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ABSTRACT. The Michaelis-Menten-Henri (MMH) mechanism is one of the par-
adigm reaction mechanisms in biology and chemistry. In its simplest form, it
involves a substrate that reacts (reversibly) with an enzyme, forming a com-
plex which is transformed (irreversibly) into a product and the enzyme. Given
these basic kinetics, a dimension reduction has traditionally been achieved in
two steps, by using conservation relations to reduce the number of species and
by exploiting the inherent fast—slow structure of the resulting equations. In
the present article, we investigate how the dynamics change if the species are
additionally allowed to diffuse. We study the two extreme regimes of large dif-
fusivities and of small diffusivities, as well as an intermediate regime in which
the time scale of diffusion is comparable to that of the fast reaction kinetics.
We show that reduction is possible in each of these regimes, with the nature
of the reduction being regime dependent. Our analysis relies on the classical
method of matched asymptotic expansions to derive approximations for the
solutions that are uniformly valid in space and time.

1. INTRODUCTION

One of the paradigm reaction mechanisms in biology and chemistry—often re-
ferred to as the Michaelis-Menten-Henri (MMH) mechanism—involves a substrate
(S) that reacts (reversibly) with an enzyme (E) to form a complex (C') which, in
turn, is transformed (irreversibly) into a product (P) and the enzyme [10, [16]. The
reaction mechanism is represented symbolically by

k
S+E=CcBp+E, (1.1)
—1
where k1, k_1, and ko are rate constants.
The MMH mechanism models the kinetics of many fundamental reactions. Ex-
amples from biochemistry include those discussed in [4 6], [7] [8 17, 2T, 22, 23], 24, 26,
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30], and examples involving nutrient uptake in cells and heterogeneous catalytic re-
actions are analyzed in [5, Chapter 7.1] and [2], respectively. The MMH mechanism
is also presented as a prototypical mechanism exhibiting fast and slow dynamics—
and, hence, the potential for dimension reduction—in numerous textbooks, see,
e.g., [13, 15, 19} 20].

1.1. MMH Kinetics. Equations governing the kinetics of (1.1) may be derived
from the law of mass action,

‘% — ki SE+kC, (1.22)
dFE

d

T =SB (k4 1), (1.2¢)
dP

il (1.2d)

where S, F, C, and P denote the concentrations of substrate, enzyme, complex,
and product, respectively. The initial conditions are S(0) = S, E(0) = E, C(0) = 0,
and P(0) = 0.

Dimension reduction in is traditionally achieved in two steps. The first
step uses the pair of conservation relations that exist for the mechanism .
In particular, the total concentration of enzyme (free and bound in complex) is
constant; that is, E(t) +C(t) = E for all t > 0. In addition, S(t) + C(t) + P(t) = S
for all ¢ > 0. Therefore, there is a decrease from four variables to two, and the
governing equations (1.2]) reduce to

s

= —hES+ (S +k1)C, (1.3a)
ac _
= =RES— (S + k1 +k)C. (1.3b)

_ The second reduction step exploits the separation of time scales. In particular,
FE <« S. Hence, there is a small, positive, dimensionless parameter,

E
==, 1.4
- (14)
and the nondimensionalized equations are naturally formulated as a fast—slow sys-
tem,

$=—-s+(s+Kr—Ng, (1.5a)
e¢=s5—(s+ k), (1.5b)
where s P o
t:k1E£7 S:§, 6:§7 CZE. (16)
The dimensionless parameters are
k 1+ ko ko
=— A= 1.7
"TTRS S (L7)

During a short O(e) initial transient period, the variable ¢ is fast and rises rapidly
to its maximum value, while the variable s is slow and remains essentially constant.
Subsequently, the evolution of ¢ is slaved to that of s, and both ¢ and s evolve
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slowly toward their equilibrium value, zero. This slaving is often referred to as
reduced kinetics. From the point of view of dynamical systems, the system
has an asymptotically stable, invariant, slow manifold. During the transient, the
concentrations relax to the slow manifold, decaying exponentially toward it. Sub-
sequently, on the O(1) time scale, the reaction kinetics play out near this manifold.
Since the slow manifold is only one-dimensional, a reduction is achieved.

To leading order, the slow manifold is given by

S
- (1.8)
and the reduced system dynamics on it are governed by a single equation,
ds As
dt s+ r

This leading order slow manifold is obtained directly from with ¢ = 0 and
is referred to as the quasi-steady state approximation [T, 13| 15l 19, 22l 25] in
chemistry and as the critical manifold in mathematics. Higher-order corrections to
the critical manifold, which is sufficiently accurate for many applications, may be
calculated using geometric singular perturbation theory, see for example [T}, [12].
We emphasize that the critical manifold is only approximately invariant under the
dynamics of ; the exact slow manifold is invariant. Additional studies of the
accuracy of the quasi-steady state approximation are given in [ O] 15l 20} 2T, 25]
27].

Remark 1.1. For all sufficiently small, positive ¢, there is a family of slow mani-
folds, all of which are exponentially (O(e~*/¢) for some k > 0) close to each other,
i.e., the asymptotic expansions of these slow manifolds are the same to all powers
of ¢, see [II}, 12], for example. For convenience, we will sometimes refer to ‘the’
(rather than to ‘a’) slow manifold.

1.2. MMH Kinetics with Diffusion. Given the effectiveness of the two reduc-
tion steps in the kinetics problem , one is naturally led to ask what happens
when the species are simultaneously permitted to diffuse, and whether any similar
reduction can be achieved. The conservation relations used in the first reduction
step of the kinetics analysis do not generalize. However, there is still a separation of
time scales in the reaction kinetics, and the process of diffusion introduces one (or
more) additional time scale(s). Therefore, one expects that dimension reduction
may still be achieved by exploiting the separation of time scales, and the purpose
of this article is to investigate this possibility.

The problem with diffusion is governed by the evolution of the concentrations
of substrate, enzyme, and complex in time and space. The concentration of prod-
uct can be found by quadrature as a function of these other concentrations, since
the second reaction in is irreversible. The governing equations in one space
dimension are

oS 0?S

By k15 +k 1C+ S(92%27 ( 93)
oE 0’E

oC 02C

a{ = k1SE — (k_l + k2)0+ DCW’ (19C)
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with Z € [0, 4], subject to no-flux (Neumann) boundary conditions

oS OF oC
i) - = = 1.1
0% lz=0,6  OT lz=0,6 0T lz=0. 0 (1.10)
and initial conditions
S(0,2) = S;(x), E(0,%) = FE;(Z), C(0,%)=0. (1.11)

Here, ¢ > 0 is the O(1) size (length) of the reactor; Dg, Dg, and D¢ denote the
diffusivities of S, E, and C, respectively; and S; and E; are given, smooth functions
describing the initial spatial profiles of substrate and enzyme, respectively.

We nondimensionalize 7 as follows. The nondimensional spatial vari-
able is x = Z/¢. Time and the species’ concentrations are nondimensionalized as in
, but now S and E denote the spatial averages,

ot g
5:,/ Si(#) di, E:f/ Ei(#) di.
¢ Jo ¢ Jo

The nondimensional parameters are again given by (|1.7), and the diffusivities are
scaled as

Dg Dg D¢
d=—=, a=—, b=—. 1.12
k1 (2E Dg Dg ( )
Thus, we obtain the equations
0 0?
a—iz—se—i—(fﬁ—)\)c—l—éa—;, (1.13a)
0 1 0?
a—: = —g(se—mc)—i—a&a—;, (1.13b)
0 1 0?
a—j = g(se—mc)—l—béa—mg, (1.13c¢)
on the unit interval, subject to the Neumann boundary conditions
s Oe dc
i = = =0 1.14
Oxlz=01 Oxle=0,1 Ozle=01 ’ (1.14)
and the initial conditions
s(0,2) = si(x), e(0,2) =e;i(x), ¢(0,2)=0. (1.15)

Here, s; = S;/S and e; = E;/E. We assume 0 < ¢ < 1 and that a and b are O(1).
In vector notation, equations ([1.13)) may be written as
ou 1 0%u
— =-F 0D— 1.16
ot ¢ e(w) + oz2’ ( )
where
—ese+¢e(k — A)c
F.(u) = —(se — kc)
se — ke

: (1.17)

and D = diag(1,a,b). Moreover, we use [F.(u)]; to denote the kth order terms in
the Taylor expansion of F. with respect to €. Given a formal asymptotic expansion
u(-,z,e) = > 5oy uk(-, x)e” of the solution of (L.16)), [F(u)]) will generically be a
function of uy, ..., ug.
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1.3. Summary of Main Results. The impact of diffusion depends on the time
scales associated with the species’ diffusivities relative to those of the reaction
kinetics. We examine a spectrum of species’ diffusivities here:
(i) Large diffusivities, § = O(1/e?): the diffusive time scale is shorter than
both the fast and the slow kinetic time scales;
(ii) Moderately large diffusivities, § = O(1/¢): the diffusive time scale is com-
parable to the time scale of the fast kinetics; and
(iii) Small diffusivities, § = O(e): the diffusive time scale is longer than both
kinetic time scales.

Our principal findings are that reduction is possible in all regimes under consider-
ation.

In regime (i), diffusion effectively homogenizes the concentrations of all three
species on the super-fast (7 = t/£2) time scale. Then, the dynamics on the fast (n =
t/e) and slow (t) time scales are given by the classical MMH kinetics mechanism,
with the fast reactions occurring on the fast scale and the reduced kinetics taking
place on the slow time scale. We treat this regime primarily to introduce the method
we use throughout.

In regime (ii), the species undergo both diffusion and the fast reaction on the
fast (n = t/e) time scale. In particular, the substrate concentration satisfies the
homogeneous heat equation to leading order; hence, it homogenizes exponentially
in time. The enzyme and complex concentrations satisfy nonautonomous, linear
reaction—diffusion equations to leading order, and they also homogenize exponen-
tially in time, approaching points on the classical critical manifold. Then, on the
slow (t) time scale, the solution is essentially spatially homogeneous. The concen-
tration of substrate evolves according to the classical reduced equation, while the
enzyme and complex concentrations are constrained to lie on the critical manifold,
to leading order. Most significantly, these leading-order results are independent
of the diffusivities of the enzyme and complex, even when these diffusivities are
unequal.

In regime (iii), the MMH reaction kinetics take place at every point in the domain
effectively decoupled from the kinetics at any other point. On the fast (n = t/e)
time scale, enzyme and substrate bind to form complex with the amount of complex
at each point x depending on the initial enzyme concentration e;(z), while on
the slow () time scale the substrate and complex concentrations slowly approach
equilibrium in an z-dependent manner. We label these dynamics as pointwise fast
kinetics and pointwise slow, reduced kinetics, respectively. Also, on the slow time
scale, the enzyme concentration returns essentially to the initial enzyme profile.
Then, on asymptotically large or super-slow ({ = €t) time scales, the enzyme profile
homogenizes.

The observed dynamics and the time scales in these regimes are summarized in
Table 1.

We use matched asymptotic expansions in time in a straightforward manner in
each of the regimes identified above. (Equivalent results could, for example, be
obtained via the so-called boundary function method [29].) Moreover, we present
numerical simulations in every regime to further illustrate our analysis.

Remark 1.2. The regime of moderately small diffusivities, 6 = O(1), will be an-
alyzed in a separate article. In this regime, the diffusive time scale is comparable
to that of the slow kinetics. Preliminary results suggest that the fast dynamics are
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’ Regime \ ) \ Dynamics \ Time scale ‘

(i) 1/&% | homogenization of s, e, c super-fast 7 = t/e?
fast kinetics fast n = t/e
slow reduced kinetics slow t

(i) 1/e | homogenization & fast kinetics | fast n =t/e
slow reduced kinetics slow ¢

(iii) € pointwise fast kinetics fast n = t/e
pointwise slow reduced kinetics | slow ¢
homogenization of e super-slow ¢ = et

TABLE 1. Summary of the observed dynamics and the time scales

of (1.13]) in regimes (i)—(iii)

similar to those in regime (iii), but without the concentrations becoming homoge-
nized, while the slow dynamics are governed by a reaction-diffusion equation for the
concentration of substrate, with the concentrations of enzyme and complex slaved
to it.

Remark 1.3. The MMH mechanism in the presence of diffusion is analyzed here
as a prototype problem. The method we employ here may be used for other mech-
anisms with one or more kinetics time scales.

Remark 1.4. The analysis may also be extended to problems in which the domain
length ¢ is not O(1). For example, the analysis of regime (i) also applies to problems
in which £ is small and the diffusivities are not large. In that case, it is natural to
scale the spatial variable as © = eZ. With this scaling, the diffusion terms in ([1.13]
are of the form

9?s 6 Os

0x2 g2 032’
Hence, diffusion dominates again, even if the actual diffusion coefficients are § =

o).

Remark 1.5. The influence of diffusion in the MMH mechanism has also been
studied in [3I]. Specifically, the reduced kinetics model is considered and a
diffusion term is added for the substrate only, with O(1) diffusion coefficient. Via
an inertial manifold approach, it is shown that this system may be reduced to a
single reaction-diffusion equation for s, in which the diffusivity has a concentration-
dependent correction at O(e). The fast transients for this model are also calculated,
and extensions are given for general systems with fast—slow kinetics in which the
slow species also diffuse.

Remark 1.6. It has been shown in [27] that the effective small parameter in the
MMH mechanism is & = E/(S+ K ), where Ky = (k_1 +ky)/k; is the Michaelis—
Menten constant. Hence, there is a wider range of physical parameters for which
one has a separation of time scales. Our method can be applied to the equations
with this small parameter as well; however, here we use the traditional scaling,
since it is still the one that is most commonly used.
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This article is organized as follows. The regimes (i)—(iii) are analyzed in Sec-
tions respectively. In Section |5 the results of the preceding sections are dis-
cussed, and the theoretical results are further illustrated using numerical simula-
tions. In Appendix A, it is shown via a Turing analysis that the homogeneous
attractor of is linearly stable, irrespective of the magnitudes of the diffusion
coefficients. Appendix B contains a technical result relating to Section [3]

2. LARGE DIFFUSIVITIES

In this section, we consider the regime in which the diffusivities of all species are
large, § = O(1/€?); for convenience, we choose § = 1/&? in . Here, the time
scale on which diffusion acts is much shorter than that of the fast kinetics. There is
a very short transient period, O(g?) in duration, in which the initially heterogeneous
species’ concentrations, given by (|1.15)), homogenize and during which essentially
no reaction takes place. After this short transient, the problem reduces to the well-
understood, classical problem of pure kinetics for the homogeneous solution, see,
e.g., [I5]. We treat this regime in some detail to introduce the method employed
in this article in an elementary context.

After introduction of § = 1/¢2, equations become

0 0?
sza—i = —e?se+e*(k — Ne+ 8752’ (2.1a)
0 0?
528—: = —¢(se — ke) + aa—;, (2.1b)
0 0?
528—§ = e(se — k) + ba—x; (2.1c)
Equivalently, in vector form,
du 0%u
525 = €F5(u) + D@, (22)
where F is defined in .

2.1. Homogenization: The Super-Fast (Inner) Time Scale. To study the
initial transient period, we let 7 = t/e2 denote the super-fast (inner) time and let
a(r,x,e) = u(t,z,e). The governing equations become

ou . 0%a
E = EFE(U) + D@, (23)
with initial and boundary conditions
a4
a(0,z,¢) = u;(z) and 8—;1 o1 0. (2.4)

We consider (2.3) and (2.4) over an O(1)-interval of 7 time, starting at 7 = 0.
Asymptotically, as € — 0T, the solution can be expressed using the Ansatz

a(r,z,e) = 0o, z) + ety (1, 2) + O(e?).

Hence, we expand both sides of (2.3)) in powers of € to obtain a recursive sequence
of differential equations for tg, k = 1,2,.... At O(1), Gg satisfies the homogeneous
heat equation,

O(1): Lrig=0, (2.5)
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where £, = 0/01 — D9?/0x?, subject to Neumann boundary conditions. The
solution is

o0
ag(r,z) = Z tope P cos (kmx). (2.6)
k=0
Here, the coefficients Gig are the Fourier coefficients of the initial distribution u;(x)
with respect to {cos (kwz)}r>0, and they are constant during the fast transients on
the 7 time scale.
Asymptotically, as 7 — oo, we find

1 1
ﬁQ(T, $) — ﬁoo = / ui(x) de= |1 s (27)
0 0

where we used (|1.15)). Therefore, asymptotically, the effect of diffusion in (2.1
is to smear out the initial distributions of the reactants until they are effectively
uniformly distributed over the entire spatial domain.

Remark 2.1. It will suffice to consider the leading-order fast solution (2.6) to
accomplish matching to lowest order in the next subsection. To that end, it is

useful to write (2.6]) as
(7, 7) = (1, 1,007 + O(e™977), (2.8)
where d = min{1, a,b} and where we used (2.7).

2.2. Fast Kinetics: The Fast Time Scale. The fast kinetics take place on the
fast n = t/e time scale, during which the system dynamics are given by
ou 0*a
e—=cF.(0)+D— 2.9
5 = FL(@) + DI, (29)
subject to Neumann boundary conditions. Here, & = u(n,z,¢), and we assume
u(n,z,e) = to(n, ) + ety (n, r) + O(e?). Then, expanding ([2.9) in powers of € and
rearranging the resulting equations, we find

2~
o1): - % =0, (2.10a)
0%, 0y i
Ok): -D 022~ on + [F=(1)]o, (2.10b)

subject to Neumann boundary conditions. It will suffice to consider the dynamics
to this order to obtain a uniform leading-order approximation to the solution of the
original system (2.1).

Integrating (2.10a)) and taking into account the boundary conditions, we conclude
that

i.e., that ag is independent of x. Similarly, it follows from (2.10b|) that

1 a2~ ~
_D/ orw . pom
0 31‘2

ox 0= /01 ( - %O + [Fe(ﬁ)]o) de.  (2.12)

=0
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Since the integrand in the right member of (2.12) is independent of x, we see that
the dynamics of ©ig are governed by the ordinary differential equation
dug -
o [F<(a)]o,
which we write out componentwise,
di
2% _, (2.13a)
dn
@0 (30€0 — ko) (2.13b)
— = —(50€9 — KC .
dn 0€0 0)

—_ = 5060 — HE(). (213C)
These equations are the same as one finds to leading order in the classical MMH
kinetics problem; hence, they can be solved explicitly: 5¢(n) = $0(0) and
o) + o(n) = 2(0) + (0) for all 5> 0.

The initial conditions for (2.13]) are determined by matching with the leading-order
equations on the super-fast (7) scale; notably, we require that lim,_ ., Gg(7,z) =
lim, o+ G (7, z). Now, by (2.8),

lim (7, z) = (1,1,0)T. (2.14)
Hence, we have
So(m)=1 and ép(n) =1—co(n). (2.15)
In turn, it follows that
dé
01— (14 K)é, with &(0) =0,
dn
and, hence,
1 1 T
i = (1 ) (1)) 2.1
() = (1, g (o 70H97) o (1= e 0) (2.16)

Therefore, on the fast (n) scale, the species’ concentrations are essentially homoge-
neous, and the fast chemistry occurs, with the binding of enzyme and substrate to
form complex.

2.3. Slow Reduced Kinetics: The Slow (Outer) Time Scale. The slow,
reduced kinetics take place on the slow (¢) time scale. The dynamics are governed
by the original system, , subject to Neumann boundary conditions. We expand
u(t,z,e) = ug(t,r) +euy(t,z) + 2us(t, z) + O(e?) and equate coefficients of equal
powers of € to obtain

82 Uo

o): - DW =0, (2.17a)
O): - D% = [F.(u)]o. (2.17D)
O(?): - Daa;j = _% + [F.(u)];. (2.17¢)

Applying the same type of solvability argument used in Section 2.2, we conclude

from (2.17a)) that ug(t,z) = ug(¢). Similarly, the solvability for (2.17b)) implies
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t,x) = uy(t), since the right member of (2.17b) is independent of x and, hence,
(u)]o = 0. In turn, this yields

so(t)eq(t) — rco(t) = 0. (2.18)

Next, by writing out (2.17c) componentwise and by applying a solvability argu-
ment similar to the one used in (2.12)), we find

dso

o = —58p€ep + ([Q — )\)007 (2.19&)
d
% = —(soe1 + s1e0 — K1), (2.19b)
d
% = spe1 + S1€0 — KC1. (2.19¢)

In turn, equation ([2.19a) may be simplified using (2.18)) to obtain dsg/dt = —Ac.
In addition, (2.19b)) and (2.19¢|) imply

eo(t) + co(t) = eg(0) + ¢o(0) for all ¢ > 0, (2.20)

where the constant is to be determined by matching with the equations on the fast
(n) scale: lim, o TGo(n) = lim;_o+ uo(¢). From ([2.16), we find

I ~()—(1 P 1 )T (2.21)
B G L iy '
Hence,
eo(t) + colt) = 1. (2.22)

Finally, we combine (2.18)) and (2.22)) to obtain the critical manifold from the
classical kinetics problem with € = 0,

_so(t) K

co(t) = o)+ 7 and eg(t) = YT

(2.23)

Moreover, we see that the reduced equation for s¢(t) on this critical manifold is

dSO S0 .
— = h =1 2.24
o )\SO o with s0(0) =1, (2.24)

just as is the case for the pure MMH kinetics problem, see for example [I5]. The
solution of (2.24]) is known implicitly,

so(t) + klnso(t) = =Xt + 1. (2.25)

Also, the rate of approach toward the slow manifold is determined by the dynamics

on the fast (n) scale, cf. (2.16).

2.4. The Uniformly Valid Leading-Order Approximation. In this regime of
large diffusivities, the leading-order approximation, uniformly valid in time and
space, to the solution of (1.13)) is obtained by combining the expressions for 1y,

U, and ug (recall (2.6)), (2.16]), (2.23)), and (2.25))) and subtracting their respective
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common parts (recall (2.14]) and (2.21])). We find

s(t,x) = so(t) + O(e ™ %) + O(e), (2.26a)

i I (et 40 2.26b

e(t,lli)— So(t)-i—li_'_ 1+I€ + (e )+ (6)5 ( . )
—(14r)V6t )

c(t,z) = sot) e + (’)(e_b7T ‘”) + O(e), (2.26¢)

so(t) + K 1+k

where sq is defined by , and we recall that § = 1/£2, i.e., § is asymptotically
larger than the rate constant corresponding to the faster of the two kinetics scales.

The physical interpretation of is that, during a short initial time interval
of O(e?), diffusion effectively homogenizes the species’ concentrations. Thereafter,
the concentrations of all three species are essentially uniform and independent of
the fine structure of the initial distributions, and they evolve as in the classical
MMH kinetics problem. On the fast time scale, enzyme rapidly binds to form
complex, while in the phase space the concentrations quickly approach the slow
manifold. Then, on the slow (outer) time scale, one observes the reduced kinetics;
the concentrations evolve toward equilibrium along the slow manifold, with the
concentrations of enzyme and complex being slaved to that of the substrate.

In the limit as § — oo, the expressions in agree with the results for
the chemical kinetics problem considered for example in Lin and Segel [15, Equa-
tions (14) and (15)]. Moreover, the algebraic corrections at O(e) and upwards are
independent of x, and they are governed by ordinary differential equations in ¢.
These are obtained from solvability conditions, as is shown for uy, for example, in
the following subsection.

2.5. Higher-Order Corrections. On the slow time scale ¢, the O(e) corrections
to the leading-order solution are characterized by the O(e%)-terms in (2.2)),

. 0%u du
O : —DW; = —a—tl + [Fe(u))s. (2.27)

Equation (2.17¢) yields that us(t,2) = ua(t); hence, application of the solvability
(2.27]

condition to (2.27)) implies

dSl

— = —s1e0 — Sge1 + (kK — Ney,
dt 1€0 0€1 ( ) 1
d61

o —(s0e2 + s1e1 + s2eg — Kea),
dCl

E = Sp€2 + S1€1 + S2eg — KCao.

Therefore, e1(t) + ¢1(t) = e1(0) + ¢1(0) = 0, since matching with the next-order
approximation on the super-fast and fast scales shows that this constant is zero.
Hence, e; = —cy; and, recalling that eg = 1 — ¢y, we see that

dSl
dt
which is precisely [15, Equation (25a)]. One may proceed in a similar manner to

obtain the asymptotics of u to any order, as well as the O(e) and higher-order
corrections to the slow manifold, as in the classical MMH kinetics problem.

=—(1—co)s1+ (k= A+ s0)ea,
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We observe that one may also calculate the higher-order corrections to the
leading-order solution on the super-fast time scale. At O(e), system (2.3) yields

051 _ %1

or  Ox?’

8é1 ~ A ~ 82é1
a9 = —(80€0 — Kéo) + o
861 3261

= §0é0 — Héo +b

or ox?’
Hence, substituting the leading-order solution , one sees that the constant
terms, corresponding to k = 0, lead to linearly growing and decaying terms in é;
and ¢;. These secular terms render the expansion invalid as an approximation on
time scales of 7 = O(1/¢). Therefore, one needs to use the multiple scales method
(or, alternatively, the boundary function method), as follows. We let

—D(km)%r

Uy = 0g(n, 7, x) = Ggo(n) + L2, Goxe cos(kmx),

so that Gigg varies on the fast scale, while for £ > 1 Gig;, remains constant, as before.
Therefore, the equations at O(g) are now

081 i 0500 . 82§1

or on  0x2’

8é1 8é00 o “ 82é1
ar gy - (et k) Fags
661 8600 N 8261

= S99 — kCg + b

or | on 0x?’
Solvability (or ‘climination of the secular terms’) implies that one should choose
the n—dependence in 0gg so that
059
I

8@00 (A ~ ~ )
= —(800€00 — KC00),
an 00€00 00

207

0o . . .
—— = S00€00 — KCoo-
on
By this choice, the solution of the system for 01; is bounded. Also, we observe that

these equations are exactly the same as equations (2.13]) for g, as expected. For
an exposition of the method of multiple scales, see [14], for example.

3. MODERATELY LARGE DIFFUSIVITIES

In this section, we examine the regime of moderately large diffusivities, § =
O(1/e); for convenience, we take § = 1/ in (1.13)). Here, the diffusive time scale is
of the same order of magnitude as that of the fast kinetics.

We show that, on the fast time scale, s satisfies the homogeneous heat equation
to leading order and hence approaches one exponentially in time. At the same
time, to leading order, e and c¢ satisfy inhomogeneous, linear reaction—diffusion
equations, and they approach constant values exponentially in time. Moreover,
the homogeneous values of e and s are, to leading order, precisely those values
corresponding to the point on the slow kinetics manifold, which is to be expected.
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The rate constant for the exponential convergence in time to this homogeneous
state is one order of magnitude smaller than in regime (i), see Section

On the long time scale, s is the reaction progress variable. It satisfies the classical
slow reduced MMH kinetics equation. At the same time, the homogeneous enzyme
and complex concentrations are slaved to that of s and lie on the critical manifold
to leading order. Most significantly, the leading order dynamics in this regime turn
out to be independent of the diffusivities a and b.

The equations in this regime are

a% =—ese+e(k—AN)c+ g—i;, (3.1a)
5% = —(se — k) + ag—j;, (3.1b)
5% = S€*HC+b§7§:§. (3.1c)
Equivalently, in vector form, they are given by
Eg—ltl =F.(u) + D%.

3.1. Homogenization and Fast Kinetics: The Fast (Inner) Time Scale.
Recall that G(n, z,e) = u(t, z,¢) on the fast time scale given by n = t/e. Then, the
governing equations become

08 o . 0%

o —esé+e(k—AN)E+ 922 (3.2a)
0é n . 0%

8777 = —(Se — HC) + aw, (32b)
o¢ . . 0%

8777 — Se — KkC + b@ (32C)

subject to the usual initial conditions and Neumann boundary conditions.
Making the Ansatz 0(n,r,e) = Go(n, z) + ety (n,z) + O(e?), we find to lowest
order that

9% 0%

By = o (33

¢ 9%

a%) — —(Boéo — Kéo) + aaTiO, (3.3b)
~ 2 A

%c; = 8080 — Ko + b2:20~ (3.3¢)

Hence, 3¢ satisfies the homogeneous heat equation with Neumann boundary condi-
tions and with initial data given by $0(0,x) = s;(x), which implies that

So(mx) = > sore™* cos (kma), (3.4)
k=0
where Sg0 = 1 and

1 1
S0 = 2/ 50(0, ) cos (kmz) do = 2/ si(z) cos (krx)dx for k > 1.
0 0
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Next, we find the corresponding expressions for éy and é. Equations and
are linear in ég and ¢y, with some of the coefficients depending on 7 and =z
through sg. Hence, due to the Neumann boundary conditions on ég and ¢y, one
can write

Zeok cos (kmx) and &(n Zcok cos (kmx) (3.5)

for some sets of coeﬂi(nents {éox(n)} and {¢or(n)}. Substltutmg 3.4) and (3.5) into
(3.3b)) and (3.3c), making use of the identity
1
cos (mmz) cos (nmx) = 3 (cos ((m +n)mz) 4 cos ((m — n)mz))

as well as of 590 = 1, and collecting coefficients of like cosines, we find that égy
and &g must satisfy the following infinite system of linear ordinary differential
equations:

dé
%O —(€00 — Kcoo) — Fo, (3.6a)
Qo0 _ so oo + (3.6b)
an 00 00 05 -
for the zeroth Fourier mode, and
dé 1
;—;k = —(1 +a(km)? + §§0(2k) 4(km) t)eOk + kéor — Fr, (3.7a)
dé R 1, (k)28 A
d—;k —(/-@ + b(kﬂ')2>60k + (1 + iso(gk)e A(k )2t)60k + Fr, (3.7b)
for the kth Fourier mode, k > 1. Here, F}, is defined via
1 a —(mm)?n 4
n) = ) Z Som€ (m) "eom (1), (3.82)
m>1
1 A —(m+k)3m? A —(m—k)?x3n\ 4
Fr(n) = 3 Z (So(erk)e (m+k)"n"n + Sojm—k|€ (m=F) ")GOm(U)» k> 1.
mzh
(3.8b)

In particular, (3.6) yields that épo(n) + ¢oo(n) is constant in this regime. Then,
solving (3.6) and taking into account the identities

€00(0) = /01 é0(0,z) dr = /Olei(x) de =1,
¢oo(0) = /01 ¢0(0, ) dx = /01 ci(x)dx =0

as well as the fact that égr and ¢gr must be bounded in 7, we find

— min{n2,14+x PN 1 — min{n? K
1+/¢+0( s tadmy - ego(n) = Tor +0(e {m"14n}m) - (3.9)

Similar expressions can be derived for ég, and ¢op with k > 1; in particular, one

€oo(n) =

can show that €y, éor = O(e_d’TQ"), where we recall d = min{1,a,b}. Hence, we
conclude that for n large,

(n.2) = (1,

K 1

T — min{dn? K
quJ + O (e~ mintar i), (3.10)
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See Appendix B for details.

3.2. Reduced Kinetics: The Slow (Outer) Time Scale. On the slow (outer)
time scale, the system dynamics are naturally described by (3.1) in the original
time t. To lowest order, we find

0%s
= ax;’ (3.11a)
32
0 = —(speo — kco) + aﬁe;, (3.11b)
82
0 = speg — ke + bgczo, (3.11c¢)

where we again make the Ansatz u(t,z,¢) = ug(t, ) + euy (t, z) + O(e?).
Integrating (3.11al) with respect to  and making use of the Neumann boundary
conditions, we conclude immediately that so (¢, x) = so(t). Similarly, it follows from

either (3.11b)) or (3.11c) that
1 1
so(t)/ eo(t,x)dx — H/ co(t,x)dx = 0. (3.12)
0 0

To obtain explicit formulae for ey and ¢y, we rescale x via T = z/+/a, and observe
that the ratio

a=a/b
is the relevant parameter, rather than a and b separately. We rewrite (3.11bf) and
(3.11c|) as a four-dimensional linear system with ¢—dependent coefficients,

ey = fo, (3.13a)
fo = so(t)eo — rico, (3.13b)
¢y = do, (3.13c)
dy = —a(so(t)eg — Keo), (3.13d)

where the prime denotes (partial) differentiation with respect to Z.
The general solution of (3.13) is given by

eo(t, ) = ki (t) 4+ k2 ()T + y3(t)eV o DFerT _ o (e~ VsoFars (3 14q)
co(t, Z) = so(t)71(t) + s0(t)12(1)T — ays(t)eV O DTORT 4 qyy(t)e™ VoW tars
(3.14b)

where fo = e( and dy = ¢, can be found from (3.14]), and 1, . .., 4 are t-dependent
constants of integration. Making use of the Neumann boundary conditions on eg

and ¢g in (3.14)), one sees that 2, v3, and 4 must be identically zero. Hence, the
only solution (3.14)) that satisfies the boundary conditions is given by

(€0, co)(t) = M (t)(k, s0(t)), (3.15)
where 71 (t) is as yet undetermined, and we see that (3.12)) reduces to
so(t)eo(t) — keo(t) = 0. (3.16)

Summarizing, we see that ey and ¢y are spatially uniform on the slow time scale

and that the constraint (3.16)) is satisfied at all times.
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To describe the dynamics of ug on the ¢ time scale, we consider the O(g)-terms

in ().

% = —speg+ (k — Ao + %, (3.17a)
% = —(s1e0 + spe1 — ke1) + a%, (3.17b)
% = s1e9 + Spe1 — KC1 + b%. (3.17¢)
First, an integration of over z € [0,1] in combination with yields
Lo — e (3.18)

To find the corresponding dynamics of ey and ¢g, we add (3.17b)) and (3.17¢)) and

integrate the resulting expression with respect to z, which gives

Hence, eg(t) + co(t) = €g(0) + co(0) for all ¢ > 0. Finally, taking into account that
lim;_,¢+ u(t, ) must equal
N K 1 \T
Jm o) = (L )
we obtain
eo(t) +co(t) = 1.
Combining this identity with and solving the resulting equation for v;, we
find 1 (t) = (s0(t) + k) ' and therefore

K S0(t)
= —" and e(t) = 2 3.19
co(t) so(t) + K and - co(t) so(t) + K (3.19)
see (2.23). Finally, substitution of (3.19)) into (3.18)) yields the governing equation
for sgq,
dS() S0 .
— == th =1 2
o P with s0(0) , (3.20)

see also (2.24).

This approximation is independent of the values of a and b, and hence it coincides
with the one in Section 2. The unequal diffusivities of e and ¢ do not influence the
leading-order asymptotics of (3.1)).

3.3. The Uniformly Valid Leading-Order Approximation. In this regime,
§ is of the same size as the rate constant corresponding to the faster of the two
kinetics time scales, i.e., & is moderately large. Therefore, given the expressions

for ©ip and ug in (3.10) and (3.19)), respectively, with so(t) given by (3.20]), the

uniformly valid leading-order approximation for u is

s(t, z) = so(t) + O(e™ ™n{m* 146300y 4 O (c), (3.21a)
—_ L —min{a7r2,1+ﬁ}5t

e(t,x) Py g + O(e )+ O(e), (3.21b)

(t,a) = 00 4 oo mintorwloty | o) (3.21c)

So(t) + &
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where § = 1/¢. Again, we emphasize that this approximation is independent of the
values of a and b. Correspondingly, the leading-order dynamics may be interpreted
physically in the same manner as that found in the regime of large diffusivities
(Section 2.4), although of course the error terms here are more significant.

3.4. Higher-Order Corrections. Similar reasoning as used in Section 3.2 can be
applied to determine the asymptotics of u,, for any n > 1. In particular, one can
show that u, remains spatially uniform for all times ¢, u,, = u,(¢), and that the
state of the system at time ¢ is determined by the set of equations

ds, (t
20y (), (3.220)
en(t) + ¢ (t) =0, (3.22b)
so(t)en(t) — ken(t) = én_1 + rp_1(t). (3.22¢)
Here, the overdot denotes differentiation with respect to time, Fy (u) = —se +
(k — A)e, and the term r,_1 = [Fa ()], + soen — Kcp, with Fy .(u) = —se + ke,
is a function of uy,...,u,_1, Sn, and ey exclusively.
The proof is by induction. First, at O(e™), (3.1a) reads
dSn_l(t) 82571 (ta m)

7 = Fre@a(t) +—7 5

Now, ds,,_1/dt = [F1 ¢(u)],_1 by the induction hypothesis, and thus §%s,,/0z? = 0.
Using the boundary conditions, then, we find that s, (¢, ) = s, ().

Next, at O(e™), (3.1b)) and (3.1¢) yield

. P en
En—1 —Th—1 = 7(506”’ — Iﬂ?Cn) + GW,
. P en
Cn—1 1 Th—1 = So€n — KCp + va

Here again, we rescale z via T = x/y/a and rewrite these equations as a four-
dimensional, inhomogeneous, linear system with ¢t—dependent coefficients,

en = fns (3.24a
Il = soen — Kep + €n—1 — Tn_1, (3.24b
¢ =dy, (3.24¢

d;z = 70‘(50677, — KCp + €n_1 — Tn—l), (324d

)
)
)
)

where the prime denotes (partial) differentiation with respect to T and we have
used that é,_1(t) + ¢,—1(t) = 0 by the induction hypothesis.
The general solution of (3.24) is given by

en(t,x) = Ky (t) + Ky (t)T + 3 (t)eV oWtare _ ’Yd@gmj
énfl(t) - rnfl(t) 7
T an (oYl Fara) - 1),
en(t, ) = so(t)71(t) + so(t)12(H)T — OZ’}/g(t)e\/ma‘c i a,m(t)ef\/mi

énfl(t) — Tnfl(t) _
—« solt) T on (cosh( so(t) +akT) — 1),

(3.25a)

(3.25b)
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where f,, = e}, and d,, = ¢}, can be found from (3.25)) and ~1, ..., vy4 are t-dependent
constants of integration. Making use of the Neumann boundary conditions on e,
and c,, one sees that v, 3, and 74 are such that
én—l (t) — Tn—-1 (t)
so(t) + ak
én—l (t) — T'n—-1 (t)
so(t) + ak

en(t7 3'}) = en(t) = K71 (t) - ’ (3'263‘)

cn(t, ) = cn(t) = so(t)n1(t) +

(3.26b)

In summary, these formulas show that u,, = u,(t).

Next, by integrating the O(e"*!) terms in and using the boundary con-
ditions, we obtain fol (dsp/dt) dx = fol [F1:(u)], dx. To evaluate these integrals,
we observe that s,, and thus also ds,,/dt, is a function of time only. Moreover,
[F1c(u)], is a function of ug, . . ., u,—1 and thus also a function of time only. There-
fore, ds,, /dt = [F1,(u)],, as desired.

Finally, at O(e"*1), and yield

2
én = [FZ,E(U)]W, —+ aaﬁe;;l y
82Cn+1
Cn = — F 5 n b
é [Foe(a)]n + 52

Integrating both members of these equations over the spatial domain [0, 1], using
the boundary conditions and recalling that e,, and ¢, are functions of time only, we
obtain the identity é,(t) + ¢,(t) = 0. Recalling also that e(t,z) + c¢(t,z) = 1 and
that eg(t) + co(t) = 1, we conclude that e, (t) + ¢,(t) = 0 as desired. Therefore,
combining with the identity é,(t) 4+ én(t) = 0, we obtain (3.22), and the
proof is complete.

Remark 3.1. Equations show that the system dynamics are governed solely
by the chemical kinetics together with the conservation law e(t) 4+ c(t) = 1, to
within all algebraic orders in €. Thus, all of the results that are valid for the usual,
nondiffusive MMH kinetics (such as the existence of a slow invariant manifold with
an asymptotic expansion in powers of ¢ [12]) also apply to this case.

4. SMALL DIFFUSIVITIES

In this section, we consider the regime in which the species’ diffusivities are
small, § = €, so that the time scale on which diffusion acts is much longer than that
of the slow kinetics.

The solution in this regime depends on the fine structure of the initial distribu-
tions, as well as on the local distributions of the species. We will show that, on
the fast and slow time scales, the effects of diffusion may be neglected to a fairly
good approximation (to within O(¢?)) and that the kinetics are largely decoupled
at each point = in space. In particular, for each fixed z, the kinetics follow the
classical MMH kinetics. Complex is formed on the fast time scale, with the species’
concentrations rapidly approaching an z—dependent point on the slow manifold.
We label the dynamics on the fast time scale as pointwise fast kinetics. Then, the
reaction proceeds on the slow time scale, with the concentrations of substrate and
complex evolving along the slow manifold to zero, pointwise in z. Also, the enzyme
concentration evolves to leading order toward the initial profile e;(x), which still
depends on z. We label the dynamics on the slow time scale as pointwise slow
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reduced kinetics. Finally, on the super-slow time scale, diffusion homogenizes the
enzyme concentration profile.

Equations (1.13) with § =€ are

E% = —ese+¢e(k — )\)c+€2g—j;, (4.1a)
E% = —(se — Kke) + aszg—j;, (4.1b)
5% = se—fic—l—bEZg—zg. (4.1¢c)
In vector notation, is given by
5%‘; =F.(u) + 52D%. (4.2)

One factor of ¢ in (4.1a]) is redundant; however, we retain it for consistency of
notation.

4.1. Pointwise Fast Kinetics: The Fast (Inner) Time Scale. On the fast
(n = t/e) time scale, the full governing equations are given by

oa 0%

—— =F.( ’p—, 4.3

5y = Fe() + D5 (43)
subject to the usual initial and boundary conditions, see Section Again, we
expand 0(n, z,¢) = Uo(n, z) + ety (9, z) + O(e?). To lowest order, (4.3)) implies

ol .
0(1) : 670 = [F.(1)]o, (4.4)
subject to Neumann boundary conditions and the initial condition
(0, ) = w;(x). (4.5)

Solving the system (4.4) and (4.5) componentwise, we find §o(n,z) = §(0,x);
hence, $0(n,z) = s;(x) for all n > 0. Moreover,

so that
éo(n,x) + co(n,x) = é9(0,2) + ¢o(0,x) = e;(x) for all n > 0. (4.6)
Now, given that §g = s; and €y = e; — ¢y, we see from that
aa—i;) = —(8; + K)é + s;e;  with éy(0,2) =0,

which has the solution

si(z)ei(r) (1— e (@ wm),

60(77715) = SZ(I) Tk

In summary, we have

T
g (n, ) = (Si(ﬂﬁ), %(K+Si(m)e—(si(x)+n)n)7 M(l _e—(si(x)—s-n)n)( )
4.7

The physical interpretation of these results is that, on the fast time scale, dif-
fusion has no effect on the concentration amplitudes to O(1) and O(e); it only
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influences the amplitudes at O(e2). Instead, on the fast time scale, the kinetics
have center stage and are essentially independent at each point x. In particular,
pointwise in = and to leading order in e, § remains unaltered, and é and ¢ are
constrained to satisfy the linear conservation law , while the concentrations
evolve to the appropriate (z—dependent) point on the leading-order slow manifold
as 11 — 00, which is exactly dictated by the chemical kinetics.

4.2. Pointwise Slow Reduced Kinetics: The Slow Time Scale. The slow
time scale is given by the original time scale ¢ itself; hence, with a slight abuse of
notation to ensure consistency with Section [2] we replace u by & = u(t,z,e) in
and make the Ansatz G(t, z,e) = g (¢, z) +ety (t, ) + O(e?). After expanding
with respect to € and rearranging, we have

O(1): [F.(a)] =0, (4.8a)
0(): 2~ p. (), (4.8)

with Neumann boundary conditions on tip and u; and with initial conditions to be
determined by matching with the equations on the fast time scale.
Writing (4.8a]) componentwise, we see that 5069 = K&y, which we can substitute

into to obtain
030
ot
Also, we deduce from that éo(t,x) + éo(t,x) = €0(0) + é(0) must hold.
Imposing the matching condition lim, . Go(n, ) = lim;_ ¢+ Bo(t, z) and taking
into consideration that

lim (1, 2) = <3i(a:), rei () Si(“)ei(x))T, (4.9)

00 si(z) + k7 si(z) + K

we conclude that éy(t, z) + ¢ (¢, z) = e;(x). Therefore, recalling (4.8a)), we obtain

— ).

- kei(x) - So(t, w)ei(z)
= = = 4.1
eo(t,l‘) §0(t,$) + K and Co(t,fl}) 50(t,$)+l{ ) ( 0)
where 3¢(t, x) solves
850 . 61(56) - . - -
e f)\go el with 50(0,2) = s;(x). (4.11)

This reduced equation for 5¢(¢,x) is of the same form as , the equation for
s0(t) in the large diffusivities regime; however, the interpretations differ. Here,
30(t, ) depends on x through e;(x), whereas sy(t) is independent of xz. Moreover,
we recall that §9 may be found only implicitly, as was shown for sq(¢) in .

Therefore, we conclude that, at each point z in the domain, §y is the natural
reaction progress variable and that the enzyme and complex concentrations are
given as functions of it, as in the chemical kinetics problem. However, we emphasize
that, in this small-diffusivity regime, the sum of €y and ¢y depends on x and is equal
to the local initial enzyme profile e;(z), not uniformly equal to one, as in the classical
kinetics problem. This means, among other things, that, for certain spatial profiles
e;(x), the dynamic evolution of & takes place outside the unit cube, i.e., outside
the region that is feasible for the classical kinetics problem.
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4.3. Homogenization of the Enzyme Concentration: The Super-Slow
(Outer) Time Scale. Due to the fact that § = ¢ in this regime, diffusion acts on
the super-slow ({ = et) time scale, and we express the governing equations as
0%u
_ 2
subject to Neumann boundary conditions. We make the Ansatz

u(<7 Zz, 8) = uO(C: 1‘) + 8111(C, ],‘) + €2u2(<a .13) + 0(53)7

substitute it into (4.12]), expand, and rearrange the resulting equations to obtain

O1): [F:(u)]o =0, (4.13a)
O(e): [Fe(wh =0, (4.13D)
O(%): Leug = [Fe(u)l, (4.13¢)

where L = a% — Daa—;, supplemented by Neumann boundary conditions.

First, observe that (4.13a) gives speg = kcp, as on the slow (t) scale. Then
(4.13b) shows that Acg = 0, which implies ¢ = 0 (since A # 0 by definition).
Moreover, we see from that same equation (4.13b|) that

s0e1 + s1€9 = Kcq,
which we use in to obtain
s 02%s
¢ 022
Similarly, to find ey, we note that and the identity c¢g = 0 derived above
imply L¢co = 0; hence,

= 7)\01.

Sp€2 + S1€1 + S2€g = KCa.
Therefore, L¢eg = 0 and

eo(C, x) = Z eone ™ cog (kmx),
k=0

with the constant coefficients ey to be determined by matching with the dynamics
on the ¢ scale. Since matching requires lim¢_, o U (¢, z) = lim¢_,o+ up(¢, ) and

tli)ngo uy(t,x) = (O,ei(m)ﬂ)T (4.14)

by (4.10) and (4.11)), it follows that ey solves the homogeneous heat equation with
nonzero initial conditions and with Neumann boundary conditions. Hence, the
enzyme concentration will generically be nonzero. More precisely, since

1
oo = / ei(z)de =1,
0

it follows that eo(C,z) = 1+ O(e~*™¢). All reactions have to leading order been
completed when diffusion sets in, i.e., there is only enzyme left to diffuse until a
spatially homogeneous distribution of e has been reached.

Finally, given eg(x) # 0 and , we conclude that sg = 0 must hold. Hence,

to summarize, we have
w(¢,2) = (0,1,0)7 + O %), (4.15)

where again d = min{1, a, b}.
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4.4. The Uniformly Valid Leading-Order Approximation. We combine the
expressions for g, Ug, and ug, which are the leading-order approximations to the
solution u of on the fast, slow, and super-slow time scales, respectively, into
one uniformly valid, leading-order approximation for u. Given , and

(4.11)), and (4.15)), as well as (4.9) and (4.14)), a straightforward calculation shows
s(t, ) = 5o(t, ) + O(e ™™ %) + O(e), (4.16a)

o, Sotei(r) | si(@)eil®) (s (a)myt/s —an?st
e(t,r) = o)+ + si(x)Jrne + O(e )+ O(e),
(4.16b)

aL,x) = olt, z)ei() - si(@)ei(w) e~ (si(@)+r)t/6 o—bm?dt € C
00 = Fta) +r i) +r +O( ) + Oe),  (4.16¢)

where §j is defined by (4.11)). Here, we also recall that 6 = ¢, i.e., § is asymptotically
smaller than the smaller of the two kinetics rate constants.

4.5. Higher-Order Corrections. In this regime, the higher-order algebraic cor-
rections uj, 7 > 1, may be found explicitly.

The O(e) terms in (4.3)) are

O(e) : oy [Fe (@] (4.17)
In particular, the equation for the first component, §1, is
a§1 _ Aa A _Si(x)ei(x) —(si(z)+rK)n
8777 = —Sp€g + (K}—)\)CO = W()\—i—@ (SZ<.’I})+K)—A))7 (418)

where we used . Hence, there will be a secular term in §; that grows linearly
in 7, due to the n-independent (first) term in (£.18).

A remedy is at hand using the method of multiple scales. In particular, let the
terms in the expansion of &t depend not only on the fast time 7, but also on the slow
time t and on a sequence of successively longer time scales as needed, depending
on the order of the truncation of the asymptotic expansion. We start with the
O(1) term, Ag(t,x)50(n, ), in the expansion for 5. As in Section it is again
the case that §g = s;(z), independently of 7, and that holds. Moreover, the
leading-order terms for the complex and enzyme concentrations may be found as
in Section For example, to leading order, the complex concentration is

Ao(t, m)si(w)ei(x)

Ap(t,x)s;(x) + K

Substituting these solutions into (4.3) and collecting the O(¢) terms, we find
0A 05§ ; i(x)A

sl 200 4, 00 oDl
ot on Apsi(z) + K

Therefore, if we choose Ag(t,x) such that the n—independent term vanishes from

the right hand side of (4.19)), then we obtain a regular (bounded) solution for §;.
Specifically, we choose the dependence of Ay(t,x) on ¢ so that

0A (x)A
0 _ @A (4.20)
ot Apsi(z) + Kk
This requirement is equivalent to applying a solvability condition to equation (4.19)),
which forces the ‘bad’ terms to drop out. The resulting equation for §; may be

(1 _ e*(AO(t@)Si(w)JrH)n)'

()\ + (Apsi(z)+rK— /\)ef(Aosi(xH“)”) . (4.19)
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integrated directly to obtain a bounded function. Moreover, as one expects, the
equation for Ap(t, x) is precisely equation , which was obtained from the
leading-order analysis on the slow time scale, with 3¢(t, z) replaced by Ao (¢, x)s;(x).

Higher-order terms 55, 7 > 1, may be found in an analogous manner. The
corresponding amplitude functions A; (for i = 1,...,5) depend on t, et, ..., e/~ 1¢,
as well as on z, and are determined by solvability conditions, just as Ag(t,x) was
determined by the solvability condition on the equation for §; above. Of course,
the corrections to the complex and enzyme concentrations need to be determined
simultaneously using the multiple scales Ansatz.

5. INTERPRETATION AND CONCLUSIONS

In the present article, we have studied the effects of diffusion on the classical
MMH reaction mechanism. We have investigated the two extreme regimes of large
diffusivities and of small diffusivities, as well as an intermediate regime of moder-
ately large diffusivities. A brief summary of the observed dynamics and time scales
in each regime was given in Table 1. Here, we summarize our findings in more
detail and illustrate the analytical results with direct numerical simulations.

Regime (i): large diffusivities, § = 1/¢2. There is a brief initial transient
period of O(¢?) during which the concentrations become spatially homogeneous,
with values equal to the spatial averages of the initial concentration profiles. This
period is followed by another short, O(e)—period during which the fast kinetics
act. During this second period, the homogeneous concentrations everywhere in the
domain are brought into the regime where the MMH reduction holds. Then, for
large times, the dynamics are exactly the same as those found in the pure kinetics
problem, as described above. The leading-order asymptotics, uniformly valid in
time and space, are given in .

The results of a typical simulation of for this regime are shown in Figure
In particular, the super-fast initial transient appears to last for essentially only one
timestep, as is evident from Figures and

Regime (ii): moderately large diffusivities, § = 1/e. The substrate con-
centration again homogenizes during a brief initial transient, which is of O(¢) here.
However, since the fast reaction kinetics act on the same scale as diffusion, there
is an interplay between the two on this fast time scale. Then, as the species’ con-
centrations homogenize, the kinetics start to take over until an MMH reduction is
again applicable. The uniformly valid approximation is given by F

The results of a typical simulation of are shown in Figure|2l The numerical
outcome is qualitatively similar to that for regime (i); however, homogenization is
one order of magnitude slower, since diffusion acts on a time scale of O(e), as
compared to O(e?) before. See especially Figure which suggests that the
number of timesteps is approximately five.

Regime (iii): small diffusivities, 6 = €. At every point in the domain,
the kinetics dominate on fast and slow time intervals on the orders of ¢ and 1,
respectively. In other words, at every point in space, the reaction proceeds exactly
as in the pure kinetics problem, with no communication to leading order between
neighboring points. Then, after the substrate has been used up and all of the
complex has decayed into product and enzyme at every point, on the super-slow
time scale, the enzyme profile becomes homogenized due to diffusion, ultimately
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FIGURE 1. Regime (i): large diffusivities. Concentration profiles
of (a) s, (b) e, and (c) ¢ as functions of ¢ > 0 and = € [0, 1], with
parameter values Kk =3, A =5, =0.1, § =100, a = 2, b = 3, and
initial profiles (s, e, c)(0,2) = (1 + 1 cos(27z),1 + 3 cos(mz),0).

converging to the spatial average of the initial enzyme concentration profile. The
leading-order approximation, valid uniformly in time and space, is given in .

The results of a typical simulation of for this regime are shown in Fig-
ure It takes at least ten timesteps before the concentrations are essentially
homogeneous.

The above case studies are of interest in a variety of applications modeled by the
MMH mechanism. One interesting example is the problem of nutrient uptake in
cells [5], see also Section There, the role of the enzyme is played by the unoccupied
receptor sites on the outer boundary of the cell membrane, and the role of the
substrate is played by nutrients outside the cell. When a nutrient molecule binds
to a receptor site, the receptor site is said to be occupied; this occupied site plays the
role of the complex. Moreover, this binding is a reversible reaction; after binding,
nutrient molecules may be transported into the cell, which renders the binding site
again unoccupied, i.e., the “enzyme” is recycled. Naturally, nutrient inside the cell
corresponds to the MMH product. In sum, the classical MMH mechanism may be
used to model this type of nutrient uptake process.

Moreover, this class of problems constitutes an interesting case study in which
the diffusivities of “enzyme” and “complex” are identical, since the receptor sites
(occupied and unoccupied) are attached to the cell membrane and hence move with
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FIGURE 2. Regime (ii): moderately large diffusivities. Concentra-
tion profiles of (a) s, (b) e, and (¢) ¢ as functions of ¢ > 0 and = €
[0, 1], with parameter values k =3, A =5, =0.1, 6§ =10, a = 2,

b = 0.5, and initial profiles (s,e,c)(0,z) =
3 cos(mx),0).

(1 + 3 cos(2rmz),1 +

the cell. Preliminary results suggest that at least some of the more complex regimes
of mixed diffusivities can be analyzed in a manner similar to that outlined above.

The investigation of various mixed regimes and of other related reaction mech-
anisms, including catalysis [2], as well as the study of the effects of Dirichlet and
mixed boundary conditions (which give rise to time-dependent boundary layers)
constitute possible topics for future research.

APPENDIX A. LINEAR STABILITY OF THE EXTINGUISHED STATE

In this appendix, we state and prove the linear (spectral) stability of the spa-
tially uniform (homogeneous) equilibria u* = (0, e*,0) to which solutions tend in
the limit ¢ — oo, i.e., after all reactions have been completed and the effect of
diffusion has been accounted for. We show that these equilibria are (linearly) sta-
ble with respect to small inhomogeneous perturbations, irrespective of the relative
time scales of reaction and diffusion. Our approach relies on a classical Turing sta-
bility analysis [28]; for more general considerations on the stability of homogeneous
solutions in the presence of diffusion, we refer to [3] [I§].

Lemma A.l. For any e* > 0 constant, the homogeneous equilibrium solution

u* = (0,e*,0) of (1.16) is linearly stable.
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FIGURE 3. Regime (iii): small diffusivities. Concentration profiles
of (a) s, (b) e, and (c) ¢ as functions of ¢ > 0 and z € [0, 1], with
parameter values k =3, A=5,e=0.1,d =0.1,a =2, b =3, and
initial profiles (s, e, c)(0,2) = (1 + 1 cos(27z),1 + 3 cos(wz),0).

Proof. The argument follows closely the corresponding discussion of morphogenesis
in [5, Section 11.4]. First, we linearize ((1.13)) about u = u*. Let u’ = u — u*; then,

ou 1 o~ o?u’

where D = diag(1, a,b) is defined as above and dF.(u*) is given by

—ee* 0 e(k—N)

dF.(u")= | —e* 0 K
e* 0 —K
Now, we make the Ansatz u' = (s',¢/,¢')T = (a1, a9,a3)T cos (krx)e’, which

we substitute into (A.1)). After dividing out the common factor cos (kwx)e’t and
rearranging the resulting equations, we obtain the following homogeneous system
of linear equations for (ay, as, a3)”,

(O'Ig — A) . (051, OéQ,O[;J,)T = (O, 0, O)T, (AQ)

where A is defined as A = dF.(u*)/e — 6(kw)?D and I,, denotes the n x n-identity
matrix. For (A.2) to have nontrivial solutions, det (6I5 — A) must vanish. An
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elementary calculation shows

det (013 — A) = (o + ba(km)?) [0 + (e + 3(km)? + g + db(km)?) o
+ (e + 0(km)?) (g + 5b(k7r)2) - %*(ﬁ - )\)],

which implies that either o = —da(km)? < 0, or that the term in square brackets
vanishes. This term, however, is precisely the determinant of the 2 x 2-submatrix
ol — A of oI35 — A obtained by deleting the second row and column, with

- —(e* + 6(km)?) K—A

A= e* .

= —(g + db(km)? )

(A.3)

Hence, we are within the framework of [5], and it remains to show that tr A < 0
and det A > 0 for Re(o) < 0 to hold, as clearly
tr A tr A2 -
=S4 (55) —deta
2 2 ¢
However, this is immediate from (A.3)), since

a

trd=—(e+ g + 3(km)*(1+1))
and
det A = %(né(lmr)z + A) 4 8b(km)? (e* + §(km)?),

and since the values of all individual parameters in these expressions are non-
negative. O

Remark A.2. The above conclusion also holds for k = 0, since tr A remains
negative and det A positive.

APPENDIX B. ESTIMATES ON (3.6) AND (3.7) FOR REGIME (1I)

In this appendix, we present some of the technical steps involved in analyzing

the dynamics of ég and éo, (3.6) and (3.7), and of deriving (3.10)), for regime (ii).
As shown in Section [3| we know that égo(n) + éoo(n7) = 1 for all 7 > 0. Thus, the
equation (3.6]) for épp may be rewritten as

%(éoo - ) =—(1+r) (éoo -

Writing w = épp — £/(k + 1) and multiplying both members by w, we obtain

K
Kk+1

k+1 )_]:O'

1 d(w?
3 (Z;? ) = —(1+r)w? - Fow.
Applying Young’s inequality to the last term in the right member, we find
1 d(w?)

1
<-4k —o0)w* + —F2.
5y S (1+k—o0)w +4U.7:0

(Here, o > 0 is a suitably chosen parameter.) Next, application of Gronwall’s
inequality yields
1

(w(n))? < (w(0))2e=20Fr=an 1 —

n
/e—2(1+m—0)(77—5)(_’]3'0(3))2dS. (B.1)
20 0
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Recalling the definition of Fy and that §y = s;, applying Holder’s inequality twice,
and employing Parseval’s identity, we estimate

1 500 A 2 1 40 R
(Foln)? = 273 soméon () < s> stz (B2)
m>1

Substituting this estimate into the integral in (B.1]), we calculate
(w(n)? < ((w(0))* = C(0)) e 2+ 4 Co)e ™",
where
Clo) = I5ill3 (supy0 €0 (m)13)
8o(1+k—0—mn2)

Here, ||éo(n)||2 is guaranteed to remain bounded uniformly in time by standard
results. This proves that w(n) — 0 (or, equivalently, that éyo(n) — x/(k + 1)) as
n — oo at an exponential rate.

The same type of estimates can be made to determine the long-term evolution

of the kth Fourier modes ép(n) and éox(n). In particular, one can show that these
modes decay to zero exponentially fast. Hence, we have demonstrated (3.10]).
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