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ON THE SPECTRUM OF THE P-LAPLACIAN OPERATOR FOR
NEUMANN EIGENVALUE PROBLEMS WITH WEIGHTS

SIHAM EL HABIB, NAJIB TSOULI

ABSTRACT. This paper is devoted to study the spectrum for a Neumann eigen-
value problem involving the p-Laplacian operator with weight in a bounded
domain.

1. INTRODUCTION

Let Q be a smooth bounded domain in RN, N > 1,1 < p < +oc and m € L" (),
with r = r(N, p) satisfying the conditions

r>N/p if 1<p<N
r=1 if p>N (1.1)
r>p if p=N

We assume that meas(Q1) # 0, where QT = {z € Q/m(z) > 0}. We consider the
nonlinear eigenvalue problem
—Apu = Am(z)[ulP?u  in Q,
ou (1.2)

5:0 on 092,

where Apu = div(|Vu|P~2Vu) is the p-Laplacian operator.

The goal of this work is to prove the existence of a sequence of non trivial eigen-
values for the problem , and we prove the simplicity, isolation and monotonicity
with respect to the weight of the first eigenvalue A; defined by

AL = inf{||Vu|[} :u € WP(Q) and /Qm(ac)|u|pdm =1} (1.3)

The semilinear elliptic problems has been treated by many authors; see, e.g. [3
11, 12, 16] and the references therein. In the case of bounded weight: Anane
[1] with Dirichlet boundary conditions and Dakkak [§] with Neumann boundary
conditions, proved the existence, simplicity and isolation of the first eigenvalue.
Cuesta [7] (for the p-Laplacian) and in Touzani [I7] (for the A,-Laplacian: A,u =
Z%:1%(|VU|§*2aU($)a@—;), €12 = BN, aij(2)€:&;) studied the above properties
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in the case of Dirichlet problem with weight in L" (), with 7 satisfying (L.1)). Cuesta
[7] showed these results for any r satisfying the conditions , by using Harnack’s
inequality and Picone’s identity. However, in [I7], the isolation was establisehd with
some appropriate condition on r (r > Np') in order to use the regularity results
established by Di Benedetto [9]. We will try to adapt these results to the case of
Neumann boundary conditions.

This paper is organized as follows. In section 2, we recall some definitions and
results that we will use later. In section 3, we prove that the problem has
a sequence of eigenvalues, by using a perturbation of the initial problem ([7]),
and then by applying the Ljusternik-Schnirelmann theory ([4, [5]) to the perturbed
problem. In section 4, we show simplicity, isolation and monotonicity of the first
eigenvalue A;.

2. PRELIMINARIES

Note by W1P(Q) the Sobolev space with norm ||.|
where ||.||, is the LP-norm.

We say that A € R is an eigenvalue of problem if there exists u € WHP(Q)\
{0} such that

1o = (LIE+ VO,

/ |Vu|P~2VuVepdr = )\/ m(z)|ulP2upde Vo € WHP(Q). (2.1)
Q Q

Theorem 2.1 ([I]). Let v > 0 and u > 0 be two continuous functions in €,
differentiable a.e, and

uP~!

pp—1

|Vo|P~2V oV,

uP
L{u,v) = [Vul + (p = 1) 2|Vl —p
_9 uP
R(’LL,’U) = |Vu|p - |Vv\p V(F)V’U

Then we have
(i) L(u,v) =R(u,v)
(ii) L(u,v) > 0 a.e. in 2
(ili) L(u,v) =0 a.e. in Q if and only if there exists k € R such that uw = kv .

Proposition 2.2. Let u € W1P(Q) be an eigenfunction associated to X then

(i) u e L>®()

(ii) w is locally Hélder continuous; i.e., there exists « = a(p, N, |Am||,-) in ]0, 1]
such that for each ' C Q, there exists C = C(p, N, || Am||s, dist(Q’, 0Q))
such that

u(z) —u(y)] < Cllullsclz —y|* Va,y € 2.

The proof of (i) can be found in [I0, propositions 1.2 and 1.3], and of (ii) in [14]
theorem 8].

Proposition 2.3. Let u € WYP(Q) be a nonnegative weak solution of (1.2)), then
either w =0 or u(z) > 0 for all x € Q.

The proof is a direct consequence of Harnack’s inequality (see [15], theorem 5, 6,

9]).
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3. EXISTENCE OF SOLUTIONS

In this section, we establish the existence of solutions by using a perturbation of
problem (1.2 in order to use the general theory of nonlinear eigenvalue problems.
So, let us consider the perturbed problem

—Apu+ e|ulP"?u = Am(z)|ulP?u  in Q,
(3.1)
@ =0 on 99,
ov
where ¢ is enough small (0 < & < 1), A > 0. We first show that problem (3.1))
has at least one sequence of eigenvalues, and deduce the solutions of problem (|1.2))
when ¢ tends to 0.
Let X = W1(9) , Ge(u) = H[Vully + & ull. and F(u) = 1 [, m(a) ul?da. Tt
is well known that F' and G. are differentiable [§]. The problem (3.1)) is equivalent
to the problem GZ(u) = AF’(u). Let us consider the functional ®. : W'P(Q) — R

defined by ®.(v) = (G:(v))? — F(v).

Lemma 3.1. The eigenvalues and eigenfunctions associated to the problem (3.1))
are entirely determined by a non trivial critical values of ..

Proof. Let u Z 0 be a critical point of ®. associated with a critical value c. then
. (u) = c. and DL (u) =0, i.e c. = —(G:(u))? < 0and (PL(u),v) = 2\/#770<F’(u), v)
for any v € C°(2). Thus we deduce that A = 2\/% is a positive eigenvalue of
(3.1) and w is its associated eigenfunction.

Conversely, let (u Z 0,A) be a solution of (3.1]), then for every § € R* fu

is also an eigenfunction associated to A. In particular for g = (m)%’ v =
(2/\G8(u))7%u is an eigenfunction associated to A = 2\/17, thus v is a critical
point associated to the critical value ¢, = f&. ([

Let us now consider the sequence
Cne = Inf sup @.(v), (3.2)

KEAn veK
where A,, = {K C W'P(Q) : K is compact symmetric and y(K) > n}, n > 1.

Theorem 3.2. The values ¢, . defined by (3.2) are the critical values of ®., more-
over cpe <0 forn >1 and lim,_. cpe = 0.

Proof. The proof of this theorem is based on the fundamental theorem of multi-
plicity [6] and the approximation of Sobolev imbedding by operators of finite rank.
We first show that for all n > 1, ¢, . is a critical value of ®. and ¢, . < 0.

Since ¢. is even and is C! on W1P(Q), then the result follows from the funda-
mental theorem of multiplicity if ®. satisfies the following conditions:

(i) @, is bounded below
(ii) @, verify the Palais Smale condition (PS).
(iii) for all n > 1, there exists a compact symmetric subset K such that v(K) =
n and sup, e {P:(v)} <O.
Let us verify assertion (i): Let us take ¢ fixed (0 < ¢ < 1) and let u € WHP(Q),
then by Hélder’s inequality and the Sobolev imbeddings; there exist k1 > 0, ko > 0
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and ks > 0 such that:

killm[lelulf, ifl<p<N
/ mlulPde < { kal|mllullYy ifp=N
Q .
ksmllpllully, ifp>N

In addition, note that [ull1p. = (||Vul5 + £Hu||§)% defines a norm on W1P(Q)
equivalent to the usual norm on W1P(Q). It is easy to see that there exists ¢; > 0,
co > 0 and c3 > 0 such that for ., we have the following inequalities:

rllully (@ llully , = plmlr)  f1<p<N
Oc(u) 2 R lulnElullty —plml,) fp=N
Sl (@ lully , —plmly)  ifp>N

From where by treating each case one has: ®. is bounded below and ®.(u) — +o0
as |ull1,p — +o0.

(ii) Let us now show that ®. verify the palais Smale condition: Let (u,), be a
sequence in W1P(Q) such that (®(uy,)), is bounded and ®'(u,) — 0 in (W1P(Q))".
Since ®. is coercive then (uy,), is bounded in WP(Q), thus there exists a subse-
quence still denoted (u,,) such that u,, converges to u strongly in LP () and weakly
in W1P(Q). Suppose that ||uy,||1,, converges to a > 0. We distinguish two cases:
Case 1: « = 0. Since u, — u in WP(Q) and |lu,|1, — 0 then u, — 0 in
WLP(Q), consequently, the condition (PS) is satisfied.

Case 2: a > 0. For n > 1 we have:

(I)Is(un) = QGE(un)G;(un) — F'(uy)

then

GL(un) = (PL(un) + F'(un))

2G(up)
ie.,

p _
[5((1)/5(1%) + mluy|? 2un)]/(||Vun||£ + €||un||§) = Gla(un)

Since u — m|u,|P~2u is strongly continuous, |juyl1, — « > 0 and ®’(u,) — 0,
then the expression

2 -
Up = [5(‘1”5(%) +mlun [P~ un)]/ (Vunll} + llun|[})

converges strongly in (W1P(Q)). However, G. is continuous, thus u, = (G%)'u,
converges strongly in WP (Q), from where the (PS) condition holds.
(iii) For all n > 1, there exists a compact symmetric subset K such that
v(K)=n and sup ®.(u)<0.
ucK
Indeed, since meas(Q") # 0, then there exists a family of balls (B;)1<i<p, in Q
such that B; N B; = 0 if i # j and meas(Q* N B;) # 0. By approximating the
characteristic function xo+np, by C°(2) functions in L?, there exists a sequence
(ui)1<i<n C C°(B;) such that [, m|u|Pdz > 0 for all i = 1,...,n. We normalize
u; in order to have F'(u;) = 1. Let X,, be the subset generated by (u;);. For all
u € X, we have u = £ au;, and F(u) = X |a;|P. Then u — (F(u))% define
one norm on X,; moreover, since ¢ is fixed it follows that (||Vulb + 5||u||£)1/p is
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also a norm on W1P(Q). However, the dimension of X, is finite, then there exists
¢ > 0 such that

—_

cF(u) < Ge(u) < EF(U) YueX,.
Let K be defined as

[\v]

2
K = {u € W"?(Q) such that % < F(u) < %}
It is clear that K1 = K N X, # 0 and sup,cx, Pc(u) < —% < 0. Since X, is
isomorphous to R", one can identify K; to a crown K| of R" such that S"~! C
K} c R™\ {0} where S"~! is the unit sphere of R™. then v(K;) = n and the result
follows.

For the proof of lim,,_,o ¢, = 0, we use an approximation of Sobolev imbed-
dings by operators of finite rank; see for example [17]. O

Remark 3.3. It is clear that the sequence (A, ¢)n defined by the formula A, . =

1 . s . . .
s for all n > 1 is a sequence of positive eigenvalues of (3.1) which satisfy

limn_,_,_oo An,a = +4-00.

Next, we show that problem (1.2) has a sequence of eigenvalues (), ), which is
the limit of the sequence (Ay,c)n, as e — 0.

Remark 3.4. We write A, . as A\, . = infger, sup,cx G=(u), where
I, ={KcW"(Q)\{0}: K is compact, symmetric v(K) > n, /m|u|p =1}
For more details see [§]. Put
1
G(u) = EHVUHZ and A, = K1é1£ 51612 G(u).

Lemma 3.5. The following assertions hold:

(i) lim, o )\ma =\

(ii) Ap — 400 as n — +oo.

Proof. (i) Let € > 0, from Remark we have A\, . > A,. Let a > 0 such that
An < a. Then there exists K = K(«) € A, such that A, < sup,cx G(u) < a. Set
5 = sup,crc [l Then

)
An < Ape < sup Go(u) < sup G(u) + £
uEK u€K
For ¢ = ¢ — 0, there exists k(a) such that for every k > k(a), we obtain
sup,cx G(u) + k% < a. Thus A\, < Ao < « for all k& > k(a). From where

we obtain the desired result.
(ii) From (3.2)), we have for all m,m’ € L"(2) such that m’ > m; ¢, (m) <
Cne(m'), thus A, .(m) > A, .(m'). When ¢ — 0, we obtain A, (m’) < X\,(m). Let

6 > 0, and set
i >
! (z) = m(x) %f m(x) > 6
5 if m(z) <9
It is clear that A, (m’) < A, (m’)+¢€/d. Since (An.c (M) /7 00, limy, 0o Ap (M)
+00. The result follows.

Ol
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Corollary 3.6. (\,), is a sequence of positives eigenvalues associated to the Neu-
mann problem (|1.2).

Proof. Let n € N* fixed and ¢ = %, k € N*. There exists a sequence (ug)gen+ of
eigenfunctions associated with (A, r)ren+ which verify Gy (ux) + [Jug||h = 1 then
(ug)x is bounded in W1P(Q). Hence for a subsequence (uy)x, (ug)r converges
strongly in LP(Q2), and weakly in W1P(Q) towards a limit u. us — u. Indeed,
set J(u) = |u|P~2u. The operator G’ + J is of ST type and G’ + J : W1P(Q) —
(WLP(Q))" is an homeomorphism (see [13]), then (uy)x converges strongly to wu.
However, G'(ux) + |ug|P~?ur = A iF'(ug) and F’ is strongly continuous on
WhP(Q), thus G'(u)= A\ F’ and G(u) + [[ull5 = 1. Consequently, (u,\,) is a
solution of . O

4. ON THE FIRST EIGENVALUE

In this section, we are going to prove some properties of the first eigenvalue A\
of problem defined by . We refer in this section to the work of Cuesta
[7; so we prove that A; is simple, isolated and strictly monotone with respect to
the weight.

Proposition 4.1. A\ is an eigenvalue of problem (1.2)). Moreover Ay > 0 if and
only if m changes its sign on Q and fQ m(z)dz < 0.

The proof of the above proposition is a straight application of [I5] Theorem 1.2].

Proposition 4.2. The eigenfunctions associated with A\; > 0 are either positive or
negative in Q.

Proof. Let u be an eigenfunction associated to A;. Without loss of generality, we
can suppose that u € M = {u € W'P(Q) : [, m|ul’ = 1}. Then, the infimum in
(1.3) is achieved at one u € WP(Q). It’s easy to prove that ||V|ul||, = || Vul|, and
lu| € M, it follows then that |u| is an eigenfunction associated to A1, and therefore,
from Proposition the result holds. O

Proposition 4.3. Any eigenfunction associated with a positive eigenvalue A # \q
changes its sign.

Proof. For the proof, we use the Picone’s identity (see Theorem . Indeed, let
(v, A), (u, A1) be two positive solutions of (1.2)) and suppose that u > 0. Suppose
also that v > 0 (the case v < 0 is proved similarly). By Theorem we have

/L(u,v—&—a)dx:/R(um—ke)deO Ve > 0.
Q Q

However,
uP

W)Vv}dw,

/ Rlu, v+ ¢)dz = / ([Vul? — Vo2V
Q Q

By taking # as a test function in the formula (—A,v, p) = Am|v|P~2v, @),
we obtain )

u

/[x\lmup — dmoP~t
Q

ie.,
Pl

P(AM—A dz > 0.
/Qmu( 1 (U+€)p_1)x_
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Let & goes to 0, we obtain fQ muP (A1 —A)dz > 0 which is impossible because A > A4
and fQ muPdr > 0. Hence, v changes its sign on €. O

Proposition 4.4 (Simplicity). A; is simple in the sense that if (u, A1) and (v, A1)
are two solutions associated to the problem (1.2]), then there exists a € R such that
U= Qu.

The proof of the above proposition is the same as in the preceding proposition.
We use the assertion (iii) of Theorem [2.1] (see preliminaries section).

Now, we establish the isolation of the first eigenvalue. We use for this the same
method as in [2, [7, [17]. We will show first the following estimates:

Proposition 4.5. For m € L"(2) with r satisfying the conditions (1.1)), the fol-
lowing estimates hold:

min(meas(Q"), meas(Q7)) > (AC?||m|,.)”

with

NT_Np ifl<p<N
Nifp ifp>N

=

Proof. Let u be an eigenfunction associated with A, then
/ |Vu|P2VuVodr = A | m(2)|uP 2uwwdr Yo € WHP(Q). (4.2)
Q Q

For A # A1, u changes its sign i.e. u* # 0 and u~ # 0, so, since u™ € WHP(Q) we
have

/ IVt Pde = A / m(@)|ut |, (4.3)
Q Q
Case 1: 1 < p < N. By Holder inequality, we have

A/ mlut|Pde < [lml], ot |2 (meas(Q)
Q

where
pIN :
R ifp< N
400 ifp>N

On the other hand, using Sobolev imbeddings, there exists a constant C' depending
1
on p and N such that [|u,- < C([,[VuT|?)?dz. Hence from (4.3) it follows that

rp—N
[Vut ||} < ACP[[ml|, w7, (meas(Q7)) 7~
and meas(Q1) > ()\CpHmH,,)NZNTP.
Case 2: p = N. In this case, we proceed in the same way as previously. On the
one hand, we have

A/Qm|u+|Ndx < Ml 13 ™ s

where s = TIX—TI’V From Holder inequality, we have

I3 < a7 (meas(@7F) =R
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On the other hand, while s > 1, by the Sobolev imbedding W1 ¥ « L*(Q), there
exists C' > 0 such that ||ut]|s < C||Vu™|n. However, it results

_NyN-—L
IVaFIIN < ACY [[ml|, || Vu* || § (meas(@F)) =) 7).

Finally, we obtain meas(Qt) > (ACN||m||,) T~ .
Case 3: p > N. In this case r = 1. From (4.3]), we have

[ 1vut s < Al |2

Q

and by Morrey’s lemma, there exists C > 0 depending on p and N such that
a7 loe < Clmeas(QF) 77 |Vt .

Thus, meas(Q+) > (ACP||m||1) ™.

In conclusion , in the three cases we obtain the desired estimate for u*. By pro-
ceeding in the same way for ™, from (4.3) (for u™), we deduce the same estimates
for w~. From where the proposition holds. O

The following proposition is a consequence of the previous proposition.

Proposition 4.6 (Isolation). Ai(m) is isolated, that is, there exists § > A such
that if X €]0, 5] then A = Ay or X is not an eigenvalue associated to (1.2)).

Proof. Let u be an eigenfunction associated with A €]0, [. Then [, |[Vu[Pdz =
A [om(z)|ulP. Since [, [VulPdz > i [, m(z)|ul?, it follows that A\; < A; thus A\
is isolated on the left. Assume now by contradiction that there exists a sequence of
eigenvalues of (An)n decreasing to A1, thus one has a sequence of eigenfunctions
uy, associated with A,. We can suppose that |Vu,| = 1, for all n € N. (u,) is
bounded in W1P(Q), so there exists a subsequence (still denoted u,,) such that u,
converges weakly in W1P(Q) and strongly in LP(Q2) to a limit w € WP(2). On
the other hand, we have

/ |Vul|Pdz > liminf/ [Vu, |[Pde = A\
Q n—oo Q

then by the definition of A;, we conclude that [, [Vu,[Pde = A; and u is an
eigenfunction associated to A;. It follows then by Proposition that either u > 0
or u < 0. Suppose that u > 0 (the other case is analogous). By Egorov and Lusin
theorem, we obtain for every € > 0, there exists N > 0 such that

meas({z € Q,u,(x) > 0}) > meas() —e, Vn > N,.

Then for € suitably chosen by the estimates (4.1) (for more details see [2, p. 24]),
we obtain a contradiction with the estimates (4.1]) related to meas(Q2™). O

The last proposition in this paper deals with the monotonicity of A\; with respect
to the weight.

Proposition 4.7. A\ verify the monotonicity and the monotonicity strict with
respect to the weight, i.e. if m’ < m then A1(m) < Ai(m'), moreover if m" < m

and meas({x € Q:m/(x) < m(x)}) # 0 then Ar(m) < A (m’).

Proof. Let u > 0 be an eigenfunction associated to A\j(m’). By Ai(m') definition

we have )
0<7/ Vupdx:/m’upd:vg/mupdx.
Catm) Ju V= A
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Since
A (m) = inf{|Vul]?/u € W'P(2) and / muPdz = 1)
Q

and

S WHP(Q)  verifies / m(L)dI =1

(Jo murda)t/p o JomuPdz
it follows that

Vul|Pd VulPd
A1(m) < Jo Vuldz < Jo [VulPdz = A (m')

= Jgmurdz T [, muPdz

and from where it follows that A;(m) < A;(m’). The equality holds if and only if

/mupdx:/m’updm.
Q Q

However, u > 0 thus m = m/, which is a contradiction with meas({z € Q/m/(z) <

m(x)}) # 0. O

(1
2]
(3]
[4]

(5]

(10]
(11]
(12]
(13]
(14]
(15]
[16]

(17]

REFERENCES

W. Allegretto and Y. X. Huang; A Picone’s identity for the p-Laplacian and applications,
NonLinear Analysis TMA, Vol. 32(7), 819-830 (1998).

A. Anane, Etude des valeurs propres et de la résonance pour l’opérateur p-Laplacien, thése
de Doctorat, Université Libre de Bruxelle, (1988).

P. A. Binding, P. Driabek and Y. X. Huang, On Neumann boundary value problem for some
quasilinear elliptic equations, Electron J. Diff. Eqns., Vol 1997, No. 05, 1-11 (1997).

L. Boccardo, P. Drabek, G. Giachetti and M. Kucera, Generalisation of Fredholm alternative
for nonlinear differential operators, Nonlinear. Anal, Theory, Meth. and appl.,1083-1103, 10
(1986).

H. Brezis and F. Browder, Sur une propriété des espaces de Sobolev, C.R. Acad. Sc. Paris,
113-115, 287 (1978).

D. G. Costa, Topicos en analise ndao-lineare e aplicagoes diferenciais, Proc. E. L. A. M ,Rio
de Janeiro, Springer Lect. Notes, (1986).

M. Cuesta, Eigenvalue Problems for the p-Laplacian operator With indefinite Weight, Ejde,
Vol. 2001(2001) No. 33, 1-9.

A. Dakkak, Etude sur le spectre et la résonance pour des problémes elliptiques de Neumann,
These de 3eme cycle, Faculté des sciences, Oujda, Maroc, (1995).

Di Benedetto, C' local regularity of weak solutions of degenerate elliptic equations, Non-
linear Analysis TMA, , 7(1983), 827-850.

M. Guedda and L. Véron, Quasilinear elliptic equations involving critical Sobolev exponents,
Nonlinear Analysis TMA, 13(8) (1989), 879-902.

P. Hess and S. S. Senn, On the positive solutions of a linear elliptic eigenvalue problem with
Neumann boundary conditions. Math. Ana. , 258(1982) 459-470.

Y. X. Huang, On the eigenvalue problem of the p-Laplacian with Neumann boundary condi-
tions, Proc. Amer. Math. Soc. 109 N.1, May 1990.

J. L. Lions, quelques méthodes de résolution des problémes aux limites non-lineaire. Dunod,
Paris, Gauthier-Villars (1969).

J. Serrin, Local behavior of solutions of quasilinear equations, Acta Mathematica, 11 (1962),
247-302.

M. Struwe, Variational Methods, Applications to Nonlinear PDE and Hamiltonian systems,
Springer-Verlag (1980).

M.Otani, A remark on certain nonlinear elliptic equations. Proc. Fac. Sci Tokai Univ., 19
(1984), 23-28.

A. Touzani, quelques résultats sur le Ap-Laplacien avec poids indéfini, thése de Doctorat,
Université Libre de Bruxelles, (1992).



190 S. EL HABIB, N. TSOULI EJDE/CONF/14

StHAM EL HABIB
UNIVERSITY MOHAMED 1ER, FACULTY OF SCIENCES, DEPARTMENT OF MATHEMATICS, OUJDA, MO-
ROCCO

E-mail address: s-elhabib@hotmail.com

NajiB TsouLl
UNIVERSITY MOHAMED 1ER, FACULTY OF SCIENCES, DEPARTMENT OF MATHEMATICS, OUJDA, MO-
ROCCO

E-mail address: tsouli@sciences.univ-oujda.ac.ma



	1. Introduction
	2. Preliminaries
	3. Existence of solutions
	4. On the first eigenvalue
	References

