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MAXIMUM AND ANTI-MAXIMUM PRINCIPLES FOR THE
P-LAPLACIAN WITH A NONLINEAR BOUNDARY CONDITION

AOMAR ANANE, OMAR CHAKRONE, NAJAT MORADI

ABSTRACT. In this paper we study the maximum and the anti-maximum prin-
ciples for the problem Apu = |u|P~2u in the bounded smooth domain @ C RY,
with |Vu\p_2% = Au/P~2u + h as a non linear boundary condition on 92
which is supposed C?? for some 8 in ]0,1[, and where h € L™ (dQ). We will
also examine the existence and the non existence of the solutions and their
signs.

1. INTRODUCTION

In this work we consider the problem
Apu = |[ulP~?u in Q,
(1.1)
20U _ MuP™2u+h on 99,
v

where Q is a bounded domain in RY, with a C?” boundary where 3 €]0,1[, h €
L>=(9Q) and -2 is the outer normal derivative.

For h = 0 in 912, Fernandez Bonder, Pinasco and Rossi [I] proved that the
problem

[Vaul|?™

Apu = |ulP"2u  on Q,
ou
ov
admits an infinite sequence of eigenvalues (\,) such that A, — oo as n — oo.
Martinez and Rossi [4] showed that the first eigenvalue given by

AL = inf{/ [Vu|P —|—/ |ulP : w € WHP(Q) and / lulP =1}
Q Q a0

is simple and isolated with the eigenfunctions do not change sign in .
We will be interested in he case where h # 0 in 0€2. The case where h = 0, is
treated by Godoy, Gossez and Paczka [3]; they have proved in that

|Vu|P~2— = Mul[P"?u  on 0
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(i) The maximum principle holds if and only if A_1(m) < X <
A1(m) with A_1(m) andA;(m) are the principal eigenvalues of the
p-Laplacien with the weight m, for the Dirichlet problem, (respec-
tively 0 < A < A*(m), for the Neumann problem, with A*(m) is the
nontrivial principal eigenvalue).

(ii) The anti-maximum principle holds at the right of A (m) and at
the left of A_1(m) (resp, at the right of \*(m) and at the left of 0.
Moreover it is nonuniform when p < N and uniform when p > N).

In what follows one supposes that any solution of is in C12(Q) with a €
10, 1[.

2. THE MAXIMUM PRINCIPLE

The following result will be proven.

Theorem 2.1. The maximum principle holds for problem if and only if X <
A1

Proof. (i) Given A < A1, 0 £ h € L*(99Q) and u be a solution of (1.1, let us show
that u > 0 in Q. We recall that u is a solution of (1.1)) if and only if

/|Vu|p72Vqu+/ |u\p72uv:/\/ |u|P~2uw + hv (2.1)
o Q lo) a0

for all v € W1P(2). Applying this equality to u~, one finds

/|Vu|p_2VuVu_ +/ P2 uu™ :)\/ [ulP~2uu™ + hu™.
Q Q o0 [e]9)
/\Vu—\u/ |u_|p:)\/ \u-|p—/ hu-,
Q Q o o
/\/ |u—|P—(/ |VU_|p—‘r/ |u—|P) :/ hu~.
o0 Q Q o0

However, A < Ay = inf{ [, [Vul? + [, [ul? : w € WHP(Q) and [, [u[? = 1}, so
/ hu*:A/ P — (/ |vu*|p+/ u?)
o9 o9 Q Q
g)\l/ =P — (/ |vu*|p+/ w ) <o,
o9 Q Q

Moreover h Z 0 and u~ > 0 thus [, hu™ > 0 from where [,,hu~ = 0. Con-
sequently X [0 [u™[P = [ [Vu~|P + [, [u™|P; i-e, u™ is a positive eigenfunction
associated with A.

If A # A1 thenu™ change sign on 99 by [4, lemma 2.4], which is not possible, so
u” =0 on 90 Hence 0 =\ [, [u™ [P = [, |[Vu~|P + [, |u” " and thus u~ = 0 in
Q.

Then

and

If A = A\; then u™ is a positive eigenfunction associated to A\; and it is in C1* (),

sou” >0 or u~ =0 inQ by the following maximum principle.
Theorem 2.2 (Vasquez [5]). Let u € C*(2) be such that Apu € L2 (Q), u > 0
a.e in Q and Apu < B(u) a.e in Q, with §: [0, +o00[— R is a increasing continuous

function, 3(0) = 0 and either 5(s) = 0 for some s > 0 or (5(s) > 0 for all s > 0 and
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fol (J(s)™ v ds = oo with j(s fo t)dt). Then if u does not vanish identically on
Q, it is positive everywhere in Q.

Moreover if u € CH(Q U {xo}) for an zo € N that satisfies an interior sphere
condition and u(zg) =0 then ‘9" “(x0) > 0 where n is an interior normal at x.

Indeed, (v~ > 0oru~ =0)in Q, and if there exists xg € I such that u™ (zg) =
0, then 2%~ (z0) < 0. However |Vu™ P72 (z4) = Ai|u™(z0)[P~2u" (z0) = 0 and
thus Ve~ =0in Q; ie,, v~ =0 in Q. Consequently u > 0 in€Q.
(ii) Given A > A1, and one supposes that the maximum principle is applicable to
the problem ; ie., for all h € L*>®(09Q), if h 2 0 then any solution is positive
on (.

Considering ® a positive eigenfunction associated to the first eigenvalue A1, and
h = (A—A1)|®[P72® % 0, one checks that ¥ = —® < 0 is a solution of (L.I), but
this contradicted the maximum principle. [

3. EXISTENCE AND NONEXISTENCE OF SOLUTIONS FOR (1.1))

In this paragraph one shows stronger results existence and nonexistence. They
are stated in the following theorem.
Theorem 3.1. Given h € L>®(9Q) such that h > 0 in 0.

(1) IfA < Ay and h 2 0 in 0N), then the problem admits an unique solution u
which is in C*(Q) andu > 0 on €.
(ii) If A= X1 and h 2 0 in 0N, then the problem has no solution.
(iii) If A > Ay then the problem does not have any solution u such that v 2 0
on (1.

For the proof of this theorem we need the following lemma.

Lemma 3.1. Let u be a solution of (L.1)) with w > 0 on Q, and h > 0 in 9Q (or
h <0 in 0S). Then Vo € C1(Q) wzthgp>0 in 2, one has

s e +/hp1_/\w|f’ / (3.1)

Moreover, the equality holds if and only if ¢ is a multiple of u.

Proof. Given u and ¢ in C1(Q) with « > 0 and ¢ > 0 on Q, we denote R(p,u) =
|Ve|? — \Vu\p_QVuV(uf:), and we prove that R(p,u) > 0 and that R(p,u) =0
if and only if there exists ¢ > 0 such that ¢ = cu.

One has R(p,u) = [VolP + (p — 1) |VulP — p&—|Vu[?~>VuVe. Applying
Minkovsky inequality to |V¢| and ‘;’:: |VulP~!, one obtains

1 1 r1 _
< 5|Vsﬂ\p+ 5(F|Vu\p Bk (3.2)

where %—&—% = 1. This implies ii: |VulP~H V| < %|V<p|p+%(‘5—z|Vu|p_l). And
it follows that

R(p,u) = |Vo|? + (p — )—qulp —p |Vu|p 2VuVy > 0.
The inequality (3.2)) becomes an equality if and only if
¥
Vel = |Vul. (3.3)
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Let ¢ = 2 > 0. Then we have p(z) = ¢(x)u(x) which implies Vi = yVu + uVi.
Then (3.3)) is equivalent to |¢Vu + uVi| = ¥|Vu|, which is true if and only if
u?|V|? = —2uhVuVey. We have also:

(R(p,w) = 0) & |Vl = [Vul’ 2 Vul| V(£)7u)
& [Vl = [VulP (£)7 + ulVul” % Vu| Y (y7).
Since |Vg| = ¢|Vul, one has
R(p,u) = 0 & [Vul"~?|VulV(1P) = [Vul"*(VuVy)py?~ =0

If |[Vu| = 0, then implies that |[Vy| = 0. And in this case u and ¢ are
constants; therefore there exists ¢ > 0 such that ¢ = cu.

If |Vu| # 0, on the set {|Vu| # 0}, is equivalent to VuV = 0. Therefore,
one has also is equivalent to —2¢VuV (1)) = u|Vy|? Thus VuVey = 0 if and
only if |V | = 0, which is equivalent to ¢ equals a constant.

Consequently R(p,u) = 0 if and only there exists ¢ > 0 such that ¢ = cu.
Conclusions:

(1) 0< foR(p,u) = Jo [VelP = [o [VulP~2VuV (£5) for all(u, ¢) € (C1(0))?
Withu>Oand<p200nﬁ.

(i) [y, Rlp,u) = [, |VelP — [ |VuP~2VuV(:£7) = 0 if and only there exists
¢ > 0 such that ¢ = cu.

Then if u is a solution of (L.1]) and ¢ € C*(Q) such that ¢ > 0 on Q, we get

p—2 i p—10 '\ _ / -1 / h L
Lwarvav En + [ Em x| @i+ [ nts

Consequently,

Vol|P by p—1 Sop h (pp p—1 (pp
< _ -1 7 N _ -1 ¥
o< [1welr =3 [ @t - [ nE s [,
Sap
OS/IVW’*/\/ sﬁ”*/ h _1+/90”,
Q a0 o uP Q
D
/|V<p|p+/gap2)\/ gop+/ hd) ) (3.4)
Q Q a0 o ur~!

If there is equality in (3.4) then [, R(y,u) = 0 which is equivalent to R(¢,u) =0
almost everywhere in {). So there exists ¢ > 0 such that ¢ = cu. O

then

and

Proof of Theorem[3.1. The case of A < Ai: (i) Existence of the solutions for the
problem (1.1)): One considers the function ® : WP(Q)) — R defined by

w) = ([ v+ [m) =2 [ = [ ho.

(a) ® is C! and weakly lower semi-continuous.
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(b) Let us show that @ is coercive: Let v € W'?(Q) such that [|v||w1.r(q) # 0, and

we consider u = —r—"—— and s = [|[v||1.r(q). So we have
”U”Wl,p(n)
D(v) = P(su

fsp / [VulP + / |u|p )\/ |u|p - s/ hu
l

= AW )Hu”vvlp(g slhllaoe llullLe o0
1 A
—sP(l— ) — [Pl Laan
p A ()\1)1 (692)

Thus as s — 400 one has ®(su) — +o0; i. e. ®(v) — +00 as [|v||wir) — +00,
so @ is coercive. The function ® is weakly lower semi-continuous coercive, so it
admits a critical point u which is solution of .

(ii) One shows that u > 0 on Q. According to the regularity and the theorem
one has u € C1(Q) and v > 0 on Q. And with the maximum principle by Vazquez
[5], one gets u > 0 on . Moreover 99 is C*#, so u > 0 on Q, because if there
exists xg € 9 such that u(xo) = 0, then g—Z( 0) > 0; ie. {T( 0) < 0. However,
|VulP~ Qg}j (w0) = MulP~2u(z0) + h(z0) = h(z0), then |Vu|P~ ng (z0p) = h(zg) < 0.
That is impossible since h > 0 in 9. So u > 0 on €.

(iii) Uniqueness of the solution: By contradiction one supposes that there exist two
nontrivial solutions of wand v with h 2 0 in Q. According to what precedes
one has u > 0 and v > 0 on Q. And Applying lemma at v and v one gets

p
N A Y “ﬂg/ |VU\P+/ =2 v+ [ w35
o0 oq uP Q Q 0 o0
Then
'4 p—1 _ ,p—1
A/ h(— )—/ ho < 0, i—e/ ho(—— Y <. (3.6)
oo uP~! o) 0 (s
By exchanging the roles of u and v one has
p—1 _ ,p—1

/ hu(*———) <. (3.7)

PY) up

Inequalities (3.6) and (3.7) imply

/‘h@«“% ) ()] <0
o0

up—1

Le., [ooh[(wP™! —oP ) (55 — 41)] < 0. Consequently

uP

/ h(vpfl _ upfl)(vp _ up) <0
a0 u -

p—1lyp—1

However,
(07~ — 1) (o — uP)
up—1lyr—1

and h > 0in 09Q. Then (3.6 and (3.7) are equalities, and one has equality in (3.5));
that is true if and only if w is a multiple of v. Consequently there exists ¢ > 0 such

>0
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that © = cv on Q and since «v > 0 andv > 0 we have ¢ > 0. Replacing u by cv in
equation (1.1]), one obtains
A,(ev) = |ev[P2cv  in Q,
0
|ch|p_2% = Mev[P%cv +h  on 9Q.
v

This is equivalent to

Ap(v) = v|P~?v in Q,

on 0f2.

20(v) 2,
Vo220 = Aol + S
But v is a solution of then Cp% = h, and sinceh # 0 one has ¢ =1 and u = v.
So the uniqueness of the solution of in the case A < A\; and h 2 0 is proved.

The case A = Aj: Suppose that there exists u € WP(Q) a nontrivial solution of
(1.1). One has u € C*(Q) and u > 0 on Q. And let ¢; be a positive eigenfunction
associated to A1, then ¢, € C1(Q) and ¢; > 0 on Q. Applying lemma at u and

(1 one gets
[ < [Iverr [ e
o o0

However [, [Vp1]? + [, [p1]P = M faﬂ ©f, then [, hotis £ =0 and hufil = 0o a.e.

in 0. But ¢; > 0 andu > 0 on Q and h # 0 in 9Q a contradiction. Then if A = )\
and h 2 0 in 99, problem has no solution in W1HP(Q).

The case of A > A;: By contradiction we suppose that there is u 2 0 a solution
of (L.I). Then u € C'(Q) and u > 0 on . Lemma 3.1]implies

vy
A/ sa”+/ h—— S/IWIP+/ Vel?
a0 an uP Q Q

This implies that X [, o* < [, |Ve|? + [, [Vel? for all ¢ € C1(Q) with ¢ > 0.
Also by density A [, 0P < [ [Ve|P + [ [Vo|?|P for all ¢ € WHP(Q). Then
A < JalVel + o [Vell”
faQ ©P
Consequently A\ < A;, which is a contradiction, and the result follows. (I

Yo € WHP(Q) with / P £0
on

4. THE ANTI-MAXIMUM PRINCIPLE
In this part we study the anti-maximum principle for the problem (1.1).
Theorem 4.1. Given h € L (0Q) with h = 0, there exists § = §(h) > 0 such that
if M1 < A< A+, and u is a solution of (L.1]), then
u<0 inQ and ?<0 on 0f) (4.1)
v

It will thus be said that the antimaximum principle (AMP) holds on the right
of )\1.

Proof. By contradiction we suppose that for all k& € N* there exists (ur)r C R)
such that

1
/\1<,Ltk<)\1+%
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and there exists (ug)r C WHP(Q) so that

Apug, = |uk|p*2uk +h in Q,
(4.2)

)
IVUMH% = pg|urP"2up +h  on 9Q

and uy, does not check (£.1)). One has according to the regularity result u, € C1%(€2)
for some « €]0,1[. And |lug||e does not remain bounded. Indeed, if there exists
M > 0 such that ||ug|lcc < M for all k, then ||Apuy| = [[Jug[P7 oo < MP™L = M,
and we get also HukHcl,a(ﬁ) < K; independently of k.

So since (ug) € CH*(Q)—C*(Q), compact, then for a subsequence uy — u in
C1(Q2). Moreover, if

Apuk = |uk\p72uk + h in{Q,

Ou,

p—2
|Vuk| aV

= pu|ug|P"Pup +h on 0L,
then
Apu = |ulP~2u  in Q,
|Vu|p_2% = M[uP"2u+h on 9.
This contradicts the result of theorem [3.J]which ensures the nonexistence of solution
for when A = A\ and h 2 0. Consequently ||ug|/cc — +00.

Let us consider vy = t—, so lvglloo = 1 and as previously for a subsequence
o

v — v in C1(Q) with ||[v]|e = 1. Also v solves

A
Btk = ﬁ = [ox[P" 20 in Q,
Uk ||oo
(4.3)
|v“k|p_2% - -1 \Vuk|p_2% = pog|P 2o + ———  on Q.
W luglls I (][5
Then

Ayv = [v|P~%v in Q,
|Vv|p72% =M [vP"%v  on 9Q.

So v is a eigenfunction associated to A; and v # 0. Applying again the maximum
principle one has (v > 0 in ) or (v <0 in ). -

(i) f v > 0 in 2, then for k sufficiently large we have vg > 0 inf2, but vy is a
solution of (L.1)) with A = pp > Ay and b/ = # 2 0 on 0N which leads to a

contradiction with the theorem Bl -

(i) If v < 0 in €, one has |Vo|P~252 = \i[v[P=2v < 0 in OS2, then 22 < 0 in 9Q.
So for k sufficiently large, (vy < 0 in  and %LV’“ < 0 in 99). This means that wuy
checks . Contradiction with the assumption. This completes the proof of the

anti-maximum principle. [

Now we study the uniformity of this principle. One will show that the AMP is
nonuniform on the right of A\; when p < N, and uniform when p > N. In the latter
case one will characterize the interval of uniformity. Moreover one shows that the
AMP still holds on the right of this interval but not uniformly. For this, one shows
accesses the following result.
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Lemﬁma 4.1. If p < N then A\ = AL If p >7N then M1 < A1, and the interval
JA1, A1| does not contain any eigenvalue where Ay = infyep( [, |[Vul? + [, [u?) and

P={uewW"(Q): / [ul’ =1 and u vanishes in some ball in Q}.
a0

Proof. Tt is clear that A; < ;.

(i) If p < N: As in Godoy, Gossez and Paczka [2], one defines a sequence (vy )y as

follows: For k € N*,

1 if |[x| > 1/k
2klx] —1 if 1/(2k) < |z| < 1/k,
0 if |z| < 1/2k

Note that viconverges to the constant function 1 as k — +o0 in Wé’cp(RN). Given
xp € , and u a eigenfunction associated to Ay; i.e., A\; = W, then the
oQ
sequence (wy,) defined by wy(z) = u(z)vg(z — ) vanishes in the ball B(zg, 57)
and
Jo IVwrl? + [ lwel? [ [Vul? + [ |[u?

-
fag |wk|p faQ |u‘p
So A < Aq, then A\ = Ag.

(ii) If p = N: One defines a sequence (v )y as follows: For k € N*|

A < as k — +oo

1— i if || > %
vp = |z — 1 i ($)Y0 <z < 1
0 if x| < (§)1/%,

where 0y, satisfies (£)% =1—+. (§, =1— 1nl§1k(-£)1) — 0 as k — +00). And (wy) is
as previously, and we show that
Jo IVwe [P+ [o |wg|P . Jo IVulP + [, [ul?
Joq lwil? Joq lul?

as k — +oo

Indeed
1
Jrwr=[ e gu@r [,
Q |z—z0|> (#) %k <[z—w0|<
and

1
lz — a0l — 7 (@),

L L
k k

1 2
[ o = aol’ = pPlul <=2 [ o u(z)l? 0,
() %% <lz—wo|<§ () %k <Jz—wo|<

1
®
consequently

< Jo IVwrlP + g [wel? R JoIVulP + Jq [ul” — A

faQ |we | faﬂ |ulP

then A} = \p.
(iii) When p > N, we have

N — i P p
i g (o o)

where G = {u € W'P(Q) : [,o|ulf = Land 3zg € Q : u(zg) = 0}. Since
Whp(Q) - C(9), the minimum is achieved in a certain function %, that one can
cp
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suppose positive on . And there exists zg € Q such that @(zg) = 0. Let us show
that it vanishes only once on Q.

One assumes, by contradiction, that there exists 1 # zo € Q with w(z;) = 0.
Setting F' = {u € W'P(Q) : [, |u[’ =1 and u(zo) = 0} and p = inf,ep( [, [VulP+
Jo [ulP), one gets Ay <y, w e F and Ay = [, [VTlP + [, [ulP then Ay = p.

Applying the standard theorem on Lagrange multipliers, we ensure the existence
of (a1, as) € R? such that for all w € W1P(Q) with w(zg) = 0 one has

O (u).w = a1V (7). w + ¥y (u).w = ag ¥ (u).w
where Wy (u) = [ [ulP =1, Ua(u) = u(zy) and ®(u) = [, [Vul? + [, [u|?. Then for
allw € WHP(Q) : w(xo) = 0 one has [, |[VuP~2VaVw+ [, @ w = oq [y, W~ w.
Taking w = 7 one gets a; = A\; and

/\VH|P*2VﬁVw+/ap*1w:,\i/ a? (4.4)
Q Q o0

for all w € W1P(Q) with w(z¢) = 0. By the same process, one has

/\VH|P*2VﬂVw+/ﬂp*1w=T1/ aw
Q Q o0

for all w € WHP(Q) with w(z1) = 0. Knowing that for all w € W1P(Q), there
exists (wo,w;) € (WHP(Q))? such that w = wg + w1, wo(w) = 0 and wy (x1) = 0,
one arrives at the result: For all w € WhP(Q),

/\VHVJ’QVEVer/ﬂp*lw:)\i/ P (4.5)
Q Q o9

Then )\ is a eigenvalue and 7 is a positive eigenfunction associated. However by
[4 Lemma 2.4], \; = A\; and @ > 0 on by the maximum principle. But this
contradicted the assumption that @ vanishes in Q. Consequently @ vanishes only
once on 2, and

X:/ |vmp+/ @l = inf (/ |Vu|p—|—/ |u|p)
Q Q u€F \ Jo Q

with @ > 0 in Q\{zo} and @(zo) = 0.
Now one considers u.(r) = max(t(z),e) and B, = {z € Q : u(z) < €} where
€ > 0. One has u, — @, as € — 0, in WHP(Q), and

/ |uc|POo = / [@|POo + ep/ 0o — [a|POo =1
90 90\ B. oanB. <0 Jaq

Then [, [ue[?dc > 0 for e enough small. One hopes to show that

Vu|? + M L
Joq luel? Q 0

for € enough small. We notice that

/ lue? = / P —/ u? + e’ meas(2 N By),
Q Q QnB.

/ |ue|? =/ ﬂp—/ uP + €’ meas(B, N 0N),
a0 a0 B.NoN o

/|Vu5|p:/ \me/ vl
Q Q QNB.
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and we conclude that
Aszfﬂ‘ uel” + fo luc| —/\VHV’*/WV’
faQ |uel? Q Q
_ fQ ‘VU6|p + fQ |u6|p - f{jQ ‘uelp(fg |Vﬂ|p + fQ ﬂp)
faQ |uc|P

_ (/Q |vmp+/s2 ) e

(fB non @ — € measG(B noQ)) — (fQﬂBE [Val” + meBe u? — ePmes(B.))
- fBeﬂag [@|P + P meas, (B, N S2) :

where

C. =

We will prove that A, /e converges towards a non positive value. For that we recall
that @ checks the property (4.4]), and considering the sequence v, = min(u, €) we

get
/ |Vﬂ|”+/ uP :71/ P + e(P.),
QNB. QNB. 0QNB.

where P. = \; fE)Q\B P fQ\B W= A [T = [uP as e — 0.

If Ay [, @t = [T —! then ) holds for w = 1; consequently it holds also
for all  in W1P(Q) because ¢ = 1/1+g0(x0)w with ¢ = ¢ —p(x¢). So T is a positive
solution of the problem

Ayv = [vP%v in Q,
o
|Vv|p_28—v =\ [v[P"%v  on 09,
v

then @ > 0 on ), absurdity since %u(xp) = 0. So we deduce that Tlf{m uP~l £

JoT -
If Xy [ @' < [ @l then since [, p T = o(€”) one has

1 _
—(/ |Vﬂ\1’+/ ) — Al/ ﬂpfl—/ﬂpfl <0.
€ JonB. QNB. =0 a0 Q

This implies that for € enough small [, » |Val|? + [, @ <0, which is not true.
Then Ay [ uw?~' > [, wP~ 1. Moreover 1 — J5 oo @ + €’ meas, (B, N 9Q) — 1 as
e —0and [ T — € measy (B N IN) = o(e?), then

1 Vu|? + P —
,(fQ| ucl? + Jo el 7/ |Vﬂ|p7/ [Py — )\1/ P! 7/ﬂp71 <0
€ Jaq luel? Q Q =0 a0 Q

So for e enough small A\; < M < JoIValP + [, [alP = A1. Conse-

Joa \u€|l"

quently, A\; < A;. To complete the proof, one shows that there is no eigenvalue in
JA1, A1]. Let us suppose by absurdity that there exists an eigenvalue u in [\, \i],
with associated eigenfunction v. By [4, Lemma 2.4], v changes sign on 95, conse-
quently it vanishes somewhere in Q. Then v € G, so

D N L A A
o0 o0



EJDE/CONF/14 MAXIMUM AND ANTI-MAXIMUM PRINCIPLES 105

Since [, [v[P # 0, one concluded that Ay = . In this case v satisfies (4.5), and it
vanishes only once on 2. Applying (4.5) to w = v~ one obtains

X[ WP = IV B 1 T
a0
then v~ vanishes only once on Q. Contradiction since v changes sign on 95. (]

Theorem 4.2. Ifp> N
(i) For all h € L>(09), such that h = 0 in Q, if A €]A1, \1], then any solution
u of (L.1) satisfies u <0 in Q.

(ii) A1 is the largest number such that the preceding implication holds.
(iii) Given h € L>(0R), h 2 0 in 0Q, there exists 6 = §(h) > 0 such that if
A <A< AL+, and u is a solution of (1.1]) then u < 0 on Q.

Theorem 4.3. The AMP is not uniform on the right of A1 for all1 < p < oo; i.e.,
there is no 6 independent of h satisfying (i).

The proof of this result is a consequence of the following theorem.

Theorem 4.4. Given € > 0, there exists h € L>(99), such that h = 0 in 0Q and
if M1+ € < X then problem (1.1) does not admit any non-positive solution.

Proof of theorem (i) Given h € L*(02), such that h = 0 in 99, and
A €]A1, A1], then if u is a solution of (L.1)), it does not satisfy v Z 0 on Q by the
Theorem (3.1} Taking u~ # 0 as testing function in (1.1]), one gets

/|vu—\P+/ |u‘|p:)\/ \u—|p—/ hu_g)\/ P
Q Q o0 o [e]9)

If [oo|u™[P =0, then [, |Vu™ [P+ [, |u” [P = 0, consequently u~ = 0, this is not
true, so [, [u~|? > 0. One deduces that

JoVu™P + o lu™|P

<\
faQ lu~[P

If A < Ay then

Yy~ |P —|p L
f[‘)ﬂ |'LL |p weG\ Jq Q

so u~ ¢ G i-e u~ does not vanish any where on Q. Consequently u < 0 on Q. If
A = \; then Jo [Vu” 1"+ lu”|" < A1. Two cases are distinguished: If u~ ¢ G then

20 |u_ Ip

—_ —|P —|P JE—
u < 0on ). Butifu™ € G then Jo lv} | ‘:,f‘%lu - A1, and v~ vanishes only once
o0

on Q. In this case one has the equality

/ hu*:)\/ \u*|t/|vu*|f’+/|u*\ﬁ:o,
o0 N Q Q

so u~ vanishes on the set where h # 0 which is of positive measure. Absurdity. So
u~ ¢ G and as previously u < 0 on .
(ii) This part is a consequence of Theorem
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(iii) This result is similar as Theorem As in his proof we suppose, by contra-
diction, that for all £ € N* there exists (ux)r C R) such that Ay < pr < A1 + %,
and there exists (uy)r C WHP(Q) holding

Apup, = [ug[P"2u + b in Q,
ou .
VurP 2 5 = g fug P~ up + b in 99,
v
where uy, is not non-positive on 2, and u, € C1*(Q) for some a €]0,1[. One
distinguishes two cases, either ||ug|/c remains bounded, or ||ug||cc — +o0. In the
first case, one has for a subsequence u; — u in C*(Q), and u solves

Apu = [ulP?u in Q,

ou —

|VulP~2— = A\ |ulP?u+h on 0.

ov
By part (i) one gets u < 0 on 2. Contradiction. In the second case one considers
Vg 0 ||vk]le = 1 and as previously for a subsequence vy — v in C1(Q)

= 7”16
fleeslloo?

with ||v|lec = 1, and v solves
Ayv = [v|P~%v in Q,
Vo222 = X JolP~2v  on 9.
v
But this yields a contradiction since by Lemma A1 is not an eigenvalue.

Proof of theorem[{.4, Assume by contradiction that there exists € > 0 such that for
any h Z 0 there exists A(h) with A(h) > Aj+e such that has a solution u(h) < 0
in Q2. We consider p € C'(9) satisfying | a0 l¢lP # 0 and ¢ vanishes in some ball in
Q, and we choose h € L>°(9Q), such that A = 0 in Q and supp ¢ Nsupph NIQ = (.
Applying Lemma to || and v = —u(h) > 0 in Q, we obtain

A(h) / ol < / Vol + / 0P,
oN Q Q

Then
— VolP 4+ p
%i+e <A < 2V Lo ol
Joo lel?
for all ¢ € WP(Q) satisfying [, [¢[? # 0 and ¢ vanishes in some ball in ©, which
contradicts the definition of ;. O
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