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NONTRIVIAL SOLUTIONS FOR NONLINEAR ELLIPTIC
PROBLEMS VIA MORSE THEORY

ABDESSLEM AYOUJIL, ABDEL R. EL AMROUSS

ABSTRACT. We prove the existence of nontrivial solutions for perturbations of
p-Laplacian. Our approach combine minimax arguments and Morse Theory,
under the conditions on the behaviors of the perturbed function f(z,t) or its
primitive F'(x,t) near infinity and near zero.

1. INTRODUCTION

Let © € RY be a bounded domain with smooth boundary O, and let f :
Q2 x R — R be a Carathéodory function, with some appropriate growth condition
to be specified later. We consider the Dirichlet problem

—Apu = f(z,u) inQ,

u=0 on 09, (1.1)

where Apu := div(|Vu[P~2Vu), 1 < p < oo, is the p-Laplacian operator.
Observe that, if f(z,0) = 0, then the constant function u = 0 is a trivial solution
of the problem (L.1)). We are going to seek nontrivial solutions of (I.1)) in the usual

Sobolev space W, *(£2), equipped with the norm

Jull = ( [ 19up)”.

It is known that the p-homogeneous boundary problem
—Apu = NuP"2u in Q,

1.2
u=0 on 0f, (12)

has the first eigenvalue A; > 0 that is simple and has an associated normalized
eigenfunction ¢; which is positive in . It is also known, (see [I]), that there
exists a second eigenvalue Ay such that o(—A,)N|A1, A2[= 0. Here, 0(—A4,) is the
spectrum of —A,, on WO1 P(Q), which contains at least an increasing eigenvalue
sequence obtained by the Lusternik-Schnirelaman theory.
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The existence of nontrivial solutions for has been widely treated by many
authors, under various assumptions on nonlinearity f and its primitive F, see [0
8, [10] and the references therein.

Throughout this paper, we assume that f satisfies the subcritical growth

(FO) for some ¢ € (1,p*), there exists a constant ¢ > 0, such that

1f(z,t)] <c(1+]tTY), VtER, aezcQ,

Wherep*:NN—_’;if1<p<Nandp*=—|—ooifN§p.

Recall that, under (F0), the weak solutions of (1.1))) correspond to the critical
points of his energy functional @, given by

1
D(u) = 7/ \Vu\pdx—/F(x,u)da:, ue WyP(Q),
P Jo Q

where F(x,t) = fot f(x,s)ds.

It will be seen that critical groups and Morse Theory, developed by Chang [6] or
Mawhin and willem [IT], are the main tools used to solve our problem. The main
point in this theory is to introduce the critical groups of an isolated critical point.
With this aim, we need to suppose a conditions that give us information about the
behavior of the perturbed function f(z,t) or its primitive F'(x,t) near infinity and
near zero. More precisely, the following conditions are assumed.

(F1) limp o[t f(z,t) — pF(2,t)] = oo uniformly for a.e. z € €,

(F2) limp o[t f(,t) — pF(2,t)] = —oo uniformly for a.e. z € €,

(F3) lim SUP || - o0 pE(@t) 5, uniformly for a.e. x € Q,
(F4)

(¥5)

[t]P
F4) limy_oo[ [, F(z, ter)de — %|t|p] = 00,
F5) For some p € (0,p), there are 7, C; > 0 such that
F(x,t) > C.Jt|]"*, forae z€Q, 0<|t|<T, (1.3)
F(x,t)—t t
1i‘nllinf nh(z, )|tq @) > «, uniformly for a.e.x € Q, (1.4)
t|—0

for some ¢ € (p,p*) and a be a constant non positive.
Now, we may state the main result.

Theorem 1.1. Assume (F0), (F3)-(F5) and (F1) or (F2). Then the problem

has at least one nontrivial solution.

For finding critical points of ®, by applying minimax methods, we will use the
following compactness condition, introduced by Cerami [3], which is a generalization
of the classical Plais-Smale type (PS).

Definition 1.2. Given ¢ € R, we say that ® € C'(X,R) satisfies condition (C..), if
(i) Every bounded sequence (u,) C X such that ®(u,) — ¢ and ®'(u,) — 0
has a convergent subsequence,
(ii) There is constants J, R, & > 0 such that
|9/ (u)|| x/|Jullx >, Yue€d ' ([c—0dc+0d]) with |lul|x > R.
If ® satisfies condition (C,) for every ¢ € R, we simply say that ® satisfies (C).
The present paper is organized as follows. In section 2, we will compute the

critical groups at zero and at a mountain pass point. In section 3, we give the proof
of theorem [L11
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2. CRITICAL GROUPS

In this section, we investigate the critical groups at zero and at a mountain pass
type. To proceed, some concepts are needed. Let X be a Banach space, given a
® € CY(X,R). For 3 € R and ¢ € R, we set

% ={ue X :du)<p},
K={ueX:® (u)=0},
Ke={ueX:®u)=c® (u) =0}

Denote by H,(A, B) the ¢-th homology group of the topological pair (A, B) with
integer coefficient. The critical groups of ® at an isolated critical point u € K, are
defined by

Cy(D,u) = Hy(®NU,2°NU\ {u}), ¢ €Z,
where U is a neighborhood of u.

Moreover, it is known that Cy(®, u) is independent of the choice of U due to the
excision property of homology. We refer the readers to [6, [I1] for more information.

Let denote by B, the closed ball in Wol’p(ﬂ) of radius p > 0 which is to be chosen

later , with the center at the origin. We will show that the critical groups of ® at
zero are trivial.

Theorem 2.1. Assume (FO0) and (F5). Then,
C,(®,0) 220, Vg € Z.

This result will be proved by constructing a retraction of B,,\ {0} to B,N®°\ {0}
and by proving that B,N®° is contractible in itself. For this purpose, some technical
lemmas must be proved.

Note that the following lemma has been proved in case p = 2 [12, Lemma 1.1]).

Lemma 2.2. Under (FO0) and (F'5), zero is a local mazimum for the functional
D(su), s € R, for u #0.

Proof. Using (F0) and the hypothesis (1.3)), we get
F(z,t) > Cot|* — Cilt]9, z€Q, teR, (2.1)
for some ¢ € (p,p*) and C; > 0. For u € Wol’p(Q),u # 0 and s > 0, we have

@(su)z%s”/ |Vu|pd3:—/ F(z, su)dx
Q Q

IN

Yy
Sl = [ (Crlsul = Crlsul)da (2.2

A

=l = Crs s+ sl
Since p < p < g, there exists a sp = so(u) > 0 such that
O(su) <0, forall0<s< sp. (2.3)
O
Lemma 2.3. Assume (F0) and (F'5). Then, there exists p > 0 such that for all
u e WP (Q) with ®(u) =0 and 0 < ||u]| < p, we have

d
£®(su)\szl > 0. (2.4)
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Proof. For u € W, *(2) be such that ®(u) = 0. From (F0) and ((T.4)), we have
pF(z,u) — f(z,u)u > —clul?, ae x€Q,

for some g € (p,p*) and ¢ > 0.
Denote by (.,.) the duality pairing between W, * () and W17 (Q). Then, since
®(u) = 0, we have

(@ (su),u)|s=1 = / |VulPdx — / f(z,v)udz,
Q Q
— -2 [ Vurds+ [ (P - fuude
P Ja Q
By the above inequality and the Poincaré’s inequality, we write
d ,
—-P(su)|s=1 = (P (su), u)|s=1,

ds
> (1= Bl - / ful?de,
p Q

"
= (1= Dllell” = Clul,

for some C' > 0. Since pu < p < ¢, the inequality (2.4) is verified. O

Lemma 2.4. For all u € Wy"*() with ®(u) < 0 and ||lu|| < p, we have
O(su) <0, forallse(0,1). (2.5)

Proof. Let |ju|| < p with ®(u) < 0 and assume by contradiction that there exists
some sg € (0, 1] such that ®(sgu) > 0. Thus, by the continuity of ®, there exists
an s € (Sp,1] such that ®(s;u) = 0. Choose sy € (sg, 1] such that s, = min{s €
[s0,1] : ®(su) = 0}. It is easy to see that ®(su) > 0 for each s € [sq, s2]. Taking
u1 = Sou, one deduces

d d
D (su) — P(squ) > 0 implies that £<I>(su)|5:52 = —®(suq)|s=1 < 0.

ds
However, by (2.4)

d
$<I)(5u1)|s:1 > 0.

This contradiction shows that (2.5)) holds. O

Proof of theorem[2.1l Let us fix p > 0 such that zero is the unique critical point of
® in B,. First, by taking the mapping h : [0,1] x (B, N ®°) — B, N ®° as
h(s,u) = (1 = s)u,

B, N ®Y is contractible in itself.
Now, we prove that (B, N®°)\ {0} is contractible in itself too. For this purpose,
define a mapping T': B, \ {0} — (0,1] by
T(u) =1, for u € (B, N ")\ {0},
T(u)=s, forue B,\ ®° with ®(su) =0,s < 1.
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(From the relations (2.3)), (2.4) and (2.5), the mapping T is well defined and if
®(u) > 0 then there exists an unique T'(u) € (0,1) such that

O(su) <0, Vse (0,T(u)),
O(T(u)u) =0, (2.6)
O(su) >0, Vse (T(u),l).
Thus, using (2.4), (2.6)) and the Implicit Function Theorem to get that the mapping
T is continuous.
Next, we define a mapping 7 : B, \ {0} — (B, N ®°) \ {0} by
n(uw) = T(w)u,u € B, \ {0} with ®&(u) >0,

n(u) =u,u € B, \ {0} with ®(u) <0. (2.7)

Since T'(u) = 1 as ®(u) = 0, the continuity of 7 follows from the continuity of T.
Obviously, n(u) = u for u € (B, N ®°) \ {0}. Thus, 7 is retraction of B, \ {0}
to (B, N ®°) \ {0}. Since W,?(Q) is infinite-dimensional, B, \ {0} is contractible
in itself. By the fact that retracts of contractible space are also contractible, (B, N
®0) \ {0} is contractible in itself.
From the homology exact sequence, one deduces

H,(B,Nn®" (B,Nn®%\ {0}) =0, Vqe€cZ
Hence
Cy(®,0) = H,(B,n®",(B,n®")\ {0}) =0, VYgeZ
The proof of theorem is completed. ([l
Recall that we have the following Morse relation between the critical groups

and homological characterization of sublevel sets. For details of the proof, we refer
readers to [7), [I3] for example.

Theorem 2.5. Suppose ® € C1(X,R) and satisfies (C) condition. If ¢ € R is an
isolated critical value of ®, with K. = {uj}?:l, then, for every e > 0 sufficiently
small, we have

Ho (@7, 277) = D1<j<nCy(P, ).

Remark 2.6. jFrom theorem follows that if H,(®“T¢, ®°¢) is nontrivial for
some ¢, then there exists a critical point u € K. with C,(®,u) 2 0. Furthermore,
when C,(®,0) = 0 for all ¢, we get that u # 0.

We will use the following theorem, which is proved with (PS) condition see for
example [11].

Theorem 2.7. Assume that ® € C*(X,R), there exists u1 € X,uz € X and a
bounded open neighborhood Q of ug such that u; € X\Q and

iang @ > max(P(ug), P(uq)).

LetT'={g € C(]0,1], X) : g(0) = up,g(1) = u1} and

= inf ® .
¢ = Inf max (9(s))

If ® satisfies the (C) condition over X and if each critical point of ® in K. is
isolated in X, then there exists u € K. such that dim Cy(®,u) > 1.
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Proof. Let € > 0 be such that ¢ — & > max(®(ug), ®(u1)) and c is the only critical
value of ® in [c — €, ¢ + ¢]. Consider the exact sequence
N Hl((pc+6, Pee) KA Ho(D°¢, () KN HO((I)5+67®) o

where 0 is the boundary homomorphism and i, is induced by the inclusion mapping
i (P, 0) — (9T, 0). The definition of ¢ implies that uy and u; are path
connected in ®“T¢ but not in ®“~¢. Thus, keri, # {0} [6, [II] and, by exactness,
Hy (@°F¢, @¢7¢) # {0}. It follows from theorem [2.5] that dim C; (®,u) > 1. O

3. PROOF OF MAIN RESULT

The proof is based on the following minimax theorem due to the second author
[9, Theorem 3.5] ), with Cerami condition. For this, we recall the Krasnoselskii
genus.

Define the class of closed symmetric subsets of X as

Y={ACX:Aisclosed and A = —A}.

Definition 3.1. For a non empty set A in %, following Coffman [4], we define the
Krasnoselskii genus as

(4) = inf{m : 3h € C(A,R™\{0}); h(—z) = —h(x)},
7 ) oo, if {...} is empty, in particular if 0 € A.
For A empty we define v(A) = 0.
Note that Ay, = {C € ¥ : C is compact ,v(C) > k}.

Theorem 3.2. Let ® be a C' functional on X satisfying (C), let Q be a closed
connected subset of X such that 0Q N9(—Q) # 0 and 3 € R. Assume that

(1) for every K € Az, there exists vi such that ®(vk) > f and ®(—vg) > 5,
(2) a=sup® < g,
0Q

(3) sup® < oco.
0Q

Then ® has a critical value ¢ > 3 given by

= inf sup ®(h
¢ = juf sup (h(x)),

where T' = {h € C(X, X) : h(x) = zfor every x € 90Q}.

We will establish the compactness condition under the conditions (F0), (F'3)
and (F'1). The proof is similar for (F0), (F'3) and (F2).

Lemma 3.3. Assume (F0), (F3) and (F1). Then ® satisfies the condition(C).

Proof. (i) First, we verify that the Palais- Small condition is satisfied on the
bounded subsets of W3 ?(Q). Let (u,) € Wa*(€) be bounded such that

& (u,) -0 and P(u,) — ¢, ceR. (3.1)

Passing if necessary to a subsequence, we may assume that

u, — u  weakly in W, (Q),
up, — u  strongly in LP(2), (3.2)

un(x) — u(z) a.ein Q.
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From (3.1) and (3.2), we have (®'(uy,), u, — u) — 0, or equivalently
/ |VulPVu,V (uy, —u)de — / f(z,up) (uy — w)dz — 0. (3.3)
Q Q

Applying the Holder inequality, we deduce that

/ Iz, up) (up —uw)dz — 0. (3.4)
Q
Thus, it follows from (3.3) and (3.4)) that (—Apu,,u, —u) — 0. Since, —A,, is of
type ST (see [2]), we conclude that

u, — u  strongly in WyP(Q).

Now, by contradiction, we will show that (i) is satisfied for every ¢ € R. Let ¢ € R
and (u,) C W, *(Q) such that

S (uy) — ¢, (P(up),un) — 0 and ||u,| — +oc. (3.5)
Therefore,

lim/ g(x, up)dx = pe, (3.6)
noJQ

where g(z,u,) = un f(x,un) — pF(x, uy).
Taking v, = HTJ—:H, clearly v, is bounded in Wy?(Q). So, there is a function

v € W)P(€2) and a subsequence still denote by (u,) such that

v, —= v weakly in W, ?(Q),
v, — v strongly in LP(Q), (3.7)
vp(z) — v(z) a.ein Q.

On the other hand, in view (F0) and (F'3), it follows that

A
F(z,s) < f\s\p +b, VseR, beLP(Q). (3.8)
Combining relations (3.5) and (3.8)), we obtain
1 A2

~JJun” - ?Hun\l’ip -b<C, CeR

Dividing by ||u,|| and passing to the limit, we conclude
1 A

p

and consequently v # 0. Let g = {z € Q : v(x) # 0}, via the result above we have
Q] > 0 and

vz, <0,

|un(z)| — +o0, a.e. z € . (3.9

Furthermore, (F0) and (F1) implies that there exist M > 0 and d € L'(Q) such
that

sf(x,s) —pF(z,s) > —M +d(z), VseR, ae ze€l.

Hence,

/g(m,un)dx 2/ g(x,up)de — M|Q\ Qo| — ||d]| 1.
Q Q0
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Using (3.9) and Fatou’s lemma, one deduces
lim/ g(x, up)d = +o0.
n Ja

This contradicts (3.6]). O
Now, we will prove the geometric conditions of Theorem Let denote E(A;)

the eigenspace associated to the eigenvalue A;.
Lemma 3.4. Under the hypothesis (F0), (F'3) and (F4), we have:
(i) @ is anticoercive on E(A1).
(ii) For all K € Ay, there exists vk € K and 3 € R such that ®(vik) > [ and
(I)(—UK) Z ﬂ
Proof. (i) For each v € E(A1), there exist ¢ € R such that v = tp;. Therefore,
using (F'4), we write

D(v) = |I; /|V<p |pdx—/FJ: tor)dx

= 7[/ F(x,tpr)de — u] —00, as [t| — oco.
Q

ii) By the Lusternik-Schnirelaman theory, we write
Ao = Klgfb sup{/Q |Vu|”d:v,/Q |ulPdz =1 and u € K}.
Then, for all K € Ay, and all € > 0, there exists v € K such that
(A2 — 5)/ [vge[Pda < / |Vug|Pd. (3.10)
Q Q

Indeed, if 0 € K, we take vg = 0.
Otherwise, we consider the odd mapping

g:K—K v v
[]] v
By the genus properties, we have v(g(K)) > 2, and by the definition of Ay, there

exist wxg € K’ such that
/|wK|pda? =1 and (A2—¢)< / [Vwg|Pdz.
Q

Thus (3.10) is satisfied by setting v = ¢~ H(wk).
On the other hand, the two assumptions (F0) and (F'4) implies

F(z,s) < (AQ — 2

sl +C, V¥seR, (3.11)

for some constant C' > 0. Consequently, one deduces from (3.10]) and - ) that

D(wi) > / \Vwg|Pda — (A2 2 / lwi|Pdz — C|Q)
1% = (3.12)
>1ao / Vwx Pdz — €9,
p Ay —¢€
The argument is similar for
O(—wg) > 11)(1— )\2_6 / |[Vwg |Pdz — C|Q). (3.13)
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Finally, for every K € As, we have ®(twg) > [ := —C|Q|, which completes the
proof. ([

Proof of theorem[I.1l Putting Q = {t¢1 : [t| < R} for R > 0, clearly, Q is closed
and compact. In view of lemma we can find 9 > 0 such that ®(+top1) < 6.
In return for lemma [3.4] we may apply Theorem to get that ® has a critical
value given by
= inf D(h >0,
¢ = juf sup (h(z)) =
where T' = {h € C([0,1], Wy"*()) : h(0) = —tow1, h(1) = top1}. Therefore, there
exists at least one critical point u* of ®. More precisely, ©v* is a Mountain Pass
type. However, by theorem we have Cq(®,u*) 2 0. Using theorem one
deduces u* # 0. O
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