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EXISTENCE RESULT FOR VARIATIONAL DEGENERATED
PARABOLIC PROBLEMS VIA PSEUDO-MONOTONICITY

LAHSEN AHAROUCH, ELHOUSSINE AZROUL, MOHAMED RHOUDAF

ABSTRACT. In this paper, we study the existence of weak solutions for the
initial-boundary value problems of the nonlinear degenerated parabolic equa-

tion
ou .
5 diva(z,t,u, Vu) + ao(z,t,u, Vu) = f,
where Au = — div a(z, t,u, Vu) is a classical divergence operator of Leray-lions

acting from LP(0,T, Wol’p(Q, w)) to its dual. The source term f is assumed to
belong to LP’ (0, T, W_l’pl(Q7 w*)).

1. INTRODUCTION

Let Q be a bounded open subset of RY and let @ be the cylinder Q x (0, 7)) with
some given T' > 0. Consider the parabolic initial-boundary value problem

% +A(uw)=f inQ
u(z,t) =0 on 90 x (0,T) (1.1)

u(z,0) = up(z) in Q,

where Au = —diva(x,t,u, Vu) is a classical divergence operator of Leray-lions
form with respect to the Sobolev space LP(0, T, Wy (Q)) for some 1 < p < co. The
right-hand side f is supposed lying in L¥’ (0,7, ng’pl(ﬂ)).

We consider, first, the case where A satisfies the classical Leray-lions conditions,
in particular the classical coercivity

alw,t,5,€)6 > algl”. (1.2)

Then A is a bounded pseudo-monotone and coercive operator from the space
LP(0,T, W, P(Q)) into its dual L? (0, T, Wo_l’p/ (€)). In this setting, problems of
the form were solved by Lions [16] and Breszis-Browder [7] in the case p > 2
and by Landes [12] and Landes-Mustonen [I3] when 1 < p < 2 (see also [5],[6],[8]
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for related topics ). When the classical coercivity (1.2 is replaced by the more
general condition

N

a(x,t,s,f)f > Czwi(l‘)'gilp’ (13)

i=1

where now w(z) = {w;(z), 1 <i < N} is a family of weight functions on 2, the
problem can not be solved in the classical Sobolev settings L?(0, T, Wy (R2)).
However, to do this, we must to change this classical setting by the general one
LP(0,T, WyP(Q,w)) related to the so-called weighted Sobolev space Wy (Q,w).
In this direction, we list in particular the work [I7] where the authors have studied
the existence of weak solution of the variational parabolic boundary-value problems

% + A(u) + Aoz, t,u, Vu) = f in Q

w(x,t) = ug(x) on AN x (0,T) (1.4)
u(z,t) =0 in Q,

but under more restrictions on the weight family w (compare with Remark .

Note that, little information is known for the degenerate parabolic. Similar
problems for degenerate nonlinear elliptic equations have been studied in [9] and
[2]. Our aim of this paper is to study the same variational degenerate parabolic
problems in some general case of weight. For that some important lemmas is
firstly proved and the approach of pseudo-monotonicity is used. A simple model of
our problem is as follows

u _ div(|z|*|DuP~2Du) + o(z)[ulP"2u = f in Q

ot
u(z,t) = up(z) on I x (0,T)
u(z,t) =0 in Q.

The present paper is organized as follows: We start with the introduction of a
basic assumptions and main result in section 2, which is proved in section 3. Finally,
we give an example in section 4.

2. ASSUMPTIONS AND MAIN RESULTS

Hypotheses. Let © be a bounded open set of RV, p be a real number such that
2 <p<ooand w={wix):1<i< N} bea vector of weight functions, i.e.,
every component w;(x) is a measurable function which is strictly positive a.e. in
Q. Further, we suppose in all our considerations that,

w; € L, (%), (2.1)
1
wip71 € Llloc(Q)7 (22)

for any 0 < i < N. We denote by WP(£2,w) the space of all real-valued functions
u € LP(Q, wp) such that the derivatives in the sense of distributions fulfill

ou
6$i

€ LP(Qw;) fori=1,...,N.
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This is a Banach space under the norm

s = [ [ fute |pwodw+2 [ e " e

The condition implies that C§°(Q) is a subset of W1P(,w) and conse-
quently, we can introduce the subspace Wy (€, w) of W'?(Q,w) as the closure of
C§°(€2) with respect to the norm (2:3). Moreover, the condition implies that
WhP(Q,w) as well as Wy (Q,w) are reflexive Banach spaces. We recall that the
dual space of weighted Sobolev spaces Wy (Q,w) is equivalent to W12 (€, w*),
where w = {w} = w1 v , 4 =20,...,N} and where p’ is the conjugate of p i.e.

p' = 25 For more detalls, we refer the reader to [10].

Now we state the some assumptions.

(H1) For 2 < p < o0, the expression

Il = Z/|f\ w(a)dr) " (24)

is a norm on W, *(€, w) and it’s equivalent to (2.3). There exists a weight
function o on € such that

ceL'Q) and o771 €Ll (Q). (2.5)

The Hardy inequality

(/Q lu(x)|Po dw) e < c(i/Q |%|Pwi(x) da:) 1/p, (2.6)

holds for every u € I/VO1 P(Q,w) with a constant ¢ > 0 independent of u.
Moreover, the imbedding

WEP(@,w) — L(2, 0) (2.7
expressed by the inequality (2.6]) is compact.
Note that (W,?(Q,w),||.]]|) is a uniformly convex (and thus reflexive) Banach

space.

Remark 2.1. Assume that wo(z) = 1 and there exists v €]%, +oo[N[57, +00]
such that

w;¥ € LYQ) foralli=1,...,N. (2.8)
Note that the assumptions (2.1)) and (2.8) imply that,

o ou 1/p
ol = (3, i Pt o) (2.9
is a norm defined on VVO1 P(Q,w) and it’s equivalent to (2.3) and that, the imbedding

WyP (Q,w) < LP(Q) (2.10)
is compact [10, pp 46]. Thus the hypothesis (H;) is satisfied for o = 1.
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(H2) Fori=1,...,N,

N 1
jao(z, t,5,€)| < BoV/P(z) [eola,t) + 07 [s]P + dowl (@)t (211
j=1
1 ]N .
jai(@,t,5,8)] < fwP (@) [ea(w,t) + o7 [slP+ D> wl (@)g P, (212)
=1
N J
Z[ai(sc,t,&f) _ai($7t78an)](£i _771) >0 vﬁ?’éUERNa (213)
=1
N N
ag(w,t,5,6).5+ Y ai(n,t,5,8).6 > ad wil&l?, (2.14)
1=1 =1

where co(x,t) and ¢ (z,t) are some positive functions in L?' (Q), and o and
[ are some strictly positive constants.

Some lemmas. In this subsection we establish some imbedding and compactness
results in weighted Sobolev Spaces which allow in particular to extend in the settings
of weighted Sobolev spaces.
Let V =W, P(Q,w), H=L*Q,0) and let V* = W~ (Q,w*), with (2 < p < c0).
Let X = L?(0,T,V). The dual space of X is X* = L? (0, T, V*) where i + % =1
and denoting the space W, (0,T,V,H) = {v € X : v' € X*} endowed with the
norm

ullwy = llullx + flu'llx- (2.15)

is a Banach space. Here v’ stands for the generalized derivative of u; i.e.,

T T
/ u'(t)p(t) dt = —/ u(t)'(t)dt for all p € CF°(0,T).
0 0
Lemma 2.2. The Banach space H is an Hilbert space and its dual H' can be
identified with him self; i.e., H ~ H
Lemma 2.3. The evolution triple VC H C V* is verified.

Lemma 2.4. Let g € L"(Q,7) and let g, € L™(Q,7), with ||gnllLr.y < 1 <
r < oo. If gn(x) — g(x) a.ein Q, then g, — g in L"(Q, ), where — denotes weak
convergence and 7y is a weight function on Q.

Lemma 2.5. Assume that (H1) and (H2) are satisfied and let (u,) be a sequence
in LP(0, T, Wy P(Q, w)) such that u, — u weakly in LP(0, T, Wy (Q,w)) and

/ [a(x, t, upn, Vuy) — a(z, t, Uy, Vu)|[Vu, — Vu]dt de — 0. (2.16)
Q

Then u, — u in LP(0,T, Wy (Q, w)).

Now we recall the well-known general Sobolev imbedding theorems for evolution
equations.

Lemma 2.6 ([I8]). Let V. .C H C V* be an evolution triple. Then the imbedding
W2 (0,T,V,H) C C([0,T)), H)

15 continuous.
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Lemma 2.7 ([I8]). Let Z1,Y, Zs be real reflexive Banach spaces. Assume that the
imbeddings Z1 C'Y C Zy are continuous, and the imbedding Z1 C'Y is compact,
0<T <o0,1<p, qg<oo. ThenW ={ue LP(0,T,Z,) : v € L10,T,Zs)}
equipped with the norm

lullw = llullLro,1,2,) + ”u/HLq(O,T,Zg)
is a Banach space and the imbedding W C LP(0,T,Y) is compact.

Existence results.

Definition 2.8. A monotone map T : D(T) — X* is called maximal monotone if
its graph

G(T)={(u,T(u)) € X x X*for all u € D(T)}
is not a proper subset of any monotone set in X x X*.

Let us consider the operator % which induces a linear map L from the subset

D(L)={ve X :v € X*,v(0) =0} of X into X* by
T
(Lu, v)x = /0 W/ (6), o)y dt we D(L), v e X. (2.17)

Lemma 2.9 ([18]). L is a closed linear mazimal monotone map.

In our study we deal with mappings of the form F' = L + S where L is a given
linear densely defined maximal monotone map from D(L) C X to X* and S is a
bounded demicontinuous map of monotone type from X to X*.

Definition 2.10. A mapping S is pseudomonotone with respect to D(L), if for any
sequence {u,} in D(L) with u,, — u, Lu, — Lu and lim,_, o sup{S(uy, ), u, —u) <
0, we have lim,, o0 (S(un), 4y, — u) = 0 and S(u,) = S(u) as n — oo.

Consider the non linear parabolic problem
O b A+ Aol V) = £ inQ
u(z,t) =0 on 90 x (0,T)
u(z,0) =wup in Q.
Definition 2.11. A function u is said to be a weak solution of the initial-boundary
value problem (1.4) if w € C([0,T],H) N L?(0,T,V), %7; e Lr (0,7,V*) and u
satisfies the equation
Ju

E‘FAU-FA()’LL:][ 0<t<T7u(0):u07

where the operator A+ Ay : X — X* is defined by
((A+ Ag)(u),v) = / a(z,t,u, Vu)Vo dz dt + / ao(z,t,u, Vu)v dx dt
Q Q
Proposition 2.12. The operator A+ Ag: X — X* is :
(a) bounded and demicontinuous;
(b) pseudomonotone with respect to D(L)
(c) strongly coercive, i.e.,
((A+ Ag)(u), u) x
l[ullx

— +00, as |ullx — +oo.
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We first consider the Zero-initial value problem,

% + A(u) + Ao(z,t,u,Vu) = f inQ
w(z,t) =0 on dQ x (0,7) (2.18)

u(z,0) =0 1in Q,

Theorem 2.13. Assume that the conditions (H1)-(H2) hold, then problem (2.18)
admits a weak solution for any f € X*.

Theorem 2.14. Assume that the conditions (H1)-(H2) hold and ug € Wy (Q, w),
then the initial-boundary value problem (1.4)) admits a weak solution for any f €
X*.

3. PROOFS OF MAIN RESULTS
Proof of lemma[2.9 Let the map F : H x H — R be defined by

F(f.q) = /Q fgo d.

Note that F' is a symmetric bilinear form, which is also continuous and defined
positively, since

1/2 1/2
/fgadx:/f01/2g01/2dx§ (/ |f|20dx) (/ |g\20d:17) .
Q Q Q Q

Then the Banach space H is an Hilbert space. Finally by a standard argument, we
can identify H with its dual H'; i.e., H ~ H. O

Proof of lemma[2.3 By the imbedding (2.7) and the fact that 2 < p < oo, and
o € L1(Q), we can write

WP (Q,w) <~ LP(Q,0) — H ~ H — W7 (Q,w").
O

Proof of lemma[24) Since gny"/" is bounded in L"(Q) and g, (z)y"/"(z) — gy/",
a.e. in @, then by [15, lemma 3.2], we have

AN A (o))

Moreover, for all ¢ € L™ (Q,7*~""), we have wy%l € L (Q). Then

gny"

/gnsodxﬂ/gwdz, ie. gn—g inL"(Q,7).
Q Q
0

Proof of lemma([2.5 Let D, = [a(z,t, Uy, Vuy,) —a(z,t, un, Vu)][Vu, — Vu]. Then
by [2.13)), D,, is a positive function and by (2.16)), D,, — 0 in L'(Q). Extracting a
(2.7

subsequence, still denoted by u,,, and using (2.7) we can write

U, —u a.e in@Q, D,—0 ae inQ.
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Then, there exists a subset B of @, of zero measure such that for (t,z) € @\
B, |up(z,t)| < oo, |Vu(z,t)| < oo, |ei(x,t)] < oo, wi(z) > 0 and wu,(z,t) —
u(z,t), Dp(x,t) — 0. We set €, = Vuy(z,t) and € = Vu(z,t). Then

D, (z,t) = [a(z,t,un, €,) — alx, t, up, €)](€, — €)

N N
> aZwi|eﬁl|p + aZwi|el|p
i i=1

N
fZﬂw et + ¥ lualr 4 S w0l 1 e
j=1
N
—Zﬁw leste )+ 07 =+ 3w 1l
Jj=1
i.e,
N N 1 N
S@t) > 0 Yl - cnd[14 S wf AP w6
i=1 j=1 i=1

where ¢, ; is a constant which depends on z, but does not depend on n. Since
U (z,t) — u(z, t), we have |uy(z,t)] < My, where M, , is some positive constant.
Then by a standard argument ¢, | is bounded uniformly with respect to n. Indeed,

(3.1) becomes

N ¥ 1/p

; Cot Cr W, Ca t W,
t) > (3 p( L I». _ 1 I3 _ 2 1 )
DI O A Py e

If |e,| — oo (for a subsequence) there exists at least one ig such that |€0] — oo,
which implies that D, (z,t) — oo which gives a contradiction.

Let now €* be a cluster point of €,. We have |¢*| < oo and by the continuity of
a with respect to the two last variables we obtain

(a(z, t,u(x,t),€) — alx, t,u(z,t),€))(e" —€) = 0.
In view of (2.13) we have € = e. The uniqueness of the cluster point implies
Vg, (z,t) — Vu(z,t) a.e. in Q.

Since the sequence a(x,t, u,, Vu,) is bounded in the space Hivzl LY (Q,w?) and
a(z,t,un, Vuy,) — a(z,t,u, Vu) a.e. in Q, Lemma implies

N
a(x, t,Up, V) — a(z,t,u, Vu) in HLPI(Q,w;‘) and a.e. in Q.

We set g, = a(z, t,un, Vu,)Vu, and § = a(z, t,u, Vu)Vu. Asin [4 lemma lemma
5] we can write g, — ¥ in L*(Q). By (2.14]), we have

N
ou
o ; wl'(’?ix?:‘ < a(x,t, un, Vig) Vg,
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Let
N N
ouy, ou

_ ) P — ) P

Zn—zwzlaxi| , Z—szlaxil :
=1 =1
_ Yn Yy
yn*;a y*a-

Then, by Fatou’s lemma we obtain

/ 2ydxdt < lim inf | y+4 yn — |20 — 2| dz dt;
Q Q

n—oo

ie., 0 < lim,,_ o0 SUp fQ |2n, — 2| dxdt, hence

0 < lim inf/ |zn, — 2| dzdt < lim sup/ |z, — 2| dzdt < 0.
Q n—oo Q

n—oo

This implies

N

Vu, = Vu in [[LP(Q,w),

i=1
which with (2.4 completes the present proof. O
Proof of proposition[2.13 (a) We set B = A+ Ay. Using (2.11)), (2.12) and Holder’s
inequality we can show that B is bounded. For showing that B is demicontinuous,
let v. — v in X as € — 0, and prove that,

(B(ve), ) — (B(v),p) forall p € X.
Since, a;(x,t, v, Vo) — a;(x,t,v,Vv) as € — 0, for a.e. x € Q, by the growth
conditions (2.12)), (2.11)) and lemmawe get
a;(x,t,ve, Vo) — ai(x, t,v, Vv) in g (Q, wil_p,) as e — 0
for (i =1,...,N) and
ag(z,t,ve, Vo) = ag(z,t,v, Vo) in Lpl(Q, al_p,) as € — 0.
Finally for all p € X,

(B(ve), 0) = (B(v), ) ase—0
(since p € LP(Q,0) for all p € X).
(b) Suppose that {u;} is a sequence in D(L) with
(i) uj = u weakly in X

(ii) Luj — Lu weakly in X*,

(itl) limsup(A + Ag(u;),u; —u)x <0.
By the definition of the operator L in (2.17)), we obtain that {u;} is a bounded
sequence in VVZ}(O7 T,V,H). By virtue of 1emma we get,

u; — u  strongly in LP(Q, o).

On the other hand,

(Aouj,uj —u) = / ao(z,t,uj, Vuy)(u; —u)dedt
Q
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Thus the Hoélder’s inequality and (i) imply

, , 1/p’
(Aatsu; — ) < [ Jaol'a™ 7 dwdt) " fus ~ ulloio.)
Q

< llaollLr (@0 1uj = ullLr(@.0)5

ie, (Aouj,u; —u) — 0 as j — oo. Combining the last convergence with (iii), we
obtain

lim sup(Au;,u; —u) <0.

j‘)m

And by the pseudo-monotonicity of A (see [9, Proposition 1]), we have

Au; = Au in X* and lim (Auj,u; —u) = 0.
j—o0

Then
lim (Au; + Ag(uj), u; —u) = 0.
]4)00

On the other hand, lim;_, o (Au;,u; — u) = 0, which implies

0= lim [ a(z,t,uj, Vu;)V(u; —u)dzdt

J—00 Q

= lim [ [a(z,t,uj, Vu;) — a(z,t,uj, Vu)][Vu; — Vu] dedt
i—oo Jg

+ lim | a(z,t,uj, Vu)(Vu,; — Vu) dz dt.
J—00 Q
The last integral in the right hand tends to zero, since by the continuity of the
Nemytskii operator, a(z,t,u;, Vu) — a(x,t,u, Vu) in Hf\]:l L”,(Q,wil_p) as j —
~+00. So that
lim [ [a(z,t,u;, Vuy) — alz, t,uj, Vu)|[Vu; — Vu]dedt = 0.
J—00 Q
By lemma |2.5| we have
Vu; — Vu ae. in Q.
Hence ag(z,t,uj, Vu;) — ag(x, t,u, Vu) a.e. in Q as j — oo and since
ao(x,t,u;, Vuj) € Lp/(Q,al_p/)
by Lemma [2.4] we obtain
ao(z,t,uj, Vu;) = ag(z,t,u, Vu) in Lp'(Q,alfp/).
Finally,
B(u;) = B(u) in X™.
(¢) The strongly coercivity follows from (2.14)) O

Proof of Theorem|[2.15 By proposition the operator A 4+ Ag : X — X* is
pseudomonotone with respect to D(L), and the operator A+ A satisfies the strong
coercivity condition which implies that both of the conditions (i) and (ii) in [3]
theorem 4] hold. So all the conditions in [3, theorem 4] are met. Therefore, there
exists a solution u € D(L) of the evolution equation

Ju

EJrAquAou:f
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for any f € X*. In order to prove that u is also a weak solution of the problem
(2.18]), we have to show that u € C([0,T], H). By the definition of D(L) and lemma

we obtain
D(L) € Wz}(oaT, V,H) C C([0,T],H).

Which implies that v € C([0,T], H). O
Proof of Theorem[2.1]} Now we turn to problem (I1.4). Assume that (H1)-(H2)
hold and ug € W, P(Q,w). Let

a;(z,t,u, Vu) = a;(z,t,u + up, Vu + Vug)
for all i = 0,...,N. Then it is easy to see that @, also satisfies the conditions (H1)-
(H2). But 8 , @ and the function co(x,?) and ¢ (,t) in (H1)-(H2) may depend on
the function ug. Analogously, A + Ag : X — X* is defined by

((A+ Ap)(u),v) = / a(z,t,u, Vu)Vodr dt + / ao(x,t,u, Vu)vde dt
Q Q
for u,v € LP(0,T,V), where A = —diva(x,t,u, Vu). Then, by Theorem we
have Theorem 2.14] O
4. AN EXAMPLE

Let © be a bounded domain of RV (N > 1), satisfying the cone condition. Let
us consider the Carathéodory functions
ai(x,t,s,€) = wile|P tsgn(e;) fori=1,...,N,
ao(,t,s,€) = po(x)s|sP~2, p>0,
where o and w;(x) (i =,1,..., N) are given weight functions, strictly positive almost

everywhere in Q. We shall assume that the weight functions satisty, w;(z) = w(z),
x € Q, for all i = 1,...,N. Then, we can consider the Hardy inequality ([2.6) in

the form
Po(x)dx Y C Vu(x Pwdz e

It is easy to show that the functions a;(x,t, s, €) are Carathéodory functions satis-
fying the growth condition (2.12)) and the coercivity (2.13)). On the other hand, the
monotonicity condition is satisfied, in fact,

N

Z(ai(:t,t, s,€) — a;(xz,t,8,€))(e; — &)

i=1
N

= w(x) z:(|ei|p*1 sgne; — 6P sgné)(e; — &) >0
i=1

for almost all (z,t) € Q and for all ¢,é € RY with € # ¢, since w > 0 a.e. in (.
In particular, let us use the special weight functions w and o expressed in terms of
the distance to the boundary 92. Denote d(z) = dist(z, ) and set

w(z) = dz), o(x) = d"(z).
In this case, the Hardy inequality reads

Pt (z xl/p c u(z, t)[Pd* (x xl/p.
([ o oparta) an) ™ < (e [ [9ate P ) )
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For \<p—1, “%’\ + 1 > 0; See for example [9]

Corollary 4.1. The parabolic initial-boundary value problem

J

ou(zx,t) " al ou(z,t) , 4 ou | Op(x,t)

" /Q o (2)u(, Dluz, HP~2p(, 1)

/f(pdxdt Yo € D(Q)
Q

admits at least one solution u in LP(0,T, Wy (Q,d")), for any function f in
LY (0, T, W12 (Q,d)) where X' = A1 —p') and ug € Wy *(Q,d).
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