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NOTE ON THE NODAL LINE OF THE P-LAPLACIAN

ABDEL R. EL AMROUSS, ZAKARIA EL ALLALI, NAJIB TSOULI

ABSTRACT. In this paper, we prove that the length of the nodal line of the
eigenfunctions associated to the second eigenvalue of the problem

—Apu = Ap(@)uP"2u  in Q

with the Dirichlet conditions is not bounded uniformly with respect to the
weight.

1. INTRODUCTION

In this paper we consider the nonlinear elliptic boundary-value problem
—Apu = Ap(2)[ulP?u  in Q

1.1
uw=0 on 01, (1.1)

where Ayu = div(|Vu[P72Vu) is the p-Laplacian operator, € is a bounded and
smooth domain in RY (1 < p < 4+00) and p € L>(1) is an indefinite weight such
that

meas(2)) #0  with QF = {2z € Q| p(x) > 0}.

Several authors have been studied the spectrum o(—A,) of p-Laplacian, precisely
around of the first and the second eigenvalue. In particular Anane [I] proved that
the spectrum o(—A,) contains a positive non-decreasing sequence of eigenvalues
(An)nen+ such that A, — +oo by using the Ljusternik-Schnirelmann, where

M= 2(Q,p) "t = sup inf/p(:c)|v|pd:r
KeA, V€K Jo

and
A, ={K c Wy?(Q) : K is symmetrical compact and y(K) > n}.

Moreover, he showed that the first eigenvalue is simple and isolated, and that the
first eigenfunction corresponding to A; does not change the sign in Q. In [2] they
have showed that the second eigenvalue of the spectrum o(—A,) is exactly Ao. The
complete determination of this spectrum remains unanswered question. It is useful
to announce that in the linear case (p = 2), the spectrum is perfectly given [4] [6].
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Let us consider a solution (u, ) of problem P(£2,p). We denote by
Z(u) ={z € Q:u(z) =0}

the nodal set of u, AM'(u) is the number of connected components of Q\Z(u), C(u)
is the set of connected components of Q\ Z(u),

N(A) = max{N (u) | (u, ) solution of P(Q,p)} and N(\,)=N(n).

Recently Cuesta, de Figueiredo and Gossez proved that A/ (2) =2 [3].

The main result in this paper is the generalization of the work of Kappeler and
Ruf [5], in which they affirmed that the length of the nodal lines is not bounded
uniformly with respect to the weights in dimension N = 2 and p = 2. In this work,
we locate in the case p > N and we prove that for all real number L > 0, there exists
a weights p € L*°() and an eigenfunction associated to the second eigenvalue of
such that the length of Z(u) is largest than L. The proof is relatively simpler
than that given by Kappeler and Ruf; in which they use the uniform convergence
of the gradient.

2. ON THE MEASURE OF NODAL SETS

In this section, we will extend the result of Kappeler and Ruf [5] in the case
p#F2

2.1. Main result. We consider the case p > N. Let I' be a surface of class C!
which subdivides €2 in two nodal components §2; and 5 such that

M1 S 11 (21)

where p; (respectively v1) is the first eigenvalue of P(€;,1) (respectively P(Qg,1).

Let v1 (respectively wy) the associated eigenfunction. For n € N*| let

1

Q =12 eQ:dist(z,T) < ——1,
=1z 1 dist(z,T) n+1}

Q, =0\,

where I' C 02, of class C1. Then, we denote by v} the eigenfunction associated to
wi the first eigenvalue of ([1.1)) with p = 1.
Let (an)nen+ be a sequence of decreasing positive real numbers such that
n
an = ML (2.2)
141
which tends to the limit a € R (0 <a = £ <1). Let (pn)nen- be a sequence of
weight functions defined by

pn(x) = —rnlar () + anla, (z) + 1o, (z), (2.3)

dy
for all z € ), where r, > 0 such that lim CniLz
n—-+oo Tst_l)/p

strictly positive constants of immersion and interpolation.
Let us denote uf the eigenfunction associated to the second eigenvalue Aj of

(D).

Theorem 2.1. There exists a subsequence of (ul)nen+ still denoted by (ul)nen
such that

= 0 with ¢, and d,, are
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(i) The sequence (u})nen+ converges weakly to (awr + Bwr) in Wy (Q), for
some scalars « , 8 not all null, where Ty (respectively Wy ) is the extension
of v1 (respectively wy) by zero in ).

(ii) IfU and V are two opens of RY such that U C Qy and V C Qy. Then for
n enough large, we have

UNZul)=VnZuy) =10

and uy change the sign on U UV

To prove this result, we need the following preliminary lemmas.
Lemma 2.2. The following inequalities are true independently of (ry)nen«:

1
(1) 0< b 'Ae(2,1) < AZ <1y , where b= i <
ar if p1 =,

(i) [1Apuz]7, <MV1,

(i) ||Apus HLP ) S M (ayv1)?', where M is the Sobolev-Poincaré constant.

Proof. (i) Let Fy be the vector subspace of W, () spanned by {v], w7}, where
v? (resp. wy) is the extension by zero of v} (resp. wy) in O\, (resp. 2\ Q). Let
S5 denote the unit sphere of Fy. For all v € Sy such that v = av] + Swy, we have

1
lafP + 8P =1 and /Qpn(x)h)(m)\pdx = |a|panu—n + 18Pyt
1
Using (2.3)), we get

%81

1
[ pe@@ras = -
In particular

1
7§1nf{/pn dm}_)\n

vES2
Since pn(x) < b,
A2(82,0)
b
(ii) It is sufficient to notice that

= X (Q,5) < NI pp) = A2

—Apuly = Ny ub P~ 2uy  ae. on Q

and by using the Sobolev-Poincaré inequality, we have
1= AP < MOGY 19051 0y < M
2

(iii) Using —Apul = Aa,|ud[P~2u? a.e. on , and with the same argument as
above, one gets

/|7%@W§M@mw
Qn
0

Remark 2.1. (1) By the lemma[2.9 we can choose the sequence (p)nen+ such
that (A )nen= converges to the positive limit Ay. For allp > N , u} con-
verges weakly in Wy *(Q) and strongly in C(Q) to ug € Wy (Q).
(2) pu(z) <b  forallxeq.
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(3) ug # 0 in LP(Q).
Lemma 2.3. With the above notation, Ay = 11

Proof. To prove this lemma, we proceed in three steps:
First step: We show that

7ApU2 = )\2&|U2|p72’ll,2 a.e. on Ql (24)
Indeed; for m > 1 and by the lemma , we have

/ ’
1Apuz I < [Apusl;

L? (Q,,) L' () < M(alyl)p Vn >m

hence
”A Ug ” (W1 (Q,,)) < M(all/l)p Vn > m.

It follows that there exists a bubbequence, still denoted by (—A,u%), such that
—Apuy — T, weakly in the sapce (W'?(Q,,))’. By remark uy — ug weakly
in WHP(Q,,). Since

—Apul = Nya,|[uy[P~2uy  a.e. on Q, for all n > m,

we have

lirf (—Apuy, uy)m = (T, U2)m
where (-,-),, is the duality bracket between WP(£,,) and its dual (WP(£2,,))".
However, —A, is an operator of type (M), consequently T,, = —Apus is in the

space (W1P(€,,))". We deduce that
—Apug = AoalusP"%uy  a.e. on Q,, Ym > 1
hence . Similarly, we prove that
—Apug = )\2|uz|p_2uQ a.e. on (o (2.5)
Second step: We show that
U2, =0 in LP(0Q;) for i =1, 2.
Indeed, it follows from and since 99, is of C! and (2N 9N2) C 9L, we have

n?

145 o, 27 (@r0922) < Cndnllu3|fn o) lu5 1500 ) (2.6)

where ¢, is the constant of the immersion WP (Q ) — LP(982)); 0 = % and d,, is
the constant of the interpolation of the inequality

[ullwerr) < dnllullfyrmq )Hu||L,,(Q, y forall ue WoP(Q).
The two norms of the second member in can be estimated as follows:
13 1By < I3 W, + ||Vu3\|m, <M1, (2.7)

where M is the constant of the Sobolev-Poincaré of lemma Moreover, since
(u, A3) is a solution of P(€, p,), by (2.3) and lemma[2.2] we get

rn/ |u§|pdm§/ |u§|pdx—|—an/ |uf [Pdx .
o, Qs o

Since b > 1, we deduce that

/Q/ |uf |Pdz < ri/ﬂ|u§|pdm < %M (2.8)

n n
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Thus, by (2.6, (2.7) and (2.8), we have

o bM 1—0o
”ug/smaszg HL”(QﬁaQ2) < endn(M + 1) ( T )T
n
. 1, .
However, lim,,_, | ﬁ‘fﬁ% = 0 and us € W,?(Q), consequently U250, = 0 in

LP(0822). Similarly, we have uz ,, =0 in LP(0) because (2N 0Q) C 08,.
Third step: We establish that Ay = v; = ;. Indeed, since ugs = 0 in LP(9Q4)
and LP(9y) with uy € W, P(Q), we have ug € Wy (Q1) and uy € Wy P(Qy).
Moreover, if we use , and the remark then (uz q, ,A2) and (uz g, A2)
are respectively solutions of problems with Q = Q; and with Q = Q5. We
have by lemma[2.2]

A2 = lim A} <y,
n—-+00

where 1 is the first eigenvalue of (1.1)) with Q = Q5. We conclude that Ay = 11 =
m-

Lemma 2.4. The sequence (fn)nen- admits a subsequence which converges weakly
. 1,p __
in WyP(Q) to 71, where

(ug)*

EPN3) o)

fn =
with (uf)t = max{0,u}}.
Proof. Tt is known that
V() Pde = A [ pulug)* P,
Q Q

If we multiply by ((%)UPH(ug”)JrH’iP(Q))ip, then

[ valras =33 [ palarae <33 [ (frae =02 @)
Q Q Q a
Thus, by lemmas [2.2] and we have
/ IV f|Pd < gb/\g < 400 VneN*
Q

So, for a subsequence of the sequence (f,)nen, still denoted (fy)nen+, we have
fn — f weakly in Wol’p(Q)7 then f, — f strongly in C(Q) with p > N. Since
| fall ey = (2)Y/P then || f|| zo(q) # 0. Hence f # 0 on Q, since Uy, = P <0,

f=0 on (2.10)

a fortiori f = 0 on 02 and f = 0 on 0. It results that f € Wol’p(Ql). According
to (2.9), we have

/|an|pdx:)\§<an/|fn|pdx—rn/ |fn|pdm+/ |fn\pdx)
Q Q Q) Qs
< (an [ 1saPdas [ 15, pda).
Q Qs

n
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Hence, limJirnf/ |V fnlPde < o (a/ |f|pda:+/ | f|Pdz). From (2.10), we deduce
n—+oo Jo Q Qs
that

lim inf/ IV fulPdr < )\2&/ |fIP dx.
n—-+oo Q Q
Thus
| 9 < xea [ 151 =,
Q Q

We have Ay = 11 being the first eigenvalue of (1.1) with = ©; and p =
consequently

1
)\227/ [Vf|Pdx and f=717.
P Joy

O

2.2. Proof of the main result. (i) From lemma ug is an eigenfunction asso-
ciated to vy (resp. m1). So, there exists a, 3 € R™ such that

ug = avy + Bwy  with |a|? + |B]P > 0.

(ii) We distinguish two possible cases:

First case: If a # 0 and 8 # 0, we can assume that o > 0 and 8 < 0 (the other
cases will be treated in the same way ). As us = awv; on §; and v; is a positive
eigenfunction of class C* on Qy, then 3x¢ € U such that min{us(z) : z € U} =
us(zp) > 0. By lemman u} converges uniformly (p > N) to uy in Q, consequently
for € = uz(wg) > 0 there exists ng(U) € N such that for all n > no(U) we have

<
m
al

ie. (UNZ(uy)) =0 for all n > ng(U). It is the same for (V N Z(u})) = O for
all n > ng(V). We announce here that according to the lemma the case where
af > 0 does not intervene.

Second case: If « = 0 or § = 0. We consider now the case where o = 0 and
B < 0. The other cases will be treated in the same way. By lemma [2.4] there exists
a subsequence, still denoted (f,)nen, which converges uniformly to f = o7 in Q.
Moreover 77 > 0 in U, and there exists o € U such that

f(zo) = min{f(x) =vi(z) : 2 € U} > 0.

Thus, for € = f(zg) > 0, there exists ng(U) € N* such that for all n > ng(U) we
have

fu(z) > g vz e U.

i.e for all n > ng(U), U N Z(u}) = 0. Therefore, since 8 < 0, it is the same for
VN Zuy) =0 forall n >ng(V) .

We remark here that by (i) of the lemma 2.2 the case where o = 8 = 0 does not
intervene. g



EJDE/CONF/14 NODAL LINE OF THE P-LAPLACIAN 161

2.3. Consequences of the main result.

Corollary 2.5. If ' is a surface of class C' in Q which subdivides Q in two
connected components, then for all neighborhood [U'|c of T', there exists a weight
pe € L (Q) and an eigenfunction u associated to the second eigenvalue of P(€2, pe)
such that Z(u) C [[]¢; where [T = {z € Q:d(x,T) <e€}.
Proof. We distinguish two cases
First case: [ NJQ = (. Let € > 0, we consider U = 4\ ([09]c U [[],) and
V =D\ ([09]c U[T]e), where [0Q]. = {z € Q: d(z,Q) < €}. Since TNIN = (), we
can choose € enough small, so that [0Q]. N [[']. = . By theorem there exists
n € N* such that Z(u}) C [09Q]c U [['].. We assume that Z(u}) N [0Q]c # 0 then
there exists a nodal component D, of u} included in [0].. Thus (US/DE,/\S) is
a solution of the problem P(De, py,,, ) with A3 its first eigenvalue [I} [7]. By the
remark [2.1 we have

Ag = )\1(De7pn/DE) > A1(D63 b)
we have meas(D.) — 0 when € — 0, consequently \§ = Ay (D, p,) — +00 when
€ — 0 which is absurd with lemma[2.2] So Z(u%) C [I..
Second case: I NJQ # (. Let € > 0, there exists a surface I'. of C! which
subdivide 2 in two connected components such that

I'cl. and T.NOQ =10

Let 7 > 0 (enough small) so that [I'.], C [[']. and [0, N [['L],, = 0, finally we
conclude the result by applying the proof of the first case with I'.. ([

Remark 2.2. The result of the corollary remains true even if I' is not of class
C!, only it is enough to approach I' by a surface I of class C!' which located in
[C]e.

Corollary 2.6. For all L > 0, there exists p € L*(Q) and an eigenfunction u

associated to the second eigenvalue of P(, p) such that the length of Z(u) is larger
than L.

Proof. Let L > 0, there exists a surface I is of class C' in © which subdivide Q in
two connected components such that

TNoQ=0 and meas(I') > L+ 1.

For € > 0 (enough small) we consider [I'] and [09]. two neighborhood of " and 9
respectively such that
PN []e=10
Denote by U = Q1 \([09]c U [T]¢) and V' = Q2\([09] U [T]¢) two open. In virtue of
the Theorem [2.3] and of the Corollary 2.5] 3n € N* such that
UNZ(uy)=VNZuy)=0 and Z(uy) C [[..
Let us suppose that for an infinity of € > 0, uf admits a nodal component D.
included in [T'). So
Ay = A (De, pn)p.) = Ai(De, b).
Since lim._,o meas(D.) = 0, it follows that A} > lim._o A;(De, b) = 400 which is
absurd with the lemma[2.2]. Thus, for € enough small, there exists n € N such that
Z(ul) is a closed surface in [I']e with Z(u3) = OW where W is an open containing

Q5 which is an open included in §; such that 9Q¢ C 9[I']. So if meas(T') > L + 1,
then Je > 0 (enough small) and 3n € N* such that meas(Z(ul) > L fori=1,2. O
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