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LIMIT BEHAVIOR OF AN OSCILLATING THIN LAYER

ABDELAZIZ AIT MOUSSA, JAMAL MESSAHO

ABSTRACT. We study the limit behavior of a thermal problem, of a containing
structure, an oscillating thin layer of thickness and conductivity depending of
e. We use the the epi-convergence method to find the limit problems with
interface conditions. The obtained results are tested numerically.

1. INTRODUCTION

In mathematical physics, one meets several kinds of boundary problems, the
heat conduction, electrostatic, electromagnetic, mechanical of the continuous medi-
ums, where the unknown u satisfies the transmission conditions on the surface of
separation between two domains €2; and Qs:

Ulg, = Ulg, (1.1)
ou ou
o [Vulr 2 S| = oal a2 2 o, (1.2)

where p > 1 and n represents the outward normal vector to the surface of separation,
o1 and o9 are the associated constants to each domain 7 and s respectively.
The boundary conditions of type and are met in thermal conductivity
problems, where o1 and oy designate the conductivities of two bodies. In the
electrostatic or magnetostatic problems o; and g5 are the dielectric or permeability
constants respectively. A transmission problem with the conditions of type
and and p = 2, was studied by Sanchez-Palencia in [§].

Our aim in this work is to study the limit behavior of solutions of a thermal
conductivity problem, this last is in a structure containing an oscillating layer of
thickness and conductivity depending of ¢, ¢ being a parameter intended to tend
towards 0.

A similar problems are found in Brillard and al in [4]. The vectorial case one
finds it in Ait Moussa and al, and Brillard and al in [11 [6].

This paper is organized in the following way. In section [2] one expresses the
problem to study, and one defines functional spaces for this study in the section
In the section {4} one studies the problem . The section || is reserved to
the determination of the limits problems. Finally in the section [6] one will give a
numerical test illustrating the obtained theoretical results.
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2. POSITION OF THE PROBLEM

One considers a problem of nonlinear thermal conduction in a body which oc-
cupies a bonded domain € C R?, with a Lipschitz border 92, composed of a layer
B., with oscillating border E:, of average interface o, of very high conductivity,
and a remaining region €. with a constant conductivity ( see figure . The body
occupying the domain €, is subject to an outside temperature f, f: Q@ — R, and

cooled at the boundary 92. The equations of the problem are:
div(|Vus[P72Vu®) + f =0 in Q,

1
= div(|Vus[P72Vu®) + f =0 in B,

[u*] =0 on E:, (2.1)
1> 1 €
|VUs|p_zaain Q = [-:_a v’u,elp_Q?ain B on Z:,
u® =0 on 09,

where n the outward normal to 9, p > 1 and a > 0.

FIGURE 1. Domain .

Where € being a positive parameter intended to tend towards zero and ¢, is a
bounded real function, 0, e[>-periodic.

3. NOTATION AND FUNCTIONAL SETTING

Here is the notation that will be used in the sequel:
x = (2, x3) where 2/ = (v1,22), A\=1,2, V' = (8%1, %),Y =10, 1[x]0, 1],
¢: R? — [a1, as] where ¢ is Y-periodic and az > a1 > 0, ¢_(2') = p(%),
g €C(D)NLT(R), m(9) = (1) [y wl@)da’, n(t) = lim '~ with ¢ > 0.
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In the following C' will denote any constant with respect to €. Also we use the
convention 0. + oo = 0.

3.1. Functional setting. First, we introduce the Banach space V* = Wol’p(Q).
Let

Vr(s) = {u e WHP(Q) |, € Wl’p(E)},
Ve = {u € WEP(Q) s uly, = c}.
The set VC(X) is a Banach space with the norm of Wy?(Q2). we show easily that
VP(X) is a Banach space with the norm
u— [[Vullpr gy + ||VI"‘|2||L”(2)2 ‘
Let

Go = {u e W, P() : n(aul, € Wl*p(E)} if a <1,
Ve if o > 1.

Do D(0) if a <1,
N {uED(Q):u|E:C} ifa>1.

It is known that Do = G.
Our goal in this work, is to study the problem (2.1)) and its limit behavior.

4. STUDY OF THE PROBLEM (2.1
The problem ([2.1)) is equivalent to the minimization problem

1 1
inf § - Py - P_ . 4.1
Jmf, {p/ﬂs [Vl +p€°‘ /BE [V /va} (4.1)

Proposition 4.1. For f € LPI(Q), the problem (4.1)) admits an unique solution u®
in VE.

The proof of this proposition is based on classical convexity arguments see for
example [3].

Lemma 4.1. For every f € LP (), the family (uf)esq satisfies:

||V“E||1£p(gs) <G, (4.2)
1
o ||Vu5||ip(BE) <C. (4.3)

Moreover u® is bounded in W, (£2).

Proof. Since u® is the solution of the problem (4.1f), we have
_ 1 _
/ IVus [P~ Vus Vo + Tx/ VU [P Vuf Vo = / fv, YveVe.
Q. € JB, Q
In particular, by taking v = u®, one obtains

1
196 0+ 2 19 o = [
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According to the inequalities of Holder and Young, one has
e||P 1 e||P < C €
IVusllpoq.) + e IVusllpopy < C VU Lo
< O(HVUSHLP(QE) + ||vu€||L:D(B ))
1
<C+ ;; ||vu€||LP(Q y T~ ||Vu5||Lp(B )
1
<C+ » ||VUE||LP(Q ) ||Vu5||Lp(B y -
So that
||vu€||L1’(Q ) + HVUEHLp(BE) <C.

Therefore, one will have the assertions and (4.3). It is clair that for a small
enough ¢, the solution (uf) is bounded in Wolp(Q) O

Let us define the operator “m*®” which transforms the definite functions v on B,
into functions definite on X by

1 epe
mfu(xy, xs) = 200 / u(xy, o, r3)drs. (4.4)
e J—ep.

Lemma 4.2. The operator m® definite by (4.4) is linear and bounded of L?(B;)

(respectively WIP(B.)) in LP(X) (respectively Wl’p( )), with norm < Ce™ P more-
over, for all u € W¥P(B,), one has

Jmu =y, < cert [ vap. (45)

Proof. One has

1 EPe
/|m8u\pdx1dx2 :/(2 )P / udxs
by » 4€Pe —cp.

since 0 < a1 < . < ag, and according to the inequality of Holder, (4.6) becomes

1 EPe
/|m6u\pd:c1d:c2 g/ 500 (/ \u|pd:c3>d:c1d:cg
b)) b)) €

TEve (4.7)

1 EPe
< / (/ lul” d:r3>dx1dx2,
28&1 »

—EPe

p

dwlde, (46)

since u € LP(B.) and ([4.7)), it follows that m“u € LP(X). Let u € D(B.). One has

B 10 !
(mfu)(z1,22) = 77(/ u(xl,x27x3€<p5)d$3)
-1

8'1;)\ 261}
1, (1 o
=5( /| a; nmmacie)
6 e Ou
+ex 3a<p B — (1,22, x380: )dx )

1 e du T3 dpe . Ou
- 2ep, (/ _ Oz + (aps)(gﬁxk)axgdx?’)'

—cp
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So that
€Pe Qu Ope . Ou »
dx,
/ |8x>\ / |2<€<,05 /w EEN + (5g05)(€8:5>\)83:3 m“)|
e Ou T3 8%
< dx
2eaq /2 </wa |8ac,\ + (apg)(sax,\ 8x3| )
However, 5 8—‘0 €C(X)N L™ (D), then 62"05 is bounded, and therefore

/}3:)3)\ /B (}3$A|p |2 1) JS—/ IVl

by density arguments, for all u € W1P(B.), one has

v P
/lab\mu / [Vul”.

Let u € D(B.), so that

1 EPe P
||m5u — u‘EHZ;p(Z) = /z KE/ u(xl,acg,xg)dx;;) — u(thg,O)) dridxs,

—EPe
(4.8)
using the inequality of Holder, (4.8) becomes

1 EPe
Hmfu—u|2’|LP(E) 2sa1/ (/_w |u(x1, 2, x3) — u(z1, 22,0)" dncg)dmldxg

< —/ /_ap / a 371,1‘2, dt‘ dx3)d$1da:2
ou
< = pt / dt)dzs )dz,d
/ /w |3] ( o |8x3 (z1,22,t ‘ ) 333) r1dT2

<C€p—1/ (/ < ou P
B b —E€Pe

87333 dl’g)dxldxg
< C’ap_l/ |Vul? dz,
B

€

by density arguments, one has for all u € WP(B,)

I w5y < 2 [ VUl d (19)
B.
Hence the proof of lemma [.2]is complete. O

Lemma 4.3. Let (u®)es>0 C V& which satisfies (4.2) and (4.3)). Then

HV/(mEuE) ;

< Ceh (4.10)
(LP(£))?

Moreover mfuf possess a bounded subsequence in LP(X).

Proof. Thanks to lemma @ one has

|2 — 7 e < C2 /B\vue|pdx.

According to (4.3)), one has

d(mcu®) o
| Hiv(zy < Ce*h

(9$,\
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Let us show that (mfu®) is a bounded sequence in LP(X). From (4.5)), (see,
lemma , one has

Hmsus - us\ZHZ;p(E) < Cgpil/B |Vus|” dz.

According to (4.3)), one obtains

[[meus — uleHZIiP(E) < Cettrl

As u® satisfies [E2) and ([@3), so u° is bounded in W,*(f2), it follows that there
exists u* € WO1 P(Q) and a subsequence of u¢, still denoted by u, such that u® — u*
in WyP(Q), so uf),, is a bounded sequence in LP(X). Since

HmEuEHLP(Z) < Hmsue - ugleLP(E) + HUE|EHLP(E) ’ (4.11)
from (4.11)), there exists a constant C' > 0 such that ||m5u5||'£p(z) <C. O

Proposition 4.2. The solution of the problem , (u®)e, possess a subsequence
weakly convergent toward an element u* in Wol’p(Q) satisfying

(1) Ifa=1:u*|, e WhP(%).

(2) fa>1:u|,=C.

Proof. According to lemma the sequence u® is bounded in VVO1 P(Q), it follows
that there exists an element u* € Wy *(€2) and a subsequence of u°, still denoted
by u¢ such that u® — u* in W, ?(Q). One has

a+p—1

<Ce» and u®|, — u*|, in LP(¥).

[T u€|2||LP(E)

For a = 1, according to the evaluation , the sequence V'mfu® possess a
subsequence, still denoted by V/mfuf weakly convergent to an element u? in LP(X)2,
as mfu® — u* in LP(¥), so one concludes that mu® — u*, in WH?(¥) and
V'u*|, = u?. Hence u*|, € WHP(X).

For a > 1, one shows, as in the case @ = 1 and taking u? = 0, that u*, =C.
Hence the proof of proposition [4.2]is complete.

The limit behavior of the problem (4.1]), will be derived with the epi-convergence
method, (see definition [7.1]).

5. LIMIT BEHAVIOR

Let
1

1
FE(’U,) = 7/ |Vu|p =+ 7/ |Vu|p, Vu S WOLP(Q), (51)
p Ja, pe” JB.

Glu) = — /Q fu, Yue WyP(Q). (5.2)

One denotes by 7; the weak topology on Wol’p(Q).

Theorem 5.1. According to the values of «, there exists a functional F'® defined
on Wy (Q) with value in R U {+00} such that 7, — lim, F* = F* in WyP(Q),
where the functional F'* is given by
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(1) fo<a<l1:

1

Fo(u) = f/ IVul”, Yue W,?(Q).

P Ja

(2) Ifa>1:
F*(u) = / IVal” + / Viu [ ifue G,
if ue WP (Q)\ Ge.

Proof. (a) One is going to determine the upper epi-limit: Let u € G* C Wol’p(Q),
there exists a sequence (u™) in D® such that

u" — u in G%, when n — +o0.
So that u™ — u in Wy?(). Let § be a smooth function satisfying
O(z3) =1if |z3] <1, O(x3) =0if |z3] >2 and [0'(z3)] <2 Vx €R,

and set

we define
" =0 (x)u" |, + (1 —0:(x))u",
One shows easily that ™ € V¢ and u®"™ — u” in G, when € — 0. Since

1 1
Fa(usm) _ 7/ |vus7n|p + ? ‘vua,n|p7
P Ja. p B

=

so that
E(,,EMN 1 g,n|pP 1 e,n|p 1 g,n|pP
Fe(uo™)=— [ [Vuo" "+ - [Vus"™ "+ — [ [Vu™"|
P Jlzs|>2e0. P Jep.<|zs|<2e0. pe B.
1 1
S |VunP + / |Vus P 4 o |V'ur [P (5.3)
\xs|>2wa D Jep.<|zs|<2ep. b
Since ¢, is bounded, one verifies easily that

1
lim {7/ Vs ”} —0. (5.4)
€20 LD Jepo<|as|<2ep.

(1) If « < 1: Since p, —* m(p) in L>=(X) and e!7* — n(a), it follows that

2el—e 2
lim € /905 |v/un‘2|1J _ m(@)n(a)/ |v/u
e=0 p b)) p b))

By passage to the upper limit, one has

1 2 11—«
lim sup F€(u®™) = lim sup (*/ [Vu"” + 2 / Pe |v/un\2 ’p>
|

e—0 e—0 T3|>2ep,

L[ fgup -y 2mielale) /,V,un 3
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(2) If « > 1: By passage to the upper limit, one has

1
lim sup F*(u®"™) = lim sup (7/ |Vu"|p>
|

e—0 e—0 T3|>2e0,

1
:7/|Vu"\p.
P Ja

Since v — wu in G%, when n — +o00. According to the classical result, diagonal-
ization’s lemma [2, Lemma 1.15], there exists a function n(g) : Rt — N increasing
to 400 when & — 0, such that =™ — v in G* when € — 0. While n approaches
400, one will have

(1) fa#1l:
lim sup F°(u®™)) < lim sup lim sup F*= (u"")
e—0 n—+oo e—0
1
< f/ [Vul”.
pJo
(2) fa=1:
lim sup F* (65" < lim sup lim sup F¢(u")
e—0 n—+oo  e—0

<L [ v 2 [0,

If u € Wy P(Q) \ G, it is clear that, for every u¢ e W0 P(Q), uf — u in Wy P(9Q),
one has
lim sup F*(u®) < 4o0.

e—0
(b) One is going to determine the lower epi-limit. Let u € G* and (uf) be a
sequence in Wy ?(€) such that u—u in W, (), so that
xo.Vus = Vu in L (Q)3. (5.5)
(1) If o # 1: Since
1
Fe(uf) > 7/ VP
P Ja,
According to (5.5 and by passage to the lower limit, one obtains

hm mfF / |Vul|”.

2 fa=1:1f hm inf F*(u®) = +o00, there is nothing to prove, because

/|V " + /|Vu‘Z < +o0.

Otherwise, lim l(I)lf Fe(uf) < +oo, there exists a subsequence of F©(u®) still
E—

denoted by F¢(u®) and a constant C' > 0, such that F°(u®) < C, which

implies that
1
— |Vus|P < C. (5.6)
pe™ JB.
So uf satisfies the hypothesis of the lemma [4:3] and according to this last,
V/meuf is bounded in L”(X)?2, so there exists an element u; € L”(X)? and

a subsequence of V/mfu®, still denoted by V'mfu¢, such that V'mfu® — u;
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in L” (£)?, since uf|, — uj,, in L"(X), and thanks to (4.5) and (5.6), one has
mfuf — u,, in L”(X), then meu® — v, in WhHP(%), therefore up = V'uyg,
so that V'mfu® — V'u,, in L”(£)%. One has

1 1
Fe(u®) > f/ |Vu8|p+f/ |Vus|?
D Ja. pe® B,
1 2 l—«
27/ Vs P + = /¢5|V’m6u5|p.
P Ja. p =

Using the sub-differential inequality of

2517(1 P P 2
v — e |v|" Yo e L' (%)%,
p =
one has
1 el
Fe(u®) > f/ |Vus|? + /(pg |V’u|2’p

P Ja, p by

251—(1

+ / ©e |V, |ZF2 V'u, (V'mfu® — V'uy).
b
Thanks to lemma , one has p. — m(p) in L (X), so according to 1}
and by passage to the lower limit, one obtains
2
hmmf F®(u®) / |Vul|” + m / |V, |"

e—0

If u € Wy P(2)\ G* and u® € WyP(Q), such that u® — u in W, ().
Assume that

lim i(r)lf Fe(u®) < +o0.
E—

So there exists a constant C' > 0 and a subsequence of F*(u®), still denoted by
F*(uf), such that

Fe(u) < C. (5.7)

For 0 < a < 1, there is nothing to prove.

Otherwise, One takes the same way as in the case v € G*=!, one has V'mu’ is
bounded in L"(X)?, so there exists an element u; € L’(X)? and a subsequence
of V'mu®, still denoted by V'mus, such that V'msu® — wp in L"(X)?, since
uf), — )y, in L"(X), and thanks to and , one has méu® — uy,, in L’ (%),
then meu® — uy, in WHP(X), so that u € G* what contradicts the fact that u & G,
so that

liminf F€(u®) = +o0.

e—0

Hence the proof of theorem is complete. O

In the sequel, one is interested to limit problem determination partner to the
problem (4.1)), when e approaches zero. Thanks to the epi-convergence results, (see
theorem Proposition and Theorem and according to 7y-continuity of
G in Wy P (Q), one has F© 4 G f-epi-converges toward F® + G in WP ().
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Proposition 5.2. For every f € ) (Q) and according to the parameter values of
«, there exists u* € Wol’p(Q) satisfying

u® — uin Wyt (),

F*(u') +G(u") = inf, {Fﬂ(v) + G(v)}.
Proof. Thanks to lemma the family (u®) is bounded in W, (), therefore it
possess a 7y — cluster point ©* in VVO1 P(Q). And thanks to a classical epi-convergence
result (see theorem , one has u* is a solution of the problem Find

inf {Fa(v) + G(v)}. (5.8)
vEW, P (Q)
Since F equals 400 on W, ?(Q) \ G*, (5.8) becomes
inf, {F (v) + G(v)}. (5.9)
According to the uniqueness of solutions of the problem (5.8)), so that u* admits an
unique 7¢-cluster point u*, and therefore u® — u* in Wol’p(ﬂ). O

Remark 5.3. One shows that the limit behavior of a constituted structure of two
mediums of constant conductivity united by an oscillating non linear thin layer of
thickness e, which the conductivity depends on the negative powers of €, is describes
by a problem with interface ¥, ( ¥ the middle interface of the thin layer). Following
the powers of €, to the interface 3, one has, on the interface ¥, the heat continuity,
a bidimensional problem or the constant heat.

6. NUMERICAL SOLUTIONS

We showed that for a small enough ¢, the solution u® of the problem , in a
certain sense, approaches the solution u* of the limit problem (5.9)). In this section
we interest to the numerical treatment of the problem (4.1)) and (5.9)), to illustrate
the obtained theoretical results. Take the problems nd (15.9), with

Q=] -1,1[x] - 1,1],
Sz, y) = 0.0Lexp(—z* — ¢?),

ve(z) =12+ sin(wg).

We solve numerically the problems (4.1)) and (5.9), using the language FreeFem++
(see,[7]), with the finite elements method and using Newtons method, with p = 3.5
and € = le — 06, and one will have the results shown in figures.
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FIGURE 2. Solution to (4.1)) (left) and to the limit problem ([5.9)
for o = 0.01 (right)
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FIGURE 3. Solution to (4.1)) (left) and to the limit problem (5.9)
for o =1 (right)
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FIGURE 4. Solution to (4.1)) (left) and to the limit problem ([5.9)
for o = 4.5 (right)

Figures [2] show that the solution of (4.1)) approach the one of the limit
problem (5.9)), for « = 0.01, 1 and 4.5 with an error of order 1.64e — 010, 1.1e—05,
and 9e — 014, respectively.

7. APPENDIX

Definition 7.1 (|2, Definition 1.9]). Let (X, 7) be a metric space and (F¢). and F
be functionals defined on X and with value in RU{+o0}. F€ epi-converges to F in
(X,7), noted T — lim.F¢ = F, if the following assertions are satisfied

9% x such that limsup F*(20) < F(z).

e—0

e Forallz € X and all x. with x. > =, limiélf Fé(z.) > F(x).
E—

e For all x € X, there erists 20, x

Note the following stability result of the epi-convergence.

Proposition 7.2 ([2| p. 40]). Suppose that F* epi-converges to F in (X,7) and
that G: X — R U {+o0}, is 7 — continuous. Then F€ + G epi-converges to F + G
in (X, 7)

This epi-convergence is a special case of the I'—convergence introduced by De
Giorgi (1979) [5]. Tt is well suited to the asymptotic analysis of sequences of mini-
mization problems since one has the following fundamental result.

Theorem 7.3 ([2], theorem 1.10]). Suppose that

(1) F¢ admits a minimizer on X,
(2) The sequence (T®) is T-relatively compact,
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(3) The sequence F*© epi-converges to F in this topology .

7€

Then every cluster point @ of the sequence (u®) minimizes F' on X and

if

lim F< (@) = F(u),
e’—0

(u') denotes the subsequence of (W). which converges to .

Lemma 7.1. Let ¢ € L™ (%), a Y-periodic, Y =]0,1[x]0,1[. Let

pe(x) = @(g), for a small enough € > 0.

So that

we = m(p) in L*(X) for 1 < s < oo,
pe =" m(p) in L7(X).

*

Proof. Since . is a €Y -periodic, so one has

we = m(p) in LX) for 1 <s < oo,

e " mlg) in L®(S). (7.1)

Since ¢ is bounded a.e. in ¥, so for every s > 1, there exists a constant C' > 0,
such that

Ltee=mr<c [ o~ mie)

(7.2)
<o [ emme)- [ (eo-me).
p>m(yp) p<m(yp)
Passing to the limit in (7.2), one has . — m(p) in L*(X) for 1 < s < 0. O
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