Sixth Mississippi State Conference on Differential Equations and Computational Simula-
tions, Electronic Journal of Differential Equations, Conference 15 (2007), pp. 29-39.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

ftp ejde.math.txstate.edu (login: ftp)

EXISTENCE OF NONCONTINUABLE SOLUTIONS

MIROSLAV BARTUSEK

ABSTRACT. This paper presents necessary and sufficient conditions for an n-th
order differential equation to have a non-continuable solution with finite limits
of its derivatives up to the orders n — 2 at the right-hand end point of the
definition interval.

1. INTRODUCTION

Consider the n-th order differential equation

y™ = ftyy, .y g(y"Y) (1.1)

where n > 2, f € C°(R; x R"™ 1), g € C°(R),Ry = [0,00), R = (—00,00) and
M > 0 exists such that
g(x) >0 for || > M. (1.2)

This inequality will be assumed throughout the paper.

So we study equations for which ¢ is nonzero in neighbourhoods of co and —oo;
this case can be easily transformed into and .

A solution y of defined on [T, 7) C R4 is called noncontinuable if 7 < oo
and y cannot be defined at t = 7. Sometimes such solutions are called singular of
the second kind [l B, I0]. A noncontinuable solution y is called nonoscillatory if
y # 0 in a left neighbourhood of 7.

Sufficient conditions for the existence of noncontinuable solutions for the Cauchy
problem can be found in [10]. For f(t,z1,...,2,_1) = r(t)|z1|* xsgnzy,r # 0in [3].
For n = 2 in [2, 4, [§]. Sufficient conditions for the nonexistence of noncontinuable
solutions of and of its special cases be found in [5], 6] [7, [10].

Jaro§ and Kusano [9] investigated the differential equation

y" =r()lyl7ly' | seny (1.3)
with ¢ > 0,7 < 0 on R4. They proved that there exists a noncontinuable solution
y of (1.3)) fulfilling lim;,,_y(t) € [0,00),lim;—,,_ ¥'(t) = —oc0 if, and only if A > 2;
they call it a black hole solution.
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In [1I], a problem is formulated for (1.1): To find conditions under which (1.1)
has a noncontinuable solution y fulfilling the conditions
7€ (0,00), ¢ €R, tlim yt)=¢ 1=0,1,2,...,n— 2,
i 1.4
tim |y (0] = o0 .

t—T1_

and y is defined in a left neighbourhood of 7.
Note that (1.4) is a boundary-value problem and a solution y fulfilling (|L.4)) is
nonoscillatory. The obtained results are summed up in the following theorem.

Theorem 1.1 ([1]). Let 7 € (0,00), f(t,x1,...,Zn-1)x1 # 0 for 1 # 0 and
g(x) >0 for z € R.
(i) If My € (0,00) is such that g(z) < z? for |z| > My, then (L.1)) has no

solution y fulfilling (1.4).
(i) Let 7 € (0,00), co # 0, A > 2, My € (0,00) and g(z) > |z|* for |z| >

M, then has a solution y fulfilling (1.4) that is defined in a left
neighbourhood of 7.

In the present paper, we generalize Theorem and the necessary and sufficient
condition for the existence of a noncontinuable solution y fulfilling will be
stated if f(7,co,...,cn—2) # 0. Sufficient conditions for the existence of a noncon-
tinuable solution y fulfilling are given in case f(7,co,...,cp—2) = 0.

Notation. Let [;; % < 00. Then we put

F(z):/ Ao s

9(o)
and F~1 : (0, F(M)] — [M,oc0) denotes the inverse function to F. Similarly, if
—M o
f_oo % < 00, put

Z do
G(z):/_oom’“‘]”

and G~ : (0,G(—M)] — (—o00, —M] is the inverse function to G.
The next lemma follows from the definitions of F' and G.

Lemma 1.2. (i) Let f;j % < 0o. Then functions F and F~! are decreas-
ing, lim, o F(z) =0 and lim,_o, F~'(2) = occ.
(ii) Let f:{f% < o0o. Then functions G and G~ are increasing, G >
0,G7! <0,lim,,_ G(2) =0 and lim,_.o, G~*(z) = —oo.

Denote by [[a]] the entire part of the number a.

2. MAIN RESULTS

The next theorem gives conditions for the nonexistence of a solution y fulfilling

T3).

Theorem 2.1. Let the following two assumptions hold.

(i) Let either
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or
/OO do d /F(M)F Yo)d (2.2)
—— <00 an 7 (0)do = oo; .
v 9(o) 0
(ii) Let either
-M
do
— = 2.3
/m g(o) (23)
or
[ e (2.4
—— <00 and / “(o)|do = . 2.4
—0o0 g(O’) 0

Then (1.1) has no noncontinuable solution y fulfilling (1.4) that is defined in a left
neighbourhood of T.

Proof. Suppose, contrarily, that y is a noncontinuable solution of (l.1) fulfilling
that is defined on [T, 7) C R,. Furthermore, suppose that lim; ., 3™~ (t) =
o0; the opposite case, if lim,_,,_ y™ Y (t) = —o0, can be studied similarly using
and (2-4). From this, T} € [T,7) and M; > 0 exist such that

flty@),... ,y("_2)(t)) <M, y"Y@#)>M forte[Ty,T).
Hence, the integration of (1.1)) and (1.2)) yields

> do [T y ™ (0)do
/y(nl)(t) glo) /t gy ()
= [ £ sty ) do

ng(T—t>§M1T, tE[ThT).

It follows from this that (2.1]) is not valid and hence (2.2]) holds.
Let Ty € [Ty, 7) be such that 7 — T < F(M)M; *. From this and from (2.5))

F(y™= Y1) < My(r —t) € (0, F(M)] for t € [Ty, 7);
hence, Lemma [T.2] yields
yOI() = FH (M — 1), tE [To,7)
and an integration on [T, 7) and yield

00 > Cp_g — y("_Q)(Tg) = y("_Q) (r) — y("_Q)(Tg) = / y(”_l)(o)da
T>

T 1 Ml(Tsz)
2/ Fﬁl(Ml(T*S))d5:7/ F~Y(o)do = .
T My Jo

This contradiction proves that a noncontinuable solution y fulfilling (1.4)) does not
exist. ([l

The following theorem formulates necessary and sufficient conditions for the
existence of a solution y fulfilling (1.4]) in case f(7,co,...,Cn_2) # 0.

Theorem 2.2. Let7>0andc; € R, 1 =0,1,...,n— 2 be such that
f(T,C(),Cl,...,Cn_Q) # O (26)
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Then (1.1) has a noncontinuable solution y fulfilling (1.4) if and only if one of the

following two conditions holds:

©  Jg F(M)
/ —— <00 and / F~Y(0)do < oc; (2.7
v 9(0) 0
[ e 28)
—— < o0 and / “(o)|do < c0. 2.8
—o0 g(o’) 0

In this case y is defined in a left neighbourhood of 7.

Moreover, let f(0,co,c1,...,cn—2) # 0 and either (2.7) or (2.8) holds. Then
there exists 79 > 0 such that for every 0 < 7 < 719, a noncontinuable solution y

fulfilling exists and is defined on [0, 7).

Proof. Necessity: This follows from Theorem
Sufficiency: We prove the statement in case f(7,co,...,cn—2) > 0; the opposite
case can be studied similarly. There exist N > 0 and 7 € [0, 7) such that

flt,x1, .y xp_1) >0 forte[r,7],|x;—ci1| < N,yi=1,2,....,n—1. (2.9)
From this, positive constants M; and M exist such that

0< My =min{f(t,z1,...,2n-1):t € [T, 7], |2: —cim1| < N,i=1,2,...,n— 1},

00 > My = max{f(t,z1,...,%n-1) : t € [T, 7], |x; —ci—1| <N,i=1,2,...,n—1}.

(2.10)
Consider the auxiliary problem
(n) — ! (n—2) (n—1)
v = (X0 X1 (1) X2 (6" )) 950, o
y(Z)(T) =c¢,1=0,1,...,n— 2, y(nil)(T) = ka
where k € {ko, ko + 1,...}, ko > [[2M]],
s for [s —¢;| < N

Xi(s)=<¢;+N fors>c;+N (2.12)

¢, — N fors<c¢; —N,

where ¢ = 0,1,...,n — 2. Furthermore, let J = [T,7) C [7,7) be such that 0 <
T—-T<1,

n—2 1 Ml(TfT) 1
T—T c-—|——/ F~(2)dz < N, 2.13
=X lel+ 57 ), %) (213)
and
2M g
Msy(r =T </ —; 2.14
2 ) v 9(s) ( )

this choice is possible due to the second inequality in , and Lemma
it does not depend on k.

Denote by yi a solution of and by Ji the intersection of its maximal
definition interval and [T, 7). We prove that

gV > M for t € . (2.15)

As k > ko > [[2M]], (2.11) yields (2.15) is valid in a left neighbourhood of 7.
Suppose, contrarily, that 17 € Ji exists such that y,(c"_l)(Tl) = M and y,g"_l)(t) >
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M on (Ty,7]. Then (.2), @-10), @11) and [@.12) yield y{")(£) > 0 on [T}, 7] and

w () < Mw(y,i” V1), gy V(1) > 0, t € [T1,7],
From this, and an integration on [T}, 7], we obtain
oM k
ds / ds
< < Ms(r—Ty) < Ms(m—1T).
/, g(s) v () = VBT T T S M=)

The contradiction with proves that (2.15)) holds. According to (2.10]), (2.11))
and (2.12)), we have

v (¢ ) > Mgy V(). tedy
and an integration on [t, 7], , and (| - yield
n—1 k ds
F(yl(c )(t>) > /yl(c"l)(t) m > Mi(t—t), te€J.
As, according to , Mi(t—=T) < My(t—T) < F(M), we have My(T —t) €
(0, f(M)] and
y V() < FTYMy(r — 1), tE g (2.16)

From this and from Lemma y,g" Y is bounded on Ji and hence J, = [T, 7];
moreover, Ji is defined on the same interval [T, 7] for every k = ko, ko +1,.

We estimate the functions y,(C) Taylor’s formula, T'— 7 < 1, (2.13]), and ( -
yield
(i) = el It =",
V() -l < d t)7 " ‘ My (1 — d‘
) c!_j;l(j_z) o] [ - ) as

(r=T Z|cj|+‘/ s T—s))ds‘
Mq(7=T)
s<T—T>Z|cj|+M/ F(2) e
j=1

<N, tel[l,7],i=0,1,...,n—2.
(2.17)
From this and from (2.12)), yx is a solution of , as well.

As the estimations (2.15)), (2-16) and (2.17) and the definition interval of y; do
not depend on k, then according to the Arzel-Ascoli Theorem (see [3, Lemma 10.2])
there exists a subsequence of {y; }32 ko that converges locally uniformly to a solution
y of . on [T, 7) together with all derivatives up to the order n — 1. Evidently

conditions . ) hold for i = 0,1,...,n — 2 and we prove lim;_,_ 3"~V (t) = oco.
As y~Y is increasing on [T, ), there exists a limit as ¢ — 7_. Suppose, contrarily,
that lim; ., y™ Y(t) = Q < co. Then Lemma yields the existence of Th €
[T, 7) such that

Q< F ' (My(r—To)), M(r—T) <F(M). (2.18)

Moreover, there exists a subsequence of {y(n 1)},C ko» We denote it {y(" 1)}k:k0
for simplicity, that converges to y(»~1) on [T, T,]. From this, k exists such that

y,g"_l)(Tg) <2Q fork=kk+1,....
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According to ([1.1)) and (2.17)), y,(gn) (t) < Mgg(y,(cn_l)(t)), we obtain, by integration
on [Ty, 1),

k k
d d
M2(T*T2)Z/ —SZ/ = k>k
(1) 9(5) 2¢ 9(5)

Thus,
* ds
My(r —Ty) > / o = P9 (2.19)

50 2Q > F~Y(My(7 —Ty)), which contradicts (2.18]). Hence, lim; ., y(t) = co. Let
f(0,¢co,c1,...,¢n—2) > 0. Then there exist N > 0 and 7y < 1 such that

f(t,a:l,...,:z:n_l) >0 forte [0,7_'0], [JL‘Z - Ci_1| <N,i=1,...,n—1.
Define

My =min{f(t,z1,...,2n_1) : t € [0,70],|zs —ciz1| < N,i=1,2,...,n— 1},
My = max{f(t,z1,...,2n_1) : t €[0,70], |x; —ci—1| < N,i=1,2,...,n —1}.

Constants N, My and M, are given by and (2.10)), but for [0, 7] instead of
[7,7]. Let 0 < 79 < Tp be a number such that (2.13]) and hold with T'= 0
and 7 = 7. It is clear that (2.13) and ({2.14) are valid for 7 < 79 and 7" = 0 and
a noncontinuable solution y fulfilling (1.4)) exists according to the first part of the
proof, and it is defined on [0, 7). O

Next, we prove a comparison theorem.

Theorem 2.3. Let 7 > 0 and ¢; € Ry, be such that f(r,cq,...,cn—2) # 0. Let
f1 € CO%Ry x R™™Y), fi(7,¢c0,---s¢n_1) # 0 and let g € C°(R) exist such that

g(x) > g(x) >0 for|z| > M. (2.20)
(i) If (1.1) has a solution fulfilling (1.4]), then the equation
y™ = fitys oy gy Y) (2.21)

has the same property.

(ii) If (2.21) has no solution fulfilling (L1.4)), then (1.1)) has the same property.

Proof. (i) According to Theorem 2.2 either (2.7) or (2.8) holds. Suppose that (2.7)
is valid; if (2.8)) holds the proof is similar. Then ([2.20) yields

*d * d
/ _—Ug/ 27 L <M. (2.22)
m 9(o) m 9(o)
According to (2.7) and (2:22), [,; % < 00. Denote Fi(z) = [ %7 z > M and

let F1_1 be the inverse function to Fy. As Fi(z) < F(z),z > M, and as F and F;
are nonincreasing, then Fy *(z) < F~'(z),z > F;(M) and, hence, ([2.7) yields

F1(M) F1 (M)
/ Frl(o)do < / F~Y(0)ds < 0. (2.23)
0 0

Hence, Theorem applied to (2.21)) proves that it has a noncontinuable solution
y fulfilling (1.4)).
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(ii) Suppose, contrarily, that (1.1]) has a solution y fulfilling (1.4). Then Theorem
yields either (2.7)) or (2.8]) holds. Suppose that (2.7 holds. (2.21]) has no solution

fulfilling (|1.4); hence according to Theorem (i) (applied to ) either
(o)
/ 7_do- =00 (2.24)
v §(o)
or
o0 da, Fl(M)
/ —— =00 and / FY(0)do = . (2.25)
v 9(0) 0
As

(2.7) and (2.20) yield (2.22]), (2.24) is in a contradiction with (2.7) and (2.22).
As (2.7) yields (2.23)), the inequality (2.23)) contradicts (2.25)).
If (2.8) holds, the proof is similar. O

Example. Consider problem (T.1)), (T.2) with g(x) = |z|* for |z| > M, A € R.
Let 7 > 0,¢;,4=0,...,n — 2 be such that f(7,cq,...,cn—2) # 0. Then, according
to Theorem (1.1)) has a noncontinuable solution y fulfilling (1.4) if and only if
A> 2.

Remark. Theorem (ii) follows from Theorem and the Example.
Let us turn our attention to the case when ([2.6) does not hold.

Theorem 2.4. Let § € {-1,1}, § > 0, e > 0, 7 € (0,00), @ € {-1,1}, s €
{0,1,...,n—2} and ¢; € R,i=0,1,...,n— 2 be such that 7 > ¢,

A>0(n—s—2)+2, (2.26)
cs=0,(=1)"%8¢; >0 fori=s+1,...,n—2, (2.27)
1—
n—s+ Ta be odd, (2.28)
g(a) > |z[* for Bz > M. (2.29)
Let, moreover, a positive function r exist such that
af(t,r1,...,xp_1)8gnxs11 > 1r(t)|Ts J
ft, 1)8gnTs41 > 7(t)[@s41] (2.30)

forte|r—e,7|N Ry, |z, —cim1| <e,i=1,2,...,n—1.
Then there exists a solution y of (L.1) fulfilling (1.4) that is defined in a left neigh-

bourhood of T.

Proof. Let a = 1 and 8 = 1; thus n — s is odd. For the other cases the proof is
similar. Note that (2.30) and ¢; = 0 yield f(7,co,...,cn—2) = 0. Consider problem
(2.11) and (2.12) with N = ¢ and 7 = max(0,7 — ¢). Put

My = ((n—s—1))"" min r(t) >0,

telr,7]
dn—s—1)+1
A+d—-1 7
My = max{|f(t,x1,...,xn_1)| : t € [T, 7], |2i —ciz1| <e&,i=1,2,...,n— 1},
My(A+6—1) \~1/OFo-1)
M= (50— 1)
dn—s—1)+1
My = (A —1)e® min r(t
4= )e tg[gg]r( ),

and M5 = M[l/()‘_l). Note that due to (2.26)), d; € (0,1).

01 =

Y



36 M. BARTUSEK EJDE/CONF/15

Furthermore, let J = [T, 7) C [7,7) be such that 0 <7 —-T <1,

n-2 M A—1 A
—T : S (r—T)"0 4 2 My(r — T3 T < 2.31
(T );\%\Jrliél(f )T T Ms(T = T) <, (2.31)
and -
ds
Mo(r =T </ .
O W

Denote by yi a solution of (2.11)) and by Ji the intersection of its maximal
definition interval and [T, 7]. We prove, similarly as in the proof of Theorem [2.2

(see (2.15)) that

gV > M for t € Jy; (2.32)
hence (2.27)), (2.30) and (2.32)) yield
Cs+1 S 07 Cs42 Z 07 <oy Cn—2 S 07 (233)

(—1)7 5y () >0 for j=s+1,5+2,...,n—2,
sgny,(f)(t) =1, telJy,— {7}
From this, (2.11)), (2.12)) and (2.30)),

y,(gn)(t) >0 and yl(ﬂnfl) is nondecreasing on Jj. (2.34)
The Taylor formula at t = 7, (2.33)), (2.34), and n — s being odd yield

n-2 j—s t — )2 o1
yl(cS)(t) = g Cj (t(j__T)S)[ +/7— ((tn _ S) —2)! yl(c )(0) do

Lt—o)ys=2 ,_
> [ e

(T _ t)n—s—l (n—1)
2 amsmyr 0

Let T* € [T, 7) be a number such that

te Jg.

0< y,(cs)(T) <e forte[T" 1),
and, if T* > T,
yl(cs) (T)>e forte|Tl,T");
this choice is possible due to (2.34).
Let T* > T and t € [T,T*). Then [2.11), (2.12), (2.29), (2.30) and yield
RIOERORI O

and since A > 1, an integration on [¢, 7] shows

(yl(cn_l)(t>)lf)\ > (ylin—l)(t))lf)\ _ (y](cn—l)(T*))lf)\ > M4(T* . t)

and
— 1
g () < My(T* —t)~ %1, t € [T,T%). (2.35)
Similarly, for ¢t € [T, 1), we have

g () = () (1) (" () = My — 1D (D )L (2.36)
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Hence, as A + 0 > 1, an integration on [t, 7] yields

y,(c"*”(t) < MB(T — )70, t € Jpk =ko, koy1, ... (2.37)
From this and from and ( i we have J = [T, 7]. Moreover, as 7 —T <1
and §; < 1, Taylor’s theorern (12.35) - ) and - 2.37)) yield
n—2
i ;] i T2l
M) -l < 3 G- ] ), V(o) do]
Jj=i+1 J :
T n—i—2
(T - U) (n—1)
Ll B e A GO
n—2
M3 1— (51 )\ A=2
IS e S = Ll
<e, i=0,1,...,n—2.
From this and from and ([2:34), x:(y 9 (t)) = y@(t),t € [T, 7] and yy, is the

solution of (L1 fulﬁlhng y(l)( )=c¢;,i=0, 1, ...,n—2and y,(cn_l) = k. Moreover,

as xs(y®) (1)) = y®)(t), the estimations (2.36) and (2.37) holds on [T,7). The

statement of the theorem follows from this and from the Arzel-Ascoli Theorem
similarly as in the proof of Theorem when prooving lim;_,,_ y(t) = oo, T» has
to be defined such that Ma(1 — T3) < f;g % (this is possible due to (1.2)) and
the inequality in is in contradiction with the choice of T5. [l

The following Corollary shows that conditions (2.26)) and (2.28) cannot be weak-
ened.

Corollary 2.5. Let ¢; = 0, i =0,1,....,.n—2, 5 >0, s € {0,1,...,n — 2},
a€{-1,1}, 7€ (0,00), r € C°(Ry) and r > 0 on [0,7]. Then the equation

y™ = ar (@)ly® [y sgny® (2.38)
has a noncontinuable solution y fulfilling . if and only if

1—
A>d6n—s—2)+2 and n—s—l—Ta is odd. (2.39)

Proof. If holds the statement follows from Theorem Let be not
valid. Let, contrarily, have a solution y fulfilling defined on [7,7) C R4.
Suppose, for simplicity, that o = 1 and lim,_,,_ 3™~ (t) = co. In the other cases
the proof is similar.

Ase¢; =0for i =0,1,...,n — 2, there exists ¢y € [7, ) such that

(=)0 (4) >0, i=s5+1,....,n—2,
y U@ > 1, ™) >0 onJ=[t,T),
where =0 (8=1)if n—sis odd (is even).
Let n — s be even. Then (2.40) yields y*)(¢) < 0 on J and according to (2.38)

y™(t) < 0 on J which contradicts (2.40).
Let n — s be odd and A < §(n — s — 2) + 2. From this, from (|1.4), (2.40) and

Taylor’s theorem, we get

(2.40)

0<yt) = / my<"-1><a)da<<T—t>"-s-2y<"-2><t>|, (2.41)
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with ¢ € J. Furthermore, using (2.40)), we have
ly" 2 ()] =/ y " (s)ds >y () (r — 1), teld
t

From this and from (2.41))
0<y M@ < PO < T ()" = My, te .
Thus, from A < §(n — s — 2) + 2 and from 3"~V (¢) > 1 (see (2.40)), we have

)T (o)
20 =108 G (g) = / D (o) Y
- / r(0) (9 () [y (o) ds

SM{S/ r(o_)[y(n—l)(U)]A—l—é(n—s—2)d0_

to

<M / r(0)y™ (o) do
0

<My max, r(2) "2 (to)] < oc.

This contradiction proves the statement. O
Remark. T heoremis proved in [I] in case s = 0 and under further assumptions.

Remark. Let the assumptions of Theorems hold with the exception of .
If A <2, Theoremwith g = x> and Theorem (ii) yield has no solution
y fulfilling . So there is a problem what happens if 2 < A < §(n —s —2) + 2.
In special cases, see e.g. Corollary no noncontinuable solution y fulfilling
exists.
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