Q):v > 0on I'}.
As in [3], we introduce the function 1, a solution of the Dirichlet problem,
—“AYp+y=f inQ

=0 onTl, (1.3)

and we show that the solution of (|1.2]) is the solution of the variational inequality
a(u,v —u) > / flv—u) Yve Ky, (1.4)

Q

where K, = {v € HY(Q) : v > in Q}.
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To solve problem (|1.4]), we propose a method that consists in determining first
%, with the help of the data of the problem, then solving a Neumann problem to
determine u.

2. FORMULATION OF THE PROBLEM

Let © be a bounded open subset of R?, with boundary T is regular enough. The
Sobolev space H' () is equipped with its scalar product

a(u,v)z/Vu.Vvdx—&—/u.vdx Yu,v € H(Q).
Q Q

We denote by K the closed convex cone of H'({) defined as
K={veH'(Q):v>0o0onT}.

Then we consider the variational inequality problem: Find u € K such that
a(u,v —u) > / flv—u), Yvek, (2.1)
Q

where f € L*(Q).
In the sequel, we use of the following notations:

vt = max(v,0), v~ = min(v,0)

such that v = v + v~ for all v in L*(Q) or in L?(T).

We will note indifferently a function v of H'(2) and its restriction to I

Proposition 2.1. Problem (2.1) is equivalent to the problem: Find u € Ky such
that

alu,v —u) > / f(v—u), Yve Ky, (2.2)
Q
where 1 is given by [L.3) and Ky = {v € HY(Q) : v > ¢ in Q}.

Proof. It suffices to show that the solution w of (2.1)) is in Ky, i.e: u > .
Let u be the solution of (2.1). With v = u — (u —¢)~ € K in (2.1), and while
taking account of (|1.3]), one has

a((u—=v)", (u—1)7) <0.
So (u — 1)~ = 0, which implies u > 1) in Q. O

Using Green’s formula, (2.1)) can be written as: Find u € K such that

a(u—z/gv—u)—i—(g—if,v—u)ZO, Yo e Ky, (2.3)

where (., .) designates the scalar product of L*(T"), and g—i the normal derivative of

(4

To have %ﬁ‘i at the same time as v, we propose the resolution of li by enforcing
the boundary condition with Lagrange multipliers (see [4]), then the variational
formulation of (1.3) reads: Find (v, \) € HY(Q) x H~2(T) such that

a(w,v)—/r)\v:/ﬂfu Vv € HY(Q), o

[m=0. wenio,
N
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whose solution is the saddle point of the Lagrangian J (v, u) = 3a(v,v) — [, fv —

Jp o
It is known (see [4]) that problem (2.4) has a unique solution (1, ), verifying

_AY+=f inQ,

A= o onT, (2.5)
on
=0 onl.

Note that f being in L?(Q), implies ¢ in H?(2) which implies g—ﬁ in HY/?(T).

3. TRANSFORMATION OF THE PROBLEM
Hereafter we deal with the problem ([2.3)), and we consider the function ¢ :
L?(T") — R defined as
81/} + 4+
Vi <( 8n) V).

Note that ¢ is convex and continuous on L?(T).

Proposition 3.1. A function u is a solution of (2.3) if and only if w = u — ¢ is
the solution of the problem: Find w € H*(2) such that

a(w,v —w) + o(v) — p(w) + <(gi::)i

Proof. Since the two problems (2.3)) and (3.1)) have an unique solution, it suffices
to show that the solution w of (3.1]) is non negative in Q. Let w be the solution of

(3.1), with v = w™ in (3.1]), we have

Jv—w) >0, Yve HY(Q). (3.1)

0
aw,~w7) +((50) 7, —w) 20
then a(w™,w™) < {(55) ", ~w™) < 0,50 w™ =0. 0

We remark that problem (3.1)) differs from (2.3)) by the fact that it is without

constraints.

Proposition 3.2. A function w is solution of problem (3.1) if and only if (w, p)
is solution of the problem: Find (w,u) € H' () x L*(T) such that

a(w,v) + {u,v) + ((g—:ﬁ)_,v) =0 Yve HY(Q), (3.2)
1 € Op(w),

where dp(w) = {\ € L3(T) : Vv € L3(T), (\,v —w) < o(v) — p(w)} designates the
subdifferential of ¢ at w.

Proof. Let w be the solution of (3.1)). On the one hand, for all v in H}(Q2), we have
a(w,v) = 0, hence the mapping

v afw,v) +((50) v}

is well defined on T'.
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On the other hand, for all v in H*(f2), one has

aw0) +((52)7,0) > p(w) — ol + )
> ()t — (o))
2 —<(g%)+,’0+>

o
~N1G2) ooy o 22y
on

Using the same argument, and with —v one has
o _ oY\ +
%) ,—v) 2 _H(%) HL?(F)HUIF”L?(F)-

Hence for all v in H!(Q), we have

0 0
aw,0) + (527,01 = 12 Ngzery o ls2ry

a(w, —v) +((

Therefore, the linear form v — a(w,v) + (($£)~,v) is continuous on H'/?(T) for

the norm of L?(T"). Then because of the density of H'/?(I") in L?(T), there exists
win L?(T') verifying the equality of (3.2)).
Inversely, it is easy to see that if (w, ) is solution of (3.2)) then w is solution of

B1). 0
To characterize dp(w), we consider the closed convex set of L%(T):
C={NeL*T):Yve L*T): (\v) <epl)}

It is easy to show that C = {A € L}(T): 0 < A < (g—lf;)Jr a.e in I'}.

Lemma 3.3. for all u in L?(T") and w in H(Q), one has p € dp(w) if and only if
peC and (A—p,w) <0, VieC.

In particular (%)+'X[w|r>0] € dp(w).

Proof. Let p € dp(w), i.e,
e HYQ), (n,v—w) < p(o) — plw). (3.3)

With v = 2w and v =0 in , and while ¢ is positively homogeneous, one has

{1, w) = p(w).

Therefore, while taking back (3.3]), one deducts that u € C. Inversely, let u € C
and (A — p,w) <0, for all A € C. For A in dp(w) C C, we have

(A w) = p(w) and (A — p,w) = 0.
So that for all v € HY(Q), (u,v —w) = (u,v) — p(w) < p(v) — p(w). O
Taking into account lemma the problem (3.2) can be written as: Find
(w, ) € HY(Q) x C such that

a(w, v) + (1, 0) + <(‘;i§):u> —0 Woe H'(Q),

AN=p,w) <0, VrxeC.

(3.4)
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Remark 3.4. The bilinear form a is symmetric, then the problem ({3.4) is equivalent
to the saddle point problem [2]: Find (w, ) € H*(2) x C such that

L(w,\) < L{w,p) < L(v,pu) =0 Y(v,\) € H(Q) x C,
where the Lagrangian £ is defined on H'(Q) x L?(T) by

£(0,3) = gale,0) + () + (G2)7 )

The study of the mixed formulation (3.4)), is in preparation by the authors.
However, it is clear that the determination, a priori, of u, permits to solve the
problem (3.4) as being the Neumann problem

—Aw+w=0 1in Q,
ow _ (@
an ~ M Von
Which defines u as a solution of the problem
—Au+u=f inQQ,
ou_ o
on  0n

What we propose in this work is to uncouple the problem (3.4]), by showing that

1 can be computed according to the data of the initial problem. We consider, then,

the linear mapping A : H_%(F) — H'(Q) defined by g — v, where v is a solution
to

)™ onT.

)+—/.L on Fy

—Av+v=0 in (,
%:g on I,

which is continuous, more precisely, one has the following result [4, theorem 2.7].
Lemma 3.5. There exist two positive constants ¢y and co, such that

c1llAgllar o) < llgll < col|Agllm ()

H™3 ()
for all g in H=Y/2(T).

Using the set M = A(C) = {v e H(Q) : —Av+v =0in Q and 92 € C} which
is closed, bounded and convex in H!(2), problem (3.4), can be written as: Find
(w,2) € HY(Q) x M such that

a(w+z+t,v)=0 Yve HY(Q),
a(s —z,w) <0, Vse M,
where t = A((g—ﬁ)’) and z = Au. What defines z as being the projection of —t on
M; i.e,
o

= A((an

)").z=projau(—t) and w=—z—t.

4. A PROJECTION ALGORITHM

For the determination of z = proj,,(—t), and therefore p, according to the data,
we propose a projection algorithm inspired of the one of Degueil [IJ.
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Description of the algorithm. For an initial guess up € C (for example pg = 0),
we compute zg such that zg = Apg then we construct the sequences (i) and (zy,),
as follows:

(1) Given z, and p, such that z, = Ap, and u, € C, we compute v, = Ag,

where oy
an = (87)+'X[(7t727L)\F>0]'

By lemma we see that g, € dp(—t — z,) C C, and then:
a(v —vp, 2z, +1) >0, Yo € M. (4.1)
(2) We compute zn41 = projp,, ,.j(—t) (the projection of —t on the segment
[2n,Vn]), i€,
Znt1 = AU + (L= Ap)zn,
fint1 = Angn + (1= An)in
a(zn = Vny2n + 1) (ln — Gny 2n + 1) )
llvn — ZnH%p(Q) B (i = Gn> Vn — 2n)

if v,, = 2z, then z,11 = 2,, the algorithm stops.

An = min (1,

Convergence result. As in [I], we have the following convergence result.

Theorem 4.1. With the hypothesis and notation above, one has
Proof. Let us, first, show that hmn_,+oo lzn — 2|51 (@) = 0. For all n, one has:
2 + 7 @) = 120 = 2n41 [ 0 + 201 + 7 @) +20(20 = 2n41, 2n41 + 1)

> |20 = znt1ll3n () + 21 + )

Then ||z, — Z”“H%{l(ﬂ) <||zn + tll%{l(ﬁ) — ||zn41 + t||fq1(9), what implies that

On the other hand, z = proj,,;(—t), then
alv—z,2z+1t) >0, Yvell (4.4)
With v = 2,41 in (4.4) and while taking account of ((4.1)) and (4.2))), one has

2n+1 — ZH%P(Q)

=a(znt1 — 2, 2nt1 — 2n) + @(Zny1 — 2,2 +1) —a(zpy1 — 2,2 + 1)
< a(znt1 — 2, 2n41 — 2n) + a(Znt1 — 2, 2n + 1)
< alzni1 — 2, 2n41 — 2n) + a(Zne1 — 2, 2n + 1) + a(z — v, 2n + 1)
< a(znt1 — 2, Znt1 — Zn) + a(Znt1 — Un, 2n + 1)
< a(zZnt1 — 2, Zn+1 — 2n) + (1 = Ap)a(zn — vn, 25 + 1)
< a(znt1 = 2 Zn41 = 2n) + (L= A)Anll2n — ol (q)
< a(znt1 = 2, 2n41 — 2n) + (1 = Ap)|l2n1 — Zn”Hl(Q)Hzn - vn”Hl(Q)

< znt1 = zallmr @) {12041 — 2llmr @) + 120 — vallHr ) }-

We conclude using (4.3)) and the fact that M is bounded. To show that lim,, 4+« || ttn—

/L||H,%(F) = 0, it suffices to use Lemma O
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