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NONRESONANCE CONDITIONS FOR A SEMILINEAR WAVE
EQUATION IN ONE SPACE DIMENSION

AOMAR ANANE, OMAR CHAKRONE, ABDELLAH ZEROUALI

ABSTRACT. In this paper we study the existence of periodic weak solutions for
semilinear wave equations in one space dimension in the case of nonresonance.

1. INTRODUCTION

In this paper we consider the existence of periodic solutions for the wave equation

Du:au"’ﬂuz_’Yut"'g(xvtvu)—’_h(l’vt) in Qa
u(z,t +27) = u(z,t) in ]0,7[XR, (1.1)
u(0,t) =u(m,t) =0 ¥VteR,

where @ =0, 7[x]0,27[, O = g—; - 8‘3—; is the D’Alembertian, (o, 3,7) € RxR xR,
h is a given function in L?(Q), and g :]0,7[xR x R — R is 27-periodic in ¢ and a
Carathéodory function (i.e. measurable in (z,t) for each s € R and continuous in
s for almost all (x,t) € Q).

We are interested in the nonresonance for the problem (i.e. in the condition
for the function g such that there exist a solution u € L?(Q) for any given h €
L?(Q)). We will assume that g satisfies the following conditions:

(C1) g(x,t,s) is nondecreasing in s;
(C2) for s #r, (z,t) € Q, we have

> — -

BZ g(l’,t,’f‘) _g(xata S)
.

(C3) for all R > 0, there exists ¢ € L?(Q) such that a.e. (z,t) € Q,

t < t);
|ISI|12>1(2‘9($7 35)| = QSR(:E? )
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(C4) a.e. (z,t) € Q, we have

2 2
t
Ak — ’YZ—&—% —a<l(z,t):= \EBE&;M
t
< limsupw = k(z,t)
|s]—+o0 s
2 2
B
Apaq — -+ 2
< Ak+1 1 + 1 «,

where A\ and Agy1 are two consecutive eigenvalues of the D’Alembertian,
and o(0) denotes the spectrum of the D’Alembertian.

Problem has been studied with conditions of resonances by several authors
mention in particular: In the case « = 8 = v = 0 and h = 0 Benaoum in [3] 4],
Mustonen and Berkovits in [5, [6l [7, [§], and Brézis and Nirenberg in [12]. The case
g(x,t,8) = g(s), has been studied by Mustonen and Berkovits in [9]. The case
B8 =7 =0 and « is a eigenvalue of the D’Alembertian operator ((J), has been
studied in [7]. The case 8 = 0 and « is a eigenvalue of the operator T' defined by
Tu = Ou + yuy, where u; = %—7;, has been studied in [5, 12]. In the general case,
Anane, Chakrone and Ghanim in [2]. In the case of nonresonance, the problem
has been studied by Mustonen and Berkovits in [6] and [10], and by Brezis
and Nirenberg in [12] but only in particular cases. The situation that we consider
here is marked by the presence of one term of transportation Vu, what constitutes
an extension of the cases studied by Mustonen and Berkovits in [0, [I0]. In our work,
we show (see Corollary while using homotopy argument given by Mustonen and
Berkovits in [6], and of analogous techniques developed by Anane and Chakrone
in [I] for the Laplacian (A), that the problem has at least a solution for all
h € L*(Q).

2. REMARKS AND NOTATION

Let d, u € R such that 6 < u, we introduce the following general hypothesis For
a.e. (z,t) € Q, we have

2
t
d+ ~_ a <#l(z,t) := liminf 9(@,t:5)
4 |s]—+o0 S
t
< lim sup g(@,t,5) = k(z,t) (2.1)
|s]—+o0 8
2
<#Fu+ % -«

The notation <z means that one has an large inequality on @) and strict on a set
of measure different from zero.

Remark 2.1. (1) We denote by Tu = Ou + yus. Then
(i) T is a densely defined closed linear operator with closed range.
(i) Im(T) = [ker(T)]*.
(ii) A is a eigenvalue of the D’Alembertian if and only if A — % is a eigenvalue
of T
(iii) If Tp is the restriction of the operator T on Im(7T) = T(D(T)), with D(T)
is the domain of the operator T', then T; has compact inverse.
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For the proof of the remarks (i)—(iii), see [4].
2 ~
(2) We put g(z,t,s) = (o — %)s + egIg(z,t,efgzs) and h(z,t) = egzh(a:,t). Let
N:L*(Q) — L*(Q),
N(u) = §($7t7u)

be the Nemytskii operator generated by the function §. For r € [0, 1], consider the
operator H, : D(T) C L*(Q) — L?*(Q),

H,(u) = Tu —r(N(u) + h) — (1 —r)\u,
where § < A < p.

If there exists R > 0, for all » € [0, 1] and all uw € D(T),

1/2 2.2
wmnmuz(/ﬁmﬁ — R, then H,(u) £ 0. (22)
Q
(3) If (C1) and (C2) are verified, then g(z,t,s) is nondecreasing in s, thus the
operator N is monotone. This statement and the following are easy to prove.
(4) Condition (C3) implies that for all R > 0 there exists ¢r € L*(Q) such that for
a.e. (z,t) € Q we have

ax [§(z.t,8)| < dp(x. t).
|I§|1§)1(%‘g(x7 )| < ér(z,t)

(5) If (C4) is verified, then for a.e. (z,t) € @), we have

2 . g(z,t
M= L < i) = timing 2509
4 |s]—+o0 S

~ t B 2
< lim sup M =k(z,t) < Agpy1 — X
jsltoo S 4

(6) If (2.1)) is satisfied, then for a.e. (z,t) € Q, we have

) . o
5 < (1) = liminf 2503 < piy gup 92 15)

[s|—+o0 S |s]—+o00 S

= k(z,t) <# p
i.e. for all £ > 0 there exists a. € L?(Q) such that for a.e. (z,t) € Q, and all s € R,
we have

(I(z,t) —€)s® — ac(z,t)|s| < sg(z,t,s) < (k(z,t) + €)s* + ac(z,1)|s|.

(7) Under hypothesis (C3) and (2.1]), there exists # > 0 and n € L%(Q) such that
a.e. (z,t) € @, and all s € R, we have

|9(x,t,5)| < 0]s| + n(z,1). (2.3)
Proposition 2.2. The problem (1.1)) is equivalent to the problem

Tv = g(z, t,v) + B(x, t) inQ,
v(z,t+ 2m) = v(z,t) in 0, T[xXR, (2.4)
v(0,t) =v(m,t) =0 VteR,

Proof. Assume that w is a solution of the problem (1.1). Let v = egzu, it is clear
that v is 2m-periodic in ¢ and v(0,t) = v(m,t) = 0 Vt € R. On the other hand, we
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have
o B s, 8y
Vg = =— = —€2 U+ €27 Uy,
Jx 2
0%v 8. 32 s 8.
Vpz = 75— = Pe2%uy + —e2 u+ e2uyy,,
Ox 4
v s, v s,
vt = T €27 Uy, Uy = 92 €27 Uyt
thus
Ov = Vg — Vgg
2
8 8 8 8
=e?%uy — Pe? uy — Ze?“’u —e?%uy,
B s
=—7v +e2%(0u — fuy)

2
= (0= Do v+ ¥ (g . H0) + (e, 1))

Hence Tv = §(x,t,v) + h(x,t), and v is a solution of the problem (2.4). The
reciprocal implication is demonstrated by an identical calculation. ([

3. MAIN RESULTS

Theorem 3.1. Assume (C1), (C2), (C3) and (2.1). If (H,) does not satisfy (2.2)),
then there exists m(x,t) € L>®(Q), v € L?(Q) \ {0} and (u,) C L*(Q) such that v
is the montrivial solution of the problem

Tu=m(z,t)u in Q,
w(z,t +27) = u(z,t) in]0,7[xXR, (3.1)
u(0,t) =u(m,t) =0 VteR
and

Uu .
n

0 <#m(z,t) <Fp a.ce inQ.
Corollary 3.2. Assume (C1), (C2), (C3) and [2.1)). If there exist two consecutive
eigenvalues of the D’Alembertian A, and Apy1 such that 0 < Ap — % <d<p<
Ak41 — %, then problem has at least one solution for all h € L*(Q).
Proof of theorem As the proof is relatively long, we organize it in several

lemmas. Suppose that (H,.) does not satisfy the estimate (2.2), then Vn € N, there
exist , € [0,1], and u,, € D(T) with |lu,|| = n such that

Tup — (N (un) + iL) —(1=r)u,=0 (3.2)
Let (ot
vy, = Un_ . gnlz,t) = 79(% ) a.e. in Q.
[ [lunl|

The sequence (v,,) is bounded in L?(Q), then for subsequence v, — v weakly in
17(Q).

Lemma 3.3. Assume (2.3) and (3.2). (1) For a subsequence g, — f weakly in
L3(Q). (2) v, — v strongly in L?(Q), in particular, ||v|| = 1, thus v # 0.
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Proof. (1) Dividing (2.3)) by ||u,]|, we have

t
lgn (2, 1)] < O] + @
thus
lgnl < Ol + 120 < g 4 Il

n n

hence g,, is bounded in L?(Q), one deduces that for a subsequence g,, — f weakly
in L2(Q).
(2) Dividing by |un|| in (3.2), we have

h
Tvp = Tngn + (1 =7 ) Ao, + oo
Which implies

h
Up = (TJI)[Tngn + (1 - T,,L))\’Un + Tng]
Since g, — f weakly in L?(Q) and v,, — v weakly in L?(Q), then

h
Prgn + (1 =7 )\ + 17— — rf 4+ (1 —r) v weakly in L*(Q),
n

where r = lim,, r,. The operator Tj; 1is compact, thus

v, = (To_l)[rngn +(1=r ), —Hﬂnﬁ] — (To_l)[rf—i- (1—7)Av] strongly in LQ(Q).
n
Therefore, v, — (T Y)[rf + (1 — 7)\v] = v strongly in L?(Q). O

Lemma 3.4. Assume (2.3) and (III). Then f(xz,t) =0 a.e. in A= {(x,t) € Q:
v(z,t) =0 a.e. in Q}.

Proof. Let v be the function
w(%t) = SlgIl(f(I,t))XA(.T,t> a.e. in Q7

where x4 is the indicatrice function. Since g, — f weakly in L?(Q), we have
fQ gnth — fQ fv = [, |f(z,t)]. On the other hand, as v, — v, and using (2.3)), we

have
x,t)x
[ ot < [ loutl <0 [ owcal+ [ 22D g [y <o,
Q Q Q Q n Q

thus [, |f(z,t)] =0 and f =0 a.e. in A. O
We define the function

f(m7t) ]
d(, 1) = {v(r,t) a.e. in Q\ A,

A a.e. in A.
Lemma 3.5. If one supposes (2.3)) ,(3.2) and (2.1)), then § < d(z,t) < p a.e. in
Q.

Proof. We prove that § < d(x,t) a.e. in Q. We denote B = {(z,t) € Q :
S(v(x,t))? > v(x,t)f(z,t) ae.}. It is sufficient to prove that meas B = 0. Un-
der condition (cf. Remark 2.1} No. 5), we have

(6 - E)UJEL - aE(xat)|un| < ung(l'vta un)'
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Dividing by ||u,||?, we get

(6 —e)v2 — aE(ac,t)lv—T;II < Ungn(x,t).

Multiplying by xp and integrating, we get

(5—5)/QUELXB—/Q%(RW|%|XB S/Qvnxggn(x,t). (3.3)

Under conditions (2.3) and (3.2), g, — f weakly in L?(Q) and v,, — v strongly
in L?(Q). Going to the limit in (IV), we have

6-2) [ o 0Pxs < [ o015 Ox
Q Q
Since ¢ is arbitrary, one concludes that
[ (o1 (,t) = dlota, ) Pl > 0
Q

Therefore, by the definition of B, meas B = 0. By an analogous method, we prove
that d(z,t) < p a.e. in Q. O
Lemma 3.6. If one supposes (2.3), (III) and (2.1), then
Tv=m(z,t)v inQ,
v(x,t+27) =v(x,t) in]0,7[xR,
v(0,t) =v(m,t) =0 VteR,
where m(x,t) = rd(z,t) + (1 — r)\ and r = lim,, r,,.

Remark 3.7. It is easy to see that m(z,t) is 2r-periodic in ¢, and 6 < m(z,t) < p
a.e. in Q.

Proof. In the proof of the Lemma we have rf + (1 — r)Av = Tv. From the
definition of the function m, we have Tv = mw. O

It remains to prove only the following lemma.

Lemma 3.8. If one supposes (2.3), (3.2) and (2.1)), then
0 <#m(x,t) <#p ae inQ.

Proof. We prove that m(z,t) <# p a.e. in Q. (By analogous method, we prove
that 6 <# m(x,t) a.e. in Q). Suppose by contradiction that m(x,t) = p a.e. in Q.
Under assumption ([2.1]), we have

Qe |Un|

Ungn < (l%(:c,t) + s)vi + — (3.4)

where k(x,t) € L°(Q) such that k(x,t) <# u. By (V), we have
I,
T"'ngnUn + (1 - ’I’n))\'l}?l +7n L
n
@ @ (3.5)

1. 7 Un "Un|
< /Q[rn(k(z,t) +e)+(1— rn))\]vi +r, /Q(hn + aET).
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Under conditions (2.3) and (3.2)), g, — f weakly in L?(Q) and v,, — v strongly in
L?(Q). Going to the limit in (V), we get

/[r(fv) (1 — A < / (1) +2) + (1 — 1A,
Q Q
By the definition of m, we have

/Q [r(fo) + (1 — r)\?] = /Q (e, t)0? = /Q .

/,wu2 g/[r(l::(a:,t)+€)+(1—r))\]v2.
Q Q

Since € is arbitrary, we have

/Q,w2 g/Q[rk(x,t)Jru—r)A]v?

Thus

Hence
/ [ —rk(z,t) — (1 —r)AJo® <0.
Q

Since I;(x,t) < pa.e. in Q and A < p, we have u — rk(x,t) — (1 — r)A > 0, then

/ = P, ) — (1 = )N = 0.
Q

Therefore, [ — rk(z,t) — (1 — r)AJv® = 0 a.e. in Q. Since m(z,t) = p a.e. in
Q, by the definition of the function of d, (d(x,t) # \), we have meas A = 0 (i.e.
v(z,t) # 0 a.e. in Q). Thus, u = rk(x,t) + (1 — 7))\ a.e. in Q, this contradiction
completes the proof. O

For the proof of Corollary we will need the following two lemmas.

Lemma 3.9 ([6]). Assume (C1), (C2), @.3), A € o(T) and A > 0. Let h € L*(Q),
if there exist R > 0 such that

Tu—r(Nu)+h)—(1—r) u#0, YueDT), |u| =R, 0<r<1,
then problem (2.4) admits at least one solution u € D(T') with |ul| < R.

Proof. By (2.3), (C1) and (C2), N is continuous and monotone; therefore the result
ensues while using by the homotopy studied in [6]. O

Lemma 3.10. If there exists two reals § and p such that

§<m(x,t) <p  ace in Q with [6,u] No(T) =10, (3.6)
then the problem has only the trivial solution.
Proof. Let ¢ € [§, u] be arbitrary with

max(|u — cl, 18 = c])
dist(e,o(T))
(for example, ¢ = (§ + p)/2). Then the operator T' — ¢I is invertible and
1

dist(c,o(T))"

<1

(T = eD)~H| =
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Hence for all v € D(T),
| Tu — cul|| > dis(c,a(T))||u|

Assume now that u € D(T') is a solution of the problem (3.1). Then ||Tu — cu| =
|lmu — cul|. Therefore,
[lmu — cul|

Hu” < m

On the other hand, by (3.6]),
s — cul = [ — cljul < max(lu — el, e — 6]l

which implies ||mu — cu|| < max(|u — ¢|, |¢ — §])||u||. Thus
max(|u — ¢, [c = d])

< .
Jul < s
Since max(|u — ¢, |6 — ¢|)/ dist(c, o(T)) < 1, it follows that u = 0. O

Proof of corollary[3-4 Suppose by contradiction that the problem does not
admit a solution. Thus by proposition does not admit a solution. Hence
by lemma [3.9] the homotopy (H,) does not satisfy the estimate . And by
Theorem there exists m(x,t) € L>®(Q),v € L?(Q) \ {0} such that v is the
nontrivial solution of the problem and § <# m(z,t) <# p a.e. in Q. Since

0< A\ — % <O< < A1 — %, where A\, — VT and Agq11 — % are two positive
consecutive eigenvalues of T (cf. Remark No. 1.ii), what is in contradiction
with Lemma[3.10] Thus the proof is complete. O

Remark 3.11. (1) We have an analogous result, if in Corollary A and Ap4q
are two consecutive eigenvalues of the D’Alembertian such that Ay — % <d<p<

Ak+1 — % < 0, while replacing the operator T by (=T).
(2) Note that if =10, 6 =0 and v = 0, we recover a result on the existence of the
periodic solutions with conditions of non resonance of the problem

Ou = glo,t,0) + hiz,t) i Q
w(z,t+2m) = u(x,t) in |0, 7[xXR,
u(0,t) =u(mr,t) =0 VteR

(3) Note that if © = 0, and § = 0, we recover a result on the existence of the
periodic solutions with conditions of non resonance of the telegraph equation

Du:’yut+g(x,t,u)+h(x,t) in Q7
w(z,t +27) = u(x,t) in |0, 7[xR,
u(0,t) =u(m,t) =0 VteR
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