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MULTIPLICITY RESULTS FOR NONLINEAR ELLIPTIC
EQUATIONS

SAMIRA BENMOULOUD, MOSTAFA KHIDDI, SIMOHAMMED SBAI

ABSTRACT. Let Q be a bounded domain in RV, N > 3, and p = % the

limiting Sobolev exponent. We show that for f € H}(€2)*, satisfying suitable
conditions, the nonlinear elliptic problem

—Au=[uP2u+f inQ
u=0 on 90N

has at least three solutions in H} ().

1. INTRODUCTION

It is well known [6] Theorems 1 and 2] that for f # 0 and || f|| sufficiently small,
the problem
~Au=[ufP"2u+f onQ
u=0 on 00

has at least two distinct solutions ug and u; which are critical points of the func-

tional ) )
Iu:f/Vuz—f/upf/fu,
=g [V~ [ ap= |

such that T(uy) > I(up). In this note we suppose f > 0 and satisfies
o N
< =87, 1.2
171 < (1.2)

(1.1)

where ) N9
— N+2
- <a<(—=——=)*, and S= inf Vul3,
2 (N + 2) w€HL(Q)|ull,=1 IVl
which corresponds to the best constant for the Sobolev embedding Hg (Q2) < LP(Q2).
We determine a special w,., from the extremal functions for the Sobolev inequality

in RY, and consider T' the class of continuous paths joining 0 to w..

Proposition 1.1. Let

c=inf sup I(v(%)).
Inf swp (v(£))
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Then there is a sequence (uj) C Hg(Q) such that
I(u;) —c,
I'uy) =0 in (HQ)",
I(u) < I(w) <c.

Let u denotes the weak limit in H}(Q) of (a subsequence of) (uy,), our principal
result is as follows.

Theorem 1.2. Let f € H}(2)*, f > 0 satisfies (1.2). Then either
(1) I(uw) = c and Problem (1.1) has at least three solutions. Or
(2) I(u) < c— %SN/2.

Note that the existence results of biharmonic analogue of Problem (I.1)) have
been studied in [2], so a result similar to that of Theorem [l.2| may be established
for the bilaplacian operator.

2. THE PROOF OF PROPOSITION [[L1]

We start with a variant of the mountain pass theorem of Ambrosetti-Rabinowitz
without the Palais-Smale condition
Theorem 2.1. Let E be a real Banach space and I € C*(E,R). Suppose there
exists a neighborhood U of 0 in E and a constant p > 0 such that

(H1) I(u) > p, for allu € OU.

(H2) I(0) < p and, I(v) < p for somev € E\U.
Let

— inf I(~(t
¢ = Inf max (v(t)),

where
I'={y:[0,1] — E, is continuous, y(0) =0, y(1) = v}.
Then there is a sequence (uy,) in E such that
I(uy) — ¢,
I'(uy,) — 0 in E*.
On H}(Q) we define a variational functional I : H} () — R for problem (.1,

by

Lo 1 o

) = 3IVullz = Sl el = ] fu.

Clearly I is C' on E and I(0) = 0. We shall verify the assumptions of Theorem

Verification of (H1). Let r €]0, «S™/4[ and u € H}(Q)) be such that ||Vul[2 = 7.
We have

1 1
I(u) = 57"2 - ?"pSip/Q = [If]lr.

Letting r — aS™V/4, we obtain

1 1 1
> 2a2gN/2 _ L pgN/2 _ 1 2gN/2
I(u)anS paS 4NaS
Set
apsN/Q
p_ 2N 9

hence I(u) > p for all u € 9B(0, ).
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Verification of (H2). Assume 0 € © and let ¢ € C3°(2) be a fixed function such
that ¢ = 1 for = in some neighborhood of 0. For £ > 0, define

we(e) = — 2D (@) = )
(e + |z[?) "= [[wellp
Hence, from [4],
IVuel2=S+0( = ). (2.1)

For every p # 0, [6, Lemma 2.1], gives a real t* > 0 such that
||V/J/U€H% )ﬁ _ l(N_ 2)1\7;2
(p = Dllpoellp poN+2

N-2
> ( Vel (2.2)

and
1 N-2
#<ijMT~ (2.3)

Set we = tTpv.. We have
N -2 ~N-2
) 1
N+2
On the other hand, from (2.2)) and (2.3), we get
1 1
I(we) < §(t+)2||Vwe||§ - ];(ﬁ)p
11 N—2 pv—2
7*(7]\, ) T
uPp N +2

N—2 N—-2 %
N +2

N
[Vwellz =t pul|Voell2 > ( [Voellg > (

1
< QTLQHVWHQZ - [Voell3 .

Using (2.1)), we deduce
P QN/2
for u large enough. Then ¢ > p > I(we). Recall that w. € A~ ([0, Lemma 2.1] with
A™ = {ue Hy(Q)/ < I'(u),u>=0,[|Vulf — (p— 1)]ullf <0},
and that inf,- I is attained by u; [6l Theorem 2]. We conclude that

c>p>I(we) > I(uy) > I(ug).

(S + 0@ N2 <

3. PROOF OF THE THEOREM

Applying Proposition we obtain a sequence (u;) C Hj () such that
I(u;) — c, (3.1)
I'(uj) — 0 in H(Q)*. (3.2)
This implies that ||Vu;||2 is uniformly bounded. Hence for a subsequence of w;,

still denoted by u;, we can find u € Hg () such that
u; — u  weakly in H}(Q),
uj — u strongly in L%, ¢ < p,
u; —u a.e. on ).

From (3.2)), we deduce that u is a (weak) solution of Problem (1.1]). In particular
u satisfies

\M@—WM=/ﬁ1 (3.3)
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Let u; = u+ vj, where v; — 0 weakly in Hj () and v; — 0 a.e on Q. We have
V13 = [Vall3 + [[Vo;[3 + o(1).
and by ,
1) + 51V = ol = e+ o(D),
thanks to Brezis-Lieb Lemma [5]. By and (B.3), [[Vv;]3 = ||v; |2 = o(1), which
gives

1
I(u) + N||ij||§ =c+ o(1).

Set | = lim; 4o ||V;|3, then lim; ., ||lv;||5 = I. Using Sobolev inequality one
see that [ > S1?/P. Then 1 =0, or | > S%. We get, either
I(u) =c,
and since
I(u) > I(uy) > I(uy),
u is a solution of Problem distinct from u, and uq, or

1~
<e— —8%.
I(u)<c NS

Remark 3.1. One can show that ¢ < %S%, consequently 7(u) < 0 in the second
case

4. SEMILINEAR BIHARMONIC EQUATION

In [2], Benmouloud considered the problem
A?u = [uP2u+4 f inQ
Au=u=0 on 09

where  is a bonded domain in RY ,N>5p= % and A2 denotes the biharmonic
operator. She proved that for f € H~! subject to a suitable condition, this problem
has at least two distinct solutions in H?(Q) N Hg (). The existence of on solution
follows from the mountain-pass theorem, with Palais-Smale condition, and a second
is obtained by a constrained minimization (see also [3]).

It follows from this study that an analog result of Theorem[I.2lmay be established
by a similar argument with suitable smallness condition on f.
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