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EXISTENCE AND NON-EXISTENCE RESULTS FOR A
NONLINEAR HEAT EQUATION

CANAN CELIK

ABSTRACT. In this study, we consider the nonlinear heat equation
u(z,t) = Au(z,t) + u(z,t)? in Q x (0,T),
Bu(z,t) =0 on 002 x (0,T),
u(z,0) = ug(z) in Q,
with Dirichlet and mixed boundary conditions, where Q2 C R"™ is a smooth
bounded domain and p = 1 + 2/n is the critical exponent. For an initial
condition ug € L', we prove the non-existence of local solution in L' for the
mixed boundary condition. Our proof is based on comparison principle for
Dirichlet and mixed boundary value problems. We also establish the global

existence in L'T€ to the Dirichlet problem, for any fixed € > 0 with ||uo||14e
sufficiently small.

1. INTRODUCTION

In this paper we study the existence and non-existence results for the initial and
boundary value problems of the form

ug(w,t) = Au(w,t) + [u(z, )P u(e, t) in Q x (0,T),
Bu(z,t) =0 on 0Q x (0,T), (1.1)
u(z,0) =up(z) in Q,

where 2 C R™ is a smooth bounded domain, B denotes the corresponding boundary
condition and p is the critical exponent, which will be specified later.
Throughout this paper we use the following definition for the solution.

Definition 1.1. A function u = u(z,t) is a mild solution of initial and boundary
value problem (1.1) in Q x [0,T], T being a positive number, if and only if u €
C([0,T], L1(Q)) satisfies the integral equation

ue, t) = /Q K (2, t)uo(y)dy +/O /Q K(z,y.t — 8)[u(y, )P~ uly, s) dyds,  (1.2)
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where ug € L1(€2) and K denotes the heat kernel for the linear heat equation with
Dirichlet boundary condition.

It is well known that if the initial condition ug € L>°(2), there exists a unique so-
lution of on [0, Tinax ). However the question of local existence and uniqueness
was interesting when ug ¢ L>(Q); i.e., ug € LI(Q) where 1 < ¢ < o0.

This type of initial and boundary value problem was studied by many authors.
First Fujita [4] [5] studied this problem for classical solutions and established the
following results for the Cauchy problem

ut(x,t) = Au(z,t) + uP(z,t) in R™ x (0,7),

u(z,t) = up(z) onR", (13)

where ug(z) > 0.

(i) If n(p—1)/2 < 1, no non-negative global solution exists for any non-trivial
initial data ug € L'. That is, every positive solution to this initial value
problem blows up in a finite time.

(ii) If n(p — 1)/2 > 1, global solution do exist for small initial data. To be
precise, for any k > 0, d can be chosen such that problem (1.3) has a global
solution whenever 0 < ygp(z) < SeHlel?,

Later Hayakawa [8] showed that the critical case for the Cauchy problem (1.3),
that is n(p — 1)/2 = 1, also belongs to blow up case for n = 1,2. After Hayakawa
the same result was proved by Kobayashi, Sirao and Tanaka [9] for general n. Also
Weissler [12] obtained that for n(p — 1)/2 < 1 with 1 < p < oo, non-negative LP
solutions to the Cauchy problem blow up in LP norm in finite time. However in the
case n(p — 1)/2 > 1, he obtained sufficient conditions for the initial data uo which
guarantee the existence of global solution.

The initial and boundary value problem was considered by Weissler [I3] [I4] who
obtained some important local existence and uniqueness results in C([0, T], L1(f2)).
In [13], he considered the case ¢ > n(p — 1)/2 and ¢ > p and proved the local
existence and uniqueness in C([0,7],L%(f2)) for which the same argument works
for ¢ > n(p — 1)/2 and ¢ = p. Later local existence in C([0,T7], LY(©2)) with
g>np—1)/2and ¢ > 1 or ¢ > n(p—1)/2 and ¢ > 1 was proved in [14]. In
the same study he also proved a uniqueness result in a smaller class which was
improved in [2]. If we notice, while the applications of the abstract results in [13]
and [14] are given on a bounded domain, they work equally well on all of R™.

The first non-uniqueness result for this problem was given by Haraux-Weissler
in [7]. Further non-uniqueness results which were motivated by [7] came in [I]
and [I0]. A unique solution to the initial and boundary value problem in
LP(0,T; LP?) was constructed by Giga [6]. In his work, the main relation between
p1 and py was p% = g(% — p%)’ p1 > r, provided that the initial data ug € L™ with
r=n(p—1)/2>1.

As we stated above, it is well known that if ug € L>(£2), there exists a unique
solution defined on a maximal interval [0,T},ax) and Brezis and Cazenave [2] con-
sidered the case if ug ¢ L>°(Q); i.e., ug € LL(N) for some 1 < g < oo. And they
studied two cases.

(i) If ¢ > n(p—1)/2 (resp. ¢ = n(p —1)/2) and ¢ > 1 (resp. ¢ > 1)
with n > 1, they obtained existence and uniqueness of a local solution in
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C([0,T], L9(2)) which is a classical solution of the initial boundary value
problem on  x (0,7).

(ii) If ¢ < n(p — 1)/2, they showed that there exists no local solution in any
reasonable sense for some initial data ug € LI(Q).

Remark 1.2. The quantity ¢ = n(p — 1)/2 plays a critical role for this initial and
boundary value problem. To see that ¢ = n(p — 1)/2 is the critical exponent, we
observe the following dilation argument. If v is the solution of

V¢ = Vg + 07,
v(z,0) = g(),
then u(x,t) = k%v(kx, k?t) is the solution of
Up = Uy +UP,
u(z,0) = k*g(kx).
By using the equation u; = uy, + uP with u(x,t) = k*v(kx, kt), we get
E5T20, = k5120, + k°PoP

which gives the condition s = 2/(p — 1). Also note that,

lu(O)]j2 = / u(z,0)d = / En (g, 0)dy = [[o(0)]],?

when s = n/q. So, combining these two conditions for s, we have ¢ = n(p — 1)/2,
which is the critical exponent.

The question of existence and uniqueness of a local solution for the doubly crit-
ical case which is ¢ = n(p — 1)/2 and ¢ = 1, which was proposed by Brezis and
Cazenave [2], was wide open even for n = 1,(p = 3). In [3], we proved that for
up = Y52, j%ejue’(eQ]M)IZ, Dirichlet problem has no non-negative local solution
in L'(—1,1). Moreover we generalized the non-existence result of local solution for
n-dimensional case with the critical exponent p =1+ % More general nonlinearity
was also considered for Dirichlet boundary value problem.

This paper is organized as follows: In Section 2, we summarize the non-existence
results of local solution for both cauchy and the Dirichlet problems for doubly
critical case ¢ = n(p — 1)/2 and ¢ = 1, first for one dimensional case and then
n-dimensional case.

In Section 3, we consider the same problem with mixed boundary conditions;
that means having « and the normal derivative of w in the boundary condition.
We prove the non-existence of local solution for the mixed boundary conditions by
using the comparison argument for the kernels with Dirichlet and mixed boundary
conditions.

In Section 4, we give the sufficient conditions for ¢ and the initial data ug to
guarantee the existence of the global solution to the Dirichlet problem. In particu-
lar, we prove the global existence in L'T¢ with |lug|/1 1. sufficiently small and € > 0,
for the critical exponent p = 3.

2. NON-EXISTENCE OF A LOCAL SOLUTION

In the following two sections, we summarize the non-existence of local solution
for both cauchy and Dirichlet problems.
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2.1. Non-existence of Local Solutions for the Cauchy Problem. To moti-
vate the proof of the non-existence of local L' solution for the Dirichlet problem,
we first prove the non-existence of local L' solution for the Cauchy problem for the
one dimensional case,

ug(z,t) = uge (2, t) + ug(amt) in R x (0,7,

u(z,t) = up(z) on R, 21)

for some ug € L'(R). First we choose a particular initial data ug(z) = ke k*e® ¢
L' (R) and observe the following result. After this observation, we prove in Theorem
that the Cauchy problem has no local L' solution for initial data of the form
Uy = Zk cklce”“2"’”2 where ¢, > 0 will be determined later.

We denote the solution of the Cauchy problem by u.. For the Cauchy
problem with the initial data ug(z) = ke=*"*" € L1(R), using that

(w—1)2 —ax?

e~ 4t 2 e 1+4at

£l ey
R Vart v1+4at
the linear solution is ) s
— k%
ul(z,t) = ———e1r7t,

V1+4k2t
So the solution to the Cauchy problem ([2.1)) is

ue(z,t) = ul(z t o(x — 8)(ue(y, s))? S,
(1) c(’t”/O/RK(’y’t ) (ue(y, 5))° dyd

where the Cauchy kernel is

Ke(z,y,t) = i
Note that
3 5k,
(uf(y,9))* = me”“%
and [ Ko(z,y,t — s)de = 1. Since u%(z,t) > 0 and uc(z,t) > ul(z,t), we have

ue(z,1) > /0 /R Ko(2,y,t — 8)(uk (y,5))° dy ds.

Then for any 6 > 0,

s
l[well L1 (mx (0.6)) =/ /uc(m,t) dx dt
o JR
s t
>/ ///Kc(%yﬂf—S)(uf(y,S))?’dydsdxdt
/// (y,s /K x,y,t — s)dxdy dsdt

k361+4k2
/// 1+4k2 3/2dydsdt
\/?/ / ds dt \ﬁ/éll (1 + 4k>t)dt
=\/= 5~ asdt = 4/ - —1In .
3 0 0 <1+4k/’28) 3 0 4
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We can use the above estimate to establish the following theorem for the Cauchy
problem.

Theorem 2.1. For some initial data ug € L'(R), ug > 0, the Cauchy problem
([2.1)) has no non-negative local mild solution in C([0, 4], L*(R)) for all § > 0.

Proof. Let ug = >, ckke*sz”2 where ¢ > 0 will be determined later. The linear
solution to the Cauchy problem (2.1)) is

k2a2
e1+4k2t

Ckk
=Y ——
Pt

Note that

ETEREE

Since the solution of the problem satisfies

t
wele,t) > / / Ko(z,y.t — 8)(ub(y, 5))° dyds,
0 R

we have that for any § > 0,

5
l[well Lt ®x (0,6)) :/ /uc(:mt) dx dt

0o Jr
s t

>/ // /Kc(x7y7t_S)(ug(ng))gddedIdt
o JrJo Jr
5 pt

:/ / /(Uf(y’s))g/Kc(x,y,t—s)dmdy dsdt

31242
///]RZ 1+4/.;2 3/261*4’“2 dy ds dt

_ZC// 1+4k2 ds dt
:ZC/ Zciln(l—l—llkzt)dt
>C’Z/ e In(1 + 4k>t)dt

>CY " och In(1 + 2k%9).
k
Now we choose ¢;’s such that
(i) >, cidln(1 4 2k?6) = oo; and
(ii) >, cx < oo so that ug € L.
We will find a sequence {k;}32, such that cx # 0 only when k = k;. For k big
enough, we have

31.3 3122
(uf(yjs))?) > Z (Ckke liikgs .
k

cpdIn(1 + 2k%0) > civIn
So if we set ck\/ln = (Ink)'/* for some k = k; — oo as j — oo; that is, if we
choose ¢, = )1/12, for k =k;,7 =1,2,---, condition (i) will be satisfied for all
6> 0.

(nk
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For (ii), we set W = j% which implies that k& = o = kjj =1,2,---.
Then for
o0
1 .24 2524 2
uo(x) = Z_—Qe] e (e )z
=17
the Cauchy problem ([2.1)) has no local solution in L*. O

2.2. Non-existence of Local Solutions for the Dirichlet Problem. In this
section we will prove that there is no local L! solution to the one dimensional
Dirichlet problem

up(2,1) = Uy (2, 1) +ud(2,t) in (=1,1) x (0,7)
u(£1,t) =0, (2.2)
u(z,0) = up(z) in (-1,1),
for some initial data uy € L'. First by using the lower solution argument with a
cutoff function we prove some estimates for a family of particular initial data and
then we will construct the initial data ug € L'(—1, 1) for which there is no local L*

solution to the Dirichlet problem ([2.2)).
Throughout this section we denote the solution of the Dirichlet problem (12.2]) by

ug. Let ug(z) = ke***" then by Fourier series, the linear solution to the problem

22 is
1
u£<x,t>::v/‘ Ky, t)ke "% dy
-1

where
o0

Y e ok AU o o
KM%@ZEeJth(%mW(Q)
ym

is the Dirichlet kernel. Then the solution of (2.2)) is

t 1
w@ﬂ=ﬁ@ﬂ+// &W%F@@%$@%
0 —1

The difficulty for the Dirichlet problem is that we do not have a good explicit
formula for the solution in a bounded domain as we have for the Cauchy problem.
In the proof for the Cauchy problem, [, K.(z,y,t — s)dz = 1 is used to simplify
the argument. For the Dirichlet problem we do not have that but we know that
Jo Ka(x,y,t)dx decays exponentially for ¢ > 0.

The idea behind the proof of the non-existence of local solution for the Dirichlet
problem is to use the non-existence of local solution for the Cauchy problem (which
was proved in the previous section). To do this, we first construct a cutoff function
and estimate the Dirichlet kernel Ky in terms of the Cauchy kernel K.. Then
using this estimate we find a lower bound for the linear solution of the Dirichlet
problem v} in terms of the linear solution of the Cauchy problem ul. Combining
the estimates for K and u%, we can estimate |lu4/|z1 and obtain the non-existence
result of local solution for the Dirichlet problem.

In the first lemma below, we estimate the Dirichlet kernel K; in terms of the
Cauchy kernel K, by constructing a cutoff function in a concentrated domain.
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1 1
Lemma 2.2. For |z —y| < 75 and lz| < 7,

1 1
Kd(xa Y, t) > e_l2t(

— K.(x,y,t).
=Ty e e

Proof. The crux of the proof of this lemma is to construct a cutoff function g so
that the function

U)(:L’, Y, t) - ch(xv Y, t) - Kd(z, Y, t)
will satisfy the following conditions:
(i) L(w) < 0 where L(w) = wy — Wy,
(ii) w < 0 on the boundary |z — y| = % with |z| < 1 and at t = 0.
Since L(Ky) = 0, we want w to satisfy
L(w) = L(gK, — K4) = L(gK.) = L(g9)K. — 2VK_ . Vg < 0.

_lz—y|?

Note that Kc(z,y,t)ze\ﬂ% implies
lo—y|?
— g — -5 A —
v, - e T Z@ oy

4t VAart 2t

So g must satisfy

(z —y)
t

L(w) :L(Q)Kc+ K. Vg <0;

that is,

T —
gt_ng'f'(tiy)gzgo

in the one-dimensional case. To satisfy this inequality and to have zero on the
boundary (i.e., when y =z + %), we choose the cutoff function as

1 1
g(xa:%t) = 670&( - 1)
I+ (z—y)? 143

where « will be determined later. So we want
(z—vy)

t

( 1 1 ) (6(m—y)2—2) 2(x — y)? <0

= —Q — [— p— .

1+ (z-y)? 1+3 I+ @—p2)?/ td-(z—y)?)? "~
If | —y| > %, then gt—gm—i—@gaj <0Oforany a >0. If |z —y| < %, we need
to find « so that this expression will be negative. So, if we choose

gt — Yaxa +

x

2—6(z—y)*
0> (FE—9PP"

1 1 ’
(e ~ =7

ie., if a > 12, then we have

9t — Gzx +

(z—y)
P g
Set o« = 12. Then the cutoff function is

1 1
)= 71215( _ )
g(z,y ) € 1+(m—y)2 1_’_%

So L(w) < 0 and (i) is satisfied.
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Now we show that condition (ii) will be satisfied by w with this cutoff function;
i.e., we will show that w < 0 on the boundary and at ¢ = 0. Since g(z, xj:%, t) =0,

w < 0 on the boundary |z —y| = % and |z| < 1. To show that w < 0 at ¢t =0, it
is sufficient to show that

x+%
}in(l) w(z,y,t)h(y)dy <0  for every h > 0.
Since

-+ L 4+ L
. vz v
ti [ we g 0h)dy = [ (o Kele,.t) - Kaw,p ) h(w)dy

T——= T—5
< Ch(z) — h(z)

where g < C <1, we have w < 0 at ¢ = 0. Hence, by the maximum principle, (i)
and (ii) imply that w < 0 inside the domain, which implies

_ 1 1
K,y t) 2 e (o —s ~ 141
2

)Ke(2,y,1)

when |z —y| < % and |z < 1. O

In the following lemma we use the estimate for K, to get an estimate for u%
which is the linear solution of the Dirichlet problem.
Lemma 2.3. For |z| < %, uf(z,t) > cre™ " ul(z,t) with ug(z,0) = ke~ k*a®
where ¢y s a uniform constant independent of k.

)

Proof. To show this estimate for the linear solution of the Dirichlet problem, the
main idea is to use the crucial estimate for the Dirichlet kernel in terms of the
Cauchy kernel that we proved in Lemma [2.2] The linear solution for the Dirichlet
problem is

1
ué(axt):/ Kd(x,y,t)ke_kazdy.
-1

Using the estimate of Lemma for Kq(z,y,t), we have
1
ub(e.t) = [ Kala,. ke 7 dy
-1

x—&-%
2/ " Ka(w,y, ke ¥V dy  (since [¢ —y| < L)
xT

L V2

V2

w5 1 1 2
> e 1 — Ke(,y, t)ke "V d
—/, (G gp ~ 17 Kelm ke ™y

2/ ce 2K (a,y, ke FV dy
1
—i
1 1 1
(since |z| < 1 implies (1+ @—9F 1% %) >c)

1 _(==w?

_ 4 e 1t 12,2
= ce 1 ke FV dy

~1 Vamt
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—x k
B e 4t 1 gs  144k%ty 2
=ce M —— ez Tz 9 s (where s = ky)
vVart J=k
4
740@2 + 4k§t§fiik§t) f 2
g 14+4k“t kx 2
= Ce_lzte e_( 4Kk2t )(s_1+4k2t) ds
vVt =k
4
— k222 \/7
19y € 1T4RZE 4k2t w2
= ce 12 e " du
Vart 1+ 4k?t Jo,

_ 1+4k2t (. kx _ 14+4k2t(  k___ kzx _ 14+4k2t (k
where u = ez (S~ T3arm ) U1 = V 4Rzt (=%~ 17arz) and ug = ez (7
%). The above expression is greater than or equal to

k2,2
12t ke l+4k2t U g2 TN R
ce vt Jo € du if —3 <z <0,
— k222
— 1+4k2¢ 0 _,2 .
ce 12t _ke v du 1f0§x§i

VTV 1+4k2t Jus €
> %e‘utuf(ﬂc,t)c’
> cre Yl (a,t),

. 0 2 u 2
!/ C / / i —Uu li 2 _—u /
where ¢ = ¢ T = min(e¢q’, ¢2’), fu1 e " du > c’, and fo e " du > ¢y O

Now using the estimates in Lemmas and we prove that for some initial
data ug € L' there is no local solution to the Dirichlet problem (2.2)) in L!.

Lemma 2.4. For any fired § > 0, we have |[uql/z1((=1,1)x(0,6)) = 00 with ug =
Dok ckke’k%ﬂ where the ci’s will be determined later.

Proof. For the solution of the Dirichlet problem, for any fixed § > 0,

P
lwall((—1,1)%(0,6)) =/ / ug(x, t) de dt
0 —1

4 1 t 1
> / / / / Ka(w,y,t — 5)(uk(y, 5))° dy ds da dt
0 —-1J0 —1

S 1 t 1
>/ /4 / 4 Ka(z,y,t — s)(uj(y,s))* dydsdx dt
0 — 0 _

1 1
1 1

5 ot pi e
:/// (Wh(y,9)) [ Ka(w.y,t —s)dwdy dsdt.
0 0 —

1 —
4

Al

Then using Lemma [2.2] we get

i 1
Ky(z,y,t — s)dx > / cefl?G*S)Kc(x, y,t — s)dx

_1 1
4 4
(I(*y)?
4 e 4(t—s
> 06712(t73) dx
=1 /47 (t — s)
1
1Y
—12(t—s) 4
ce 4(t—s) _,2 _
= L “du (where u = —=—=4=)
ﬁ 1Y 4( 75)
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_ 2
“du

—12(t s) /\/4076

> C6712 (t—s)

for some constant C'. Using Lemma for u} and the fact that

2y2

3k
31.3 .7 1TrarZs
I 3 Ckk e 1+4k2s
> E kT =
(uc (y,S)) = - (1+4k25)3/2’

we have

1
1
luallt((=1,1)x(0.5)) >/ / / Ka(z,y,t — s)dxdy dsdt

1
4

/ / / (uk (y, 5))>(Ce 2= dy ds dt

/ / C’e‘lQ(t_s)(cle_lzsuCL(y, )3 dy dsdt

1
:/ / 0016_1%_248/4 (uE(y, s))® dy ds dt
o Jo =

k,22

1
—12t-245 [* Cik%”“(z
/ /C’ce s/ 0+ 2k25) 3/2dydsdt
37.2
y kT
>Zc/ / e dsdr
—ZC’/ ~c3 In(1 + 4k2t)dt,

for some constant C”. O

MH

Bl

N»—‘

I

Now as we discussed for the Cauchy problem in previous section, we choose
cr = gy which will imply that k = el =k, for j =1,2,---. So for

72
=
using Lemmas [2.2] 2:3] and 2.4 we can prove the following theorem.

=

; 524 .
Theorem 2.5. For ug = ) )~ j%efme_(62 )2* " the Dirichlet problem (2.2) has
no non-negative local mild solution in L*(—1,1).

We have also generalized this result to n-dimensional Dirichlet problem which is

w2, t) = Au(a, t) + |u(z, t)| = u(z,t) in Qx (0,T),
u(z,t) =0 on 90 x (0,7), (2.3)
u(z,0) = up(x) in €,
where Q@ = (—1,1) x --- x (—1,1) C R™ and obtained the following result.
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16+4-8n

6+8 "

16+8n p
Theorem 2.6. For ug(z) = 3772, j%e"f n (e N2l ¢ LV the n - dimen-

sional Dirichlet problem has no non-negative local mild solution in L'((—1,1) x
< x (=1,1)).

We have also considered the general nonlinearity for Dirichlet boundary value
problem in [3] and proved the following result.

Corollary 2.7. The Dirichlet problem
up(z,t) = Au(z,t) + f(u) inQx(0,7),
u(z,t) =0 on IQ x (0,7T), (2.4)
u(z,0) =wup(x) in Q,

where Q C R™ is any smooth bounded domain and f(u) > |u|**Y, has no non-
negative local mild solution for some ug > 0, in L.

3. NON-EXISTENCE OF LOCAL SOLUTIONS FOR THE MIXED BOUNDARY
CONDITION

In this section, we study the same problem with the mixed boundary conditions;
i.e., considering the boundary conditions in terms of u and the normal derivative
of u, which is denoted by %. Let @ be the solution of the one-dimensional mixed
boundary value problem,

ﬂt(l',t) - ﬁxr(xat) + ﬂg(x,t) iIl (*1, 1) X (0,11)7
g—:i(a:,t) + Bi(z,t) =0 x=+1 in (0,7), (3.1)
ﬂ(l’,O) = Up n (—]., 1)

where # > 0 is a constant.

First we prove the non-existence of local solution for the one-dimensional mixed
boundary value problem (3.1)) and then we generalize this result to the n - dimen-
sional case. The main idea of the proof is to use the comparison principle for the
kernels of heat semigroups with Dirichlet and mixed boundary conditions.

Recall that one-dimensional Dirichlet problem is

e (1, t) = g (2, 1) +u®(x,t) in (=1,1) x (0,7T),
u(£1,t) =0, (3.2)
u(z,0) = up(xz) in (—1,1).
_ 00 1 424 7(e2j24)w2 . : :
where up(x) = ijl el e for which there is no local solution.

Let K(t) and K (t) be the heat kernels on (—1,1) with Dirichlet and mixed
boundary conditions respectively. Now we claim that K(t) > K(t) on (—1,1). In
fact, let ug be any positive initial data, and let u and @ be the solution to linear
heat equation with Dirichlet and mixed boundary conditions respectively. Hence,

(@ —u)y = (@ —u)ze in(—1,1)x(0,7T),
o(t — u) Ju

T—q) = ——— > - 3.3
- + B( — u) an_o, r==+1,te(0,7T), (3.3)

(G —u)(z,0) =0 ze€(-1,1),

and by the maximum principle, we have @ > u; i.e., K(t) > K(t) on (—1,1).
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. 24
Now suppose for the same initial data ug(x) = > o0 Lei™ e~ 2% problem

has a solution @ € C([0.T], L*(—1,1)), then =
at) = K(t )UO +H(a)(t) = K( Juo +H(~)( )
where H (u fo (t —s)u3(s)ds and H(u fo (t—s)u3(s)ds. Let u(t) =
uq (t), and deﬁne by 1terat10n
upt1(t) = K(t)uo + H(uk)(t).
It follows by induction that
K(t)ug < uga1(t) < ug(t).

Thus, the ug(t) converge v(t) (by monotone convergence theorem) which must be a
solution of the integral equation v(t) = K (t)ug + H(v)(t), which is a contradiction
that proves the following theorem for the one dimensional mixed boundary value
problem.

. .24
Theorem 3.1. For ug(z) = Z?‘;l j%ejme*(e% )2* there is no local L' solution, to
the one-dimensional mized boundary value problem (3.1)).

Since we can generalize the non-existence result of local solution to the n-
dimensional Dirichlet problem, we can also obtain the non-existence of local solution
for the n-dimensional mixed boundary value problem by the similar comparison ar-
gument as above.

Theorem 3.2. For the n-dimensional mized boundary value problem,

Gy (z,t) = Az, t) + |a(x, t)| =@z, t)  in (0,T) x Q,

ot
a—u—i—ﬁu—o on (0,T) x 09, (3.4)
w(x,0) = up(x) in Q,
16+8n 2 16+8n R
where @ C R™ and ug(x) = ZJOO 1 712 e e (e 21" ¢ L1 there is no non-

negative local solution in L'.

In the previous sections we give the non-existence results of local solution for
some initial data ug € L' for the Dirichlet and mixed boundary value problems.
However in the next section, we establish the existence of global solution for some
up € L1T¢ sufficiently small.

4. EXISTENCE OF A GLOBAL SOLUTION FOR SMALL INITIAL DATA

In this section, we give sufficient conditions on ¢ and uy for the existence of
global solution to the Dirichlet problem

ug(2,1) = Uy (2, 1) +ud(2,t) in (=1,1) x (0,7)
w(1,¢) =0 in (0,7) (4.1)
u(z,0) =wo in (—1,1).
where ug € LI(—1,1). Mainly we will prove that if the initial condition uy € L*¢

for any fixed € > 0, then the Dirichlet problem (4.1)) has a global solution in L!*€
for ||ug||1+¢ sufficiently small.
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For notational simplicity, we will use the following form of the solution through-
out this section;

¢
u(t) = ePug +/ =83 (5)ds
0

where e*®ug denotes the linear solution of problem (&.1)). Before proving the global
existence result, we give some interpolation inequalities for the linear solution of

@)

Remark 4.1. Let 1 < p < 2. Then it is easy to see that for all t > 0, e!* : L' — L!
with norm M; < 1; i.e.,

el < 11,
and e*® : L? — L? with norm M, = €' where v, is the first (negative) eigenvalue
of the Laplacian with vanishing Dirichlet boundary condition; i.e.,

le2ll2 < e[
Now we recall the following interpolation theorem.

Theorem 4.2 (Nirenberg [I1]). Let T'(t) be a continuous linear mapping of LP
into LP with norm M and L7 into LT with norm Ms. Then T(t) is a continuous
mapping of L" into L" with the norm M < MMy = where 1 < p<r<qg< o

dl=241=2
ang = 2 + .

P q

By this theorem, we conclude that e!® : LP — LP with the norm M < M;* My~

with A\ = Qp%p. Hence

2p—2

» o, for 1<p<2.

le"2ell, < e
For p > 2, we can get a similar estimate by the following interpolation argument.

e*® . L? — L? with norm M; = ¢! as above. Note that for all ¢t > 0, ¢! : L™ —
L with norm M5 < 1 by the maximum principle; i.e.,

le"2lloo < [[llc-

Then again by the interpolation theorem [11] of Nirenberg, we have e*® : LP — LP

with the norm M < M;*My' =™ with A = 2 ie.,

2
e oll, < e 7 ||gll, Vp € [2,00).

First by the following lemma, we get the estimate on ||u(s)]|co in terms of ||ug||14e,
which is a crucial estimate to prove the global existence theorem.

Lemma 4.3. |[u(s)|lco < G(M,T)|uo|l11cs 57, where G(M,T) : Rt x Rt —

R™ is an increasing function of M and T respectively when ||u(s)|1+c < M +1 on
[0,T7].

For the proof of the above lemma, we use the following local existence theorem
by Brezis and Cazenave (Theorem 1 in [2]).

Theorem 4.4. Assume g > n(p —1)/2 (resp. ¢ =n(p—1)/2) and ¢ > 1 (resp.
qg>1), n>1. Given any ug € L9, there exist a time T =T (ug) > 0 and a unique
function u € C([0,T], L) with uw(0) = ug, which is a classical solution of ([A.1).
Moreover, we have smoothing effect and continuous dependence; namely,

lw—v||Le 4+ t"2ju — v||gee < Clug — vol|La-
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for allt € (0,T] where T = min(T(up), T (vo)) and C can be estimated in terms of
lluollLa and ||vol|La-

Proof of Lemma[{.3 By replacing ¢ =1+ € and p = 3 in this theorem, we get an
L estimate for the solution u of problem (4.1),

1
[u(s)|loo < G(M,T)|tg||14es™ 2070

6+6e _3e
where G(M, T) = et M+ T2 and ¢ = ¢4 (). O

Next we prove the following global existence theorem.

Theorem 4.5. For any fized € > 0, there is a 6 > 0 such that ||ug|l1+ < § implies
that u(t) globally exists and

w(®)|1ge <26 for 0<t< oo.

Proof. Let us choose § > 0 such that 1¢(G(26,1)6)? < —y and e e (G618 < o
By the local existence theorem that is stated in Lemma there exists 77 > 0
such that u(t) exists on [0,77] and ||u(t)||14+e < 2§ for t € [0,T1]. Now we will prove
the following claims to prove the global existence result.

Claim 1. ||u(t)]|14e < 2§ for 0 <t <1.

Claim 2. |Ju(1)]|14e <.

Proof of Claim 1. Suppose Claim 1 is not true. Then set
T = min{t > 0]||u(t)||11c > 20}.

We have ||u(T)||14e = 20 and |[u(t)||14c < 20 for all 0 < ¢t < T with 0 < T < 1.
Consequently, for any ¢ € [0, 7], the Remark in this section indicates that there

isay<0(y=m 12_:6) such that

¢
lu(®)ll14e < € [luoll1+¢ +/ =263 (s)]1.eds
0
¢
< " luol1+e +/ 7 () el us) |2 ds
0
¢ 1
< ™ uollie + / O u(s) 14 Bs™ T ds.
0
where B = (G(26,T))?||uol|3... for notational simplicity. Then
¢
_ s _
e u(t)lli4e < ||U<J||1+E+B/O e lluls)ll1res™ e ds == H(1),

where, we denote the right-hand side of the above inequality by H(t). Then
H'(t) = Be " |Ju(t)||14ct” T < BH(t)t T+,

H'(t)
ZI0)

Hence

< Bt~ T Integrating from 0 to ¢ yields

1nH(t) < 1+e

(0)

Bt and  H(t) < H(0)e « Bt

which implies

lu@llve < €HE) < [ugllree™e B (4.2)
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Note that for t € [0,7] C [0,1],

lte piToe 14e 1te 252
e’yte — Bt < e« B Se < (G(26,1))°6 <2,

by the choice of 4. Then by (4.2), |u(T) |1 4e < 20 which is contrary to the fact
that ||u(T)||1+e = 26. So the proof of Claim 1 is completed.

Proof of Claim 2. After proving Claim 1, Claim 2 follows immediately by the
inequality since
(1) 14 < 8 EE <
by the choice of §.
Finally, the existence of a global solution will follow by a simple induction
argument. By Claim 1 and 2, we can easily conclude that ||u(j)||14e < d for

each j = 0,1,.... Using u(j) as new initial data, we can solve the problem for
t €lj,7+ 1], and we get ||u(t)||14e < 26 for all ¢ € 5,7 + 1] by Claim 2. O

As a conclusion, we can state the generalized global existence result as follows.

Corollary 4.6. Forq > 1, problem (4.1) has a global solution in L1 for all uy € L1
with ||uol|q sufficiently small.
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