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STRONG SOLUTIONS FOR THE NAVIER-STOKES EQUATIONS
ON BOUNDED AND UNBOUNDED DOMAINS WITH A
MOVING BOUNDARY

JURGEN SAAL

ABSTRACT. It is proved under mild regularity assumptions on the data that
the Navier-Stokes equations in bounded and unbounded noncylindrical regions
admit a unique local-in-time strong solution. The result is based on maximal
regularity estimates for the in spatial regions with a moving boundary obtained
in [16] and the contraction mapping principle.

1. INTRODUCTION AND MAIN RESULT

For T'> 0 let Qr := U,c (o) t) x {t} € R™*! be a noncylindrical space-time
domain. In this note we consider the Navier-Stokes equations

ve—Av+(v-Vo+Vp=f inQr,
dive=0 in Qr,
v=0 on U, 0Qt) x {t},
V|t=o =vo in 2(0) =: Qo,
with velocity field v and pressure p. Here we assume the moving boundary, i.e. the

evolution of the domain €2(t) to be determined by the level-preserving diffeomor-
phism

(1.1)

P Qo x (0,T) = Qr, (§1) = (2,8) =¢(& 1) = (0(&1),1)
such that for each ¢t € [0,T), ¢(-;t) maps Qo onto Q(t). More precisely we assume
the following conditions on ¢ respectively .

assumption 1.1. Let T € (0,00), Qo C R” be a domain of class C® either bounded,
exterior, or a perturbed half-space. Suppose that the domains Q(t), t € [0,T], are
all of the same type as Qo, i.e. {Q(t)}iepo,1) is either a family of bounded domains,
a family of exterior domains, or a family of perturbed half-space s. Furthermore:

(1) For each t € [0,T], ¢(;t) : Qo — Q(t) is a C3-diffeomorphism. Its inverse
we denote by ¢~ 1(-;t) (to emphasize that ¢~ is merely the inverse w.r.t.
the space variables we use the semicolon notation (§;t) for the argument of

¢ and ¢1).
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(2) For ¢ regarded as a function from Q% := Qo x (0,T) into R™ we assume
0 € Gy Q) = {f € C(QF) - OfDZf € Cy(Q), 1< 2k +a] <3,k €
No, @ € N2}, where C,(Q%) denotes the space of all bounded and continuous
functions on QY.

(3) We have det Veo(€,t) = 1, (€,1) € Q%, (volume preserving).

Let us remark that in view of realistic physical situations problem should
be considered with a certain boundary condition v = b # 0 at U,¢ o ) 92(t) x {t}.
On the other hand, by assuming the existence of a solenoidal field  such that
B = b, the problem with b £ 0 can be reduced to the case b = 0 as described in
[9) and [§]. Therefore we restrict our considerations to the system with zero
boundary conditions.

Also, note that in certain concrete situations the existence of the diffeormorpism
1 is established. For instance in [8] the authors give as a nice example of a moving
domain Q(t) a bowl with swimming goldfishes (note that kisses are not allowed).
The existence of ¢ in such a situation is proved in [12] and [5].

Now define ZP(A) := (X,D(A))l_%,p7 for 1 < p < oo, where the latter space

denotes the real interpolation space of a Banach space X and the domain D(A) of
a closed operator A in X. For ¢t € [0,T) we denote by

AQ(t) = 7PQ(t)A defined on
D(Aqqy) = W1(Q(1)) N Wy (Q(1)) N LEL(2A(D))
as usual the Stokes operator in the space of solenoidal fields

La(@w) = e @@ ",

where C25 (U(t)) == {u € CX(Q(t)) : divu = 0}. Here Py : LUQ() —
L2(Q(t)) denotes the Helmholtz projection associated to the Helmholtz decompo-
sition LI(2(t)) = LL(Q(t)) & G¢(2(t)), where G4(Q(t)) = {Vp:p € Wl’q(Q(t))}.
Note that the existence of a compatible family { Pq 4} qe(1,00) 0f bounded projections
Pq = Po g : LY(Q) — L2(Q) is well known for all types of domains  considered
in this note, see e.g. [7, 2] [19]. For the above types of moving domains our main
result is as follows.

Theorem 1.2. Letn > 2, (n+2)/3 < g < 00, and T € (0,00]. Let the evolution of
Q(t), t € [0,T], be determined by a function ¢ satisfying Assumptions . Then,
for each vy € IP(Aq,) and f € LP((0,T); L1(Q(t))) there exists a T* € (0,T) and
a unique solution (v,p) of problem , such that

v e WH((0,7%); L((t))) N LI((0,T%); D(Ao))s
p € LI((0,T*); Wha(Q(t))).

Remark 1.3. By an inspection of the proof one will realize that the assumption on
the family {Q(t)};e[0,r), which we intrinsically use, is not the particular geometric
shape of the domains, but the property of having maximal regularity of the corre-
sponding Stokes operator Aqy) for each fixed ¢t € [0,7]. Thus, Theorem stays
true for each family {€2(t) }+c(o,7) with Q(t) of the “same type” for all ¢ € [0, T such
that Aqg(;) has maximal regularity. This property for instance is also known to be
valid for families of asymptotically flat layers as examined in [2] [1].
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Some special cases of the situation in Theorem [2.] are considered in several
former works. First investigations of the solvability of can be found in [I§].
However, until now there are only existence results available under the restrictive
assumptions that ¢ = 2, i.e. in the Hilbert space case, and that {Q(t)}.cp0,1) is a
family of bounded domains. In that situation for instance in [8] the existence of
a unique local-in-time solution of is proved. The existence of global weak
solutions in L?(Q(t)) for the Navier-Stokes equations was already shown in [6] (see
also [3]). The periodic case was obtained in [I1], i.e. if ¢t — Q(t) is periodic then
there exists a periodic weak solution of the Navier-Stokes equations . A result
for more regular periodic solutions can be found in [I0]. Another existence result
of local-in-time strong solutions of the Navier-Stokes equations in L2(§(t)) for
bounded §2(¢) is obtained in [I4]. There the authors could relax a restrictive decay
condition on the right hand side f assumed in [8], but nevertheless they were able
to construct a more regular solution.

We want to remark that the assumptions on the evolution and regularity of Q(t)
differ in the above cited papers. This depends mainly on the method that the
authors use in their works. The approach presented here is closely related to the
method used in [8]. Therefore we have similar assumptions on 1 (hence also on
Q(t)) as in [g].

Theorem generalizes the above cited results on in several directions.
Firstly, we handle L%-spaces for the full scale (n 4+ 2)/3 < ¢ < oo and arbitrary
space dimension n > 2, and not only the Hilbert space case if n = 2,3. Moreover,
we prove the existence of strong solutions under mild regularity assumptions on the
data. Secondly, our approach also covers various families {€2(t) };¢[0, 1) of unbounded
domains.

As we already mentioned, Theorem is based on maximal regularity estimates
for the corresponding linear Stokes equations obtained in [16]. Therefore, in Sec-
tion [2| we recall the main results given in [16] in a slightly adapted form suitable
for our purposes. Utilizing the maximal regularity for the Stokes equations and the
contraction mapping principle in Section |3| we give the proof of our main result,
the unique local-in-time strong solutions to the on noncylindrical space-time
domains.

We introduce some notation used in the sequel. By C*(2) we denote the space
of all k-times continuously differentiable functions in an open subset €2 of R™, and
by CF(Q) its subspace of k-times bounded continuously differentiable functions.
As usual W*4(Q) is the Sobolev space with norm | - ||z, = (Z?:o V7 - Hg)l/q
and L9(Q) = W%4(Q) the Lebesgue space of g-integrable functions. We also make
use of the homogeneous Sobolev space WLq(Q), consisting of all locally integrable
functions f in Q with ||V f]]; < oo, modulo constants. Note that we do not dis-
tinguish between scalar and vector valued Sobolev spaces, i.e. we write L(Q) for
(L2(Q))™, Wka(Q) for (WF4(Q))", etc. Furthermore, £(X,Y) denotes the class of
all bounded operators from X to Y and Isom(X,Y) its subclass of isomorphisms.
If X =Y we set L(X) := L(X,X) and Isom(X) := Isom(X, X). The domain of
an operator A in a Banach space X we denote by D(A), its range by R(A), and its
resolvent set by p(A).
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2. MAXIMAL REGULARITY FOR THE STOKES EQUATIONS

For the readers convenience we recall here the basic steps that lead to the max-
imal regularity result for the linearized version of ([1.1)) obtained in [I6]. Also note
that we state them in a slightly adapted form as we will need it in Section[3] In this
context we restrict the statements here to the case of finite 7' > 0, but note that
under suitable additional assumptions all the assertions are still true for T" = oo.
Employing the notation of the last section, here we are concerned with the linear
problem

—Av++Vp=f inQrp,
dive=0 in Qr,
v=0 on UtE(O,T) 8Q(t) X {t},
’U|t:0 = 9 in Q(O) = Qo.
For this system, in [I6, Theorem 2.1], the following result is proved.

(2.1)

Theorem 2.1. Letn > 2,1 < g < oo, and T € (0,00). Let the evolution of Q(t),
t € [0,T], be determined by a function ¢ satisfying Assumptwns- Then problem

[23) has a unique solution t — (v(t),p(t)) € D(Aqn)) X qu( (), t € [0,T7.
Furthermore, this solution satisfies the estimate

T
| 1Oy + Oy + 92O ey ]

gaﬂ@mgmw+A\WNmmm)

for all vg € IP(Agq,) and f € LP((0,T); LI((¢t))). If vo = 0, then the constant
C(T) in (2.2) is uniformly bounded from above on finite intervals, more precisely
there is a Ty > 0 and a C(Tp) > 0 such that C(T) < C(Tp) for all T < Tj.

(2.2)

The proof of this result relies on a transform of via 1) to a problem on the
cylindrical domain Qg x (0,7). The price we have to pay is that we are then left
with a nonautonomous system of partial differential equations, i.e. the coefficients
of these transformed equations depend on space and time in general. Here Assump-
tion (2) assures that they are at least continuous. Another important point is
that the transformed functions belong to the solenoidal space LZ (), which relies
essentially on Assumption (3). More precisely this condition assures that the
operator div is invariant under the chosen transform.

Similar to the autonomous Stokes equations this will give us the possibility to
formulate an associated abstract Cauchy problem with operators acting in L2 ().
The idea here is to use the family of projections Pq, (t) : L4(o) — L%(£p), which
are exactly the transformed Helmholtz projections P ).

First let us list some obvious consequences of Assumption In view of
det Vo(€,t) = 1 and ¥(€,t) = ((&;t),t) we also have det Vi) = 1. Moreover, As-
sumption (2) implies ¢ € Cp' (Q%; R™*1). In virtue of the implicit function the-
orem we therefore have =1 € C''(Qr; R™) and since ¢! (z,t) = (¢~ (x;1), 1),
(z,t) € Qr, also ¢~ € ' (Qr; R™).

We transform to a system on a fixed domain as follows. For a function
v:Qr — C™ set

0(&,1) = v(d(&1),1),  (§:1) € Qo x [0,T].
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Then
(Vav)(@(&:1),1) = [(Ved) ™ Vet] (€, 1), (2.3)
where M ~7T denotes (MT)~! and M7 stands for the transposed Matrix. Now define

u(é,t) = (D()0) (1) = [(Ved) 0] (1), (1) € Qo x [0,T]. (2.4)
Assumption [1.1] (1), (2), and (3) on ¢ imply that

B(t) € Isom(WEI(Q(t)), Wh(Q0)) N Tsom(Wy (1)), Wy ()
for k=0,1,2 and ¢ € [0,7], and we even have the uniform estimates

(@) vllwer) < Cillvllwer ey < Call®(t)v]lwer o) (2.5)
for all v € WFP2(Q(t)), t € [0,T], k = 0,1,2. Tt is also easy to see that v(z,t) is the
outer normal at 9Q(t) in x if and only if u(&,t) = (V)T (€, 1)v(¢(&,1)) is the outer
normal at 0€g in . This implies v - v = 0 if and only if p - Pv = 0. Furthermore,
under Assumption (in particular (3)) in [8, Proposition 2.4]E| it is proved that
diveu(§, 1) = divev(d(&:t), 1), (&,t) € Qo x [0,T].
This implies that ®(t) : LL((t)) — LL(p) is an isomorphism as well. This
property of ®, which is essential in what follows, is the reason why we have to
choose the special transform given in (2.4). On the other hand note that this
transform is responsible for the fact, that we have to assume C® boundary instead
of C? only.
In view of (2.3)) it is clear that ®(¢)A,®(¢)~! has a representation as

()AL = an(-,t)D" (2.6)

le|<2
lof
with certain matrices a, € CZLQ" 2 (2 x(0,T))™™, || < 2. Explicitly we have
(&) = [(Ved) " (Ved) T Ve - (Ved) T Ve(Ved)ul (6, 1)

n

= > (000 )00 ) (02,071 (65 8),1)

W5,k 0, m=1 (2.7)
X | (96,06, 0e,, 0" )u™ + (9,9, ") D, 0™

+ (D, Oe,, ") e, u™ + (9e,,6*)D, e, u™ | (6, 1).

We also have

Ov(w,t) = O [(Ved)ul (97 (231), 1)
(Dr¢™") (2:1) [(06,0¢; 9)u’ + (D¢, 9)0g,u’] (67 (x31), 1)

& lms

(2.8)

[(a&aﬂb)u + (O, ¢)Oru’ ] (¢~ (as ), ).

i=1

Thus
D)0 B() " =0+ Y bl (2.9)

IBl<1

LActually in [8] only bounded € are treated. But since it is a pointwise condition the proof
given there applies to each 2 C R™.
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with certain by € C2PPPNQS0, 7)™, 18] < 1. If we set F := ®f and
up = ®(0)vg, as well as V(t) := (Ved(t)"H(Ved(t)"TVe and p := p o), the
transformed equations on Q% = Q x (0,T) become

up + Z by D u — Z aoDu+V?()p=F inQY,
|Bl<1 ler]<2
divu =0 in Q%, (2.10)
u=0 ondQ x (0,7),

U|t=0 = Ug in Qo.

Since ®(t) is an isomorphism, clearly (u, p) satisfies (2.10) if and only if (v, p) fulfills
(2.1). Obviously

Pﬂo(t) = (I)(t)PQ(t)q)(t)il : Lq(QO) - Lg(QO)a te [O’T]a

is again a projection, where Pq;) denotes the Helmholtz projection on L7(€(t)).
Note that

Gy(t) = (I = Pay (1) L4 () = {V*(t) (7 0 )7 € WHI(Q(1))}.

Thus, Pq,(t) is not the Helmholtz projection on L7(€) in general. As Gy(t)
depends on t we see that also the projection P, (t) does, although its range LZ(€)
is independent of ¢t. Defining

Aq,(t) == —Po,(t) Y aal-t)D" (2.11)
lal<2
D(Agq,(t)) = ©(t)D(Agw))
= W24(Qo) N Wy () N L ()
= D(Ag,), tel0,T],
and
B(t) := Po,(t) > _ bs(-)D?, te0,T], (2.12)
|B]<1

the system (2.10)) can be rewritten as the nonautonomous Cauchy problem
' (t) + (Ao, (t) + B(t))u(t) = F(t), te(0,T),

4(0) = g (2.13)

on the space LZ(). Observe that Ag,(t) = ®(t)Ag®(t)~', ie. it is exactly
the transformed Stokes operator on (t) for ¢ € [0,7]. Moreover, we see that
the domain of Ag,(t) does not depend on ¢ and equals the domain of the Stokes
operator Ag, in LZ(Qyp).

For T € (0,00) and p € (1, 00) we denote by MR,,(X, K) the class of all operators
(and propagators) A(:) having maximal (LP-) regularity on X with a maximal
regularity constant not exceeding K, i.e. there exists a unique solution ¢ — u(t) €
D(A(t)) of the (eventually nonautonomous) Cauchy problem

u +A()u=f, in (0,7),

o(0) = (2.14)
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satisfying the estimate

[u' lwe (0.1):3) + 1AC Ul ze0.1):x) < K ([ fllze0.1):x) + luollze (o))

for f € LP((0,T); X) and ug € ZP(A(0)).
Based on two abstract results for nonautonomous systems (see [16, Teorem 1.4
and Theorem 2.5]) the following result is obtained in [I6, Theorem 3.5].

Proposition 2.2, Let T € (0,00). Let Qq, ¢ be as in Assumption and the
families {Aq,(t)}repo,r) and {B(t)}iepo,r) be defined as in and , Te-

spectively. Then for p > 0 large enough we have
1+ Aqy (t) + B(®) (1 + Aay (s) + B(s)) Hlexy) <€, t,s€[0,T).  (2.15)
and Aq,(-) + B(:) € MR(LZ(Qp), C(T)).
We turn to the proof of the maximal regularity result for .

Proof of Theorem[2.1 Observe that in view of (2.15) and the equivalence of the
norms || - |2, and || - [[p(ag, (0)+B(0)) We have

T

T
| Qo + g ae < oo [ 1F@ae+ ). 210

This yields

T
| 1@+ 3 ba®yutoll + [ul, + 1°@ae) ) de

0 |BI<1
T
<om( [ IP@Igae+ k).

for the solution (u,p) of (2.10). In view of (2.5), (2.9), and since {®(t)};e0, 17 is a

family of isomorphisms, this implies estimate (2.2]) for the solution of the original
equations (SE)?(JO) If vo=0and f € LY(0,T); LL(2(t))) we may extent f trivial
to the interval (0, Tp), where we denote the extended function by f. Let (u,p) and
(,p) be the solution to problem and (SE)Q(t) respectively. The uniqueness

f70 ’
of the solution implies (@,)|,r) = (u,p). By this fact it easily follows that the

constants C(T) in (2.2)) can be dominated by a constant C(Tp) for all T' < Ty. This
completes the proof. O

3. STRONG SOLUTIONS FOR THE NAVIER-STOKES EQUATIONS

Utilizing the maximal regularity for the Stokes equations, in this section we prove
our main result Theorem [1.2 In order to estimate the nonlinear term in (1.1]), a
further main ingredient in the proof will be the following embedding.

Lemma 3.1. Let T >0, J = (0,T), a > 2, and ¢ > 2 + 1. Then we have
Wha(J; LYQ(E) N LT W) — L2(J; Whee/ D)),

If we replace Wh4(.J; LY(Q(L))) by Wy U(J; LY(Q(t))) on the left hand side, then
there exists a Ty > 0 such that the embedding constant is governed by a constant
C(Ty) >0 for all T < Ty.



372 J. SAAL EJDE/CONF/15

Proof. Note that and Assumption [1.1] (2) imply that
O cIsom(WHP(J; Wh1(Q(t))), WHP (J; WHE(Qo)))
N Isom(WyP (J; WHI(Q())), WoP (J; WH(Q)))
for {=0,1,k=0,1,2, and 1 < p,q < co. In particular we have

[PVl wer(rwrain)) < Crllvllwerweaey)) < Coll®vlwer(rwra@)) (3.1)
for all v € WEP(J; Wk4(Q(t))), £ = 0,1, k = 0,1,2, with Cy, Cy independent of
T > 0. Therefore it suffices to prove the embedding

Wha(J; L9(Q0)) N LA(T; W(Qg)) — L2(J; Whaea/(a=1 (),
and that this embedding is even valid with an embedding constant independent of
T < Ty, if we assume zero time trace at t = 0.

It is a known fact that for s € [0, 1],

Wha(J; L9(Q0)) N LI(T; W9(Qg)) — W9(J; W21L=9)49(Qy)). (3.2)

This follows e.g. by an application of the mixed derivative theorem [20] (see also
[15]) for J = R and ©y = R™. Employing suitable extension operators in space and
time it can be seen that this embedding is still valid for J = (0,T) and our g, even
with an embedding constant independent of T' < Tj, if we assume vanishing time
trace at t = 0 (see e.g. [I5, Proposition 6.1] for the existence of such an extension
operator). According to ¢ > 2 —1 we can find an € > 0 such that ¢ > 2 —1+e¢. Now
set s := (1 +¢)/2¢g. Since 1 — sq > 0 and 2¢ < ¢/(1 — sq) the Sobolev embedding
implies
”U”LQG(J;W2(1*S)=‘1(QO)) < OHU”WSJI(J;WZU*S)»‘?(QO))-

Furthermore, we have n — s¢ > 0 and ag/(a — 1) < ng/(n — (1 — 2s)). Thus, we
may apply the Sobolev embedding also in space to the result

HU”L2‘1(J;W‘lq/(@—1),q(Q0)) < C”/UHLQQ(J;W2(1_S)V‘Z(QO))
< C”UHWS’LI(J;WZ(lfs),q(QO))

for v € W4(J; W2(1=5)4(Qy)). In combination with (3.1 and this yields the
first assertion. The additional assertion follows by the fact that also the embedding
constant of the Sobolev embedding in time can be chosen independently of T' < Tj,
if we assume vanishing time trace at t = 0. (]

Finally we prove our main result by employing the contraction mapping principle.

Proof of Theorem[I.3 First let us introduce some notation. We set
E=E; xEy, F=TF; xFy
with
Ey = WH1((0,7); L)) N LI((0,T); D(Aa))),
By = LY((0, T); WH(Q(1))),
Fy = LP((0,T); LY (2(1))),
Fy :=7IP(Agq,).

Also, denote by Eq and Fy the corresponding spaces with vanishing time trace at t =
0, that is EO = ]El,O X E2 Wlth El,O = Wol’q(((), T), Lq(Q(t))) n Lq((O, T), D(AQ(t)))
and Fy := F; x {0}. Now let Ly be the solution operator of the linear problem
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(SE)?.(t) and observe that according to Theorem we have Ly € Isom(E,TF).

Then problem (1.1)) can formally be rephrased as
LT(’va) = (f + F(U)7U0)7 (33)

where F'(v) := —(v- V)v. For further purposes it will be convenient to split off the
part corresponding to the data f and vy. To do so let (v*,p*) be the solution to

(SE)?(U?, ie.
(v*vp*) = L;l(.ﬂ UO)'
Moreover, we set ¥ := v — v* and p = p — p*. By this notation (3.3) turns into
Lr(v,p) = (f + F(v+v"),v0) — Lr(v*, p")
= (F(v+v7),0) =: Ho(v, D),
and therefore the fixed point equation reads as
(1_)717) = L;lHO(l_)aﬁ%

where © and Hy (7, p) now have zero time trace by construction. Next suppose a > 2
and that

q> Z +1. (3.4)

Then Lemma [3.1]implies By < L24(J, L9/ («=D(Q(t))). For u,w € E; we therefore
deduce by applying first the Holder and then the Sobolev inequality (in space)

[(w- V)wllp, < llullp2a,pea@llVll2a( g, Loas@—1 @) (3.5)

< CHUHL2‘1(J,W1=“‘1/(“—1>(Q(t)))||w||L2q(J,leaq/(a—1>(Q(t)))' .
Observe that the above application of the Sobolev inequality requires a second
condition on ¢, namely that

a—2
. 3.6
qg>n a ( )

Since relation (3.4) is decreasing in a and (3.6)) is increasing in a, the best possible
value for ¢ is reached at the intersection point of the graphs of the two equations
y:%—l—landy:n%,whichis

(0.) = (=2, (0 +2)/3).

Thus, by the assumption ¢ > (n + 2)/3 and by setting a = % the two conditions
and are satisfied, which justifies the application of Lemma and the
Sobolev embedding in estimate (3.5).

Now fix Ty > 0. Let B,-(0) C Eq be the ball around 0 with radius r, and

(9,9) € B,(0). Applying (8-5) to Ho(o, p) yields
[Ho(v,p)|lr < [|1F(0+0")]|r,
< C (012, + l9llag v lag + 0712,)

where || - ||o,, denotes the norm of the space L24(.J; W1e/(e=1)(Q(¢))). Applying
Lemma [3.1] to the terms involving ¥ results in

1Ho (3, p)lle < C (1@, D)IZ, + 1@, D) g0 10" llasg + 1*11Z.4) (3.7)
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for all T < Ty in view of (7,p) € Eg. Note that by definition Hy € L(Eg,Fy).
According to Theorem we have ||L;1||E(IF0,IE0) < C(Tp) for all T < Ty. Hence,
there exists a constant Cy > 0 independent of T' < Tj such that

1L7" Ho (@, 9)l[es < 127" |2 cro.20) | Ho (@, D)2
< Co (@, D)IE, + 1@, D)o l1v* llag + 0°11Z.) -

Observe that v* is a fixed function only depending on the data (f,vo). Hence we
may choose r > 0 small so that r < max{1,1/3Cy} and then T' > 0 small such that

r

*
<
0"l < 367

This implies that
1L Ho(o, p)lle, <7,
that is L' Ho(B,(0)) C B,(0). To see that L' Hy is a contraction observe that
IL7" Ho (01, 1) — Ly Ho(v2, p2) ||k,
<L | 2Fo.50) | Ho (B, 5) — Ho(0, )|z,
< C(T0)<||[(171 — U2) - Vo' [lg, + [|(v* - V)(01 — 02) [,
+ (51 = 2) - Do, + 152 - V) (01 = )l ).
By applying and Lemma we obtain in a similar way as above that
|1L7" Ho (01, 1) — Ly Ho (%2, P2) ||,
< Go(Jlo"]

w100 5) 150 + 11T, 52), ) (81 = T2, 51 = 2) s

with a constant Cy > 0 not depending on T' < Tj. Consequently, if we choose
T,r > 0 such that r,|[v*|ls, < 1/(6Cy), we see that L' Hy : B.(0) — B,.(0) is a
contraction and the assertion follows by the contraction mapping principle. O
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