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ABSTRACT. We investigate the asymptotic properties as t — oo of the differ-
ential equation
Z(t) + a(t)z(t) + VG(z(t)) =0, t>0

where z(-) is R-valued, the map a : Ry — Ry is non increasing, and G :
R — R is a potential with locally Lipschitz continuous derivative. We identify
conditions on the function a(-) that guarantee or exclude the convergence of
solutions of this problem to points in argmin G, in the case where G is convex
and argmin G is an interval. The condition

R t
/ e~ Joal®)ds gy o oo
0

is known to be necessary for convergence of trajectories. We give a slightly
stronger condition that is sufficient.

1. INTRODUCTION

In this note, we study the differential equation
Z(t) + a(t)z(t) + VG(x(t)) =0, t>0 (1.1)

where x(+) is R-valued, the map G : R — R is at least of class C!, and a : R, — R,
is a non increasing function. In a previous paper [3], we studied this differential
equation in a finite- or infinite-dimensional Hilbert space H. We are interested in
the case where a(t) — 0 as t — oo. Broadly speaking, convergence of solutions can
be expected if a(t) — 0 sufficiently slowly. One of the questions left open in that
paper was whether solutions converge to a limit if the property

/ e~ Joa(dsgy — o0 (1.2)
0

does not hold and if argmin G consists of more than just one point. In this note,
we give a positive answer to this question, in the one dimensional case.
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2. PRELIMINARY FACTS

Throughout this paper, we will denote by G : R — R a C' function for which
the derivative G’ is Lipschitz continuous, uniformly on bounded sets. The function
a: Ry — Ry will always be assumed to be continuous and non-increasing. We also
define the energy

£(1) = Glr(t) + 5l 0.

Here are some basic results for solutions of from [3].

For any (zg, 1) € R?, the problem has a unique solution z(-) € C2([0,T),R)
satisfying 2:(0) = xg, #(0) = z1 on some maximal time interval [0,7) C [0, 00). For
every t € [0,T), the energy identity holds

d

—&(t) = —a(t)|z(t)]?.

1) = —a®)|z(t)]
If in addition G is bounded from below, then

/O a(t)|@(t)2dt < oo, (2.1)

and the solution exists for all T > 0. If also G(§) — oo as |{] — oo (i.e. if G is
coercive), then all solutions to remain bounded together with their first and
second derivatives for all ¢ > 0. The bound depends only on the initial data. If a
solution z to converges toward some T € R, then lim;_, oo () = limy_,o0 &(t) =
0and G'(z) = 0. If [;~ a(s) ds < co and if inf G > —oo, then solutions z(-) of
for which (2(0),2(0)) ¢ argmin G x {0} cannot converge to a point in argmin G.

For the remainder of this note we shall assume that argmin G # (). Without loss
of generality, we may assume that ming G = 0 and G(0) = 0. If for some p € R,
and z € argmin G

Vz eR, G(z)—G(z) <pG'(x)(z—2)

then it is possible to show that any solution z to the differential equation (1.1))
satisfies

/oo a(t) £(t) dt < o.

Since t — &(t) is decreasing, this estimate implies that £(t) — minG = 0 as
t — oo, provided that [, a(t)dt = cc. If now argmin G = {Z} is a singleton, then
trajectories must converge to T under fairly weak additional conditions. The reader
is referred to [3] for details.

3. CONVEX POTENTIALS WITH NON-UNIQUE MINIMA

In this section, we investigate the convergence of the trajectories of when
argmin G is not a singleton. While the previous discussion shows that fo a(s)ds =
oo is a necessary condition for trajectories to converge to a point in argmin G, this
condition is clearly not sufficient, as the particular case G = 0 shows. In this case,
the solution is given by

t
x(t) — CE(O) _|_ .’I;(O) / e f()g a(u) duds
0
and the solution x converges if and only if (1.2 does not hold. Therefore it is
natural to ask whether for a general potential G, the trajectory z is convergent if
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this condition does not hold. The potential G is assumed to have all the properties
listed in the previous section. A general result of non-convergence of the trajectories
under the condition is shown in [3]. There, we assume that G is coercive,
infr G = 0, argmin G = [o, 8] for some o < 3, and that G is non-increasing on
(—00, a] and non-decreasing on [3, 00). It is also assumed that a satisfies condition
(1.2). Then either a solution satisfies (z(0), %(0)) € [a, 5] x {0}, or else the w- limit
set w(xg, &) contains [a, O] and hence the trajectory z does not converge.

We now ask if the converse assertion is true: do the trajectories = of
converge if does not hold? We give a positive answer when the map a satisfies
the following stronger condition

/ e 0 Joalwdugs < o, (3.1)
0

for some 0 € (0,1).

Theorem 3.1. Let G : R — R be a convex function of class C' such that G’ is
Lipschitz continuous on the bounded sets of R. Assume that argmin G = [«, 5] with
a < (8 and that there exists 6 > 0 such that

VE € (—o0,a], G(§) <20(§—a) and VEE€[B,00), G'(§) 225(£—P).

Let a: Ry — Ry be a differentiable non increasing map such that lim;_ o a(t) =0
and such that condition (3.1)) holds for some positive 8 < 1. Then, for any solution
x to the differential equation (L.1)), lim; o x(t) exists.

Proof. We may assume without loss of generality that o = 0, 3 = 1. The conditions
on G imply that it is coercive, hence lim; .. £(t) = 0 and |z(t)| < M for some
M >0, forallteR,.

Define the set 7 = {t > 0| (t) = 0}. We shall show that either 7 = [0, 00) or T
is a finite set. Assume first that 7 has an accumulation point ¢*. Then &(¢*) = 0
and Z(t*) = 0 by Rolle’s Theorem. Since then &(t*) = &(t*) = G'(z(t*)) = 0, z(+)
must be constant by forward and backward uniqueness, 7 = [0, 00), and clearly the
limit exists. Therefore we may now assume that 7 is discrete. If 7 is a finite set,
then & does not change sign for sufficiently large ¢, and the trajectory x has a limit.

It remains to consider the case 7 = {t, |n € N}, where the ¢, are increasing
and tend to co. We want to show that this is impossible. Observe that at each t,,,
& must change its sign and G’(x(t,)) # 0, since otherwise also Z(t,) = 0 and we
would again have a stationary solution. Without loss of generality, we can assume
that #(0) < 0, 2(0) < 0 and therefore z(to) < 0. Since G'(z(t9)) < 0, equation
shows that #(to) > 0, hence the map & is positive on (to,t1), x(t1) > 1, & is
negative on (¢1,t3), and so on.

The argument so far shows that G’(x(t)) vanishes on a union of infinitely many
disjoint closed intervals,

{t]0 < z(t) <1} = Ug>oluzk, Uak+1]

where 0 < tg < ug and ugr_1 < tp < ugr for k =1, 2,.... Let us observe that, for
every k € N,
U2k+1
= fo(uzesn) ~wluse) = [ L6(O]d < fuais — | gmax [6(0).
ok t>uzp

Since lim;—. o &(t) = 0, we deduce that limy_, oo |uggt1 — U] = o0.
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We next observe that for ugr, < ¢ < uggs1 the function v = & satisfies v(t) +
a(t)v(t) = 0 and hence

Vt € [ugp, ugks1], Z(t) = (uok)e Juzy, @7 (3.2)
Claim 3.2. There is a constant v such that uggio — ugk+1 < v for all k € N.

To show this claim, fix k¥ € N and assume that ¢ € [uggi1, usgr2]. Assume for
now that k is odd and thus z(¢) < 0. Define the quantity A(t) = exp (% fot a(s) ds)
and set y(t) = A(t) 2(t). Then y is the solution of the differential equation

i(t) + A(t) G’ (i((?)) - (a f) + a(;)) y(t) =0, (3.3)

and satisfies y(quH) = y(qu+2) = 0 and y(ung) = A(quH)i(quH) < 0.
Since the map a converges to 0, we can choose k large enough so that a(t) < 2 Ve
for every t € [ugg+1, Uak+2]. On the other hand, the assumption on G’ shows that,
for every t € [ugpy1, u2ky2],

t)

Alt) G’ y(t) < 268y(t).

0o (45) <200

Recalling finally that a(t) < 0 for every ¢t > 0, we deduce from ({3.3)) that

Vt € [uggq1, uzkya),  H(t) +0y(t) > 0.

The unique solution z of the differential equation Z(t) 4+ ¢ z(t) = 0 with the same
initial conditions as y has the first zero larger than usgy1 at uor+1 + %. By a

standard comparison argument, we deduce that y vanishes before z does, hence

T
Uggy2 < Uggpy1 +7, V= %

The same argument applies if &k is even. This proves the claim.

Claim 3.3. There is a kg € N such that for k > kg

Y . _ U2k 42
|2 (uogr2)| < | (ugg)|e 0 fusy % als)ds

where 6 is as in .
To prove this, pick kg so large that for all k& > kg,
(1 = 0)(ugk+2 — uzk) > 0.
This is possible since ugg12 — ugr, — 00 as k — oo. Since a is non-increasing, this

implies that

Uk 42
0/ a(T)dr < ~v0a(ugk+1)

2k+1

< (1= 0)(ugkq1 — uzk)a(uzes1)

<(1-0) /u T ryar

2k

U2k 42 U2k+1
9/ a(t)dr S/ a(t)dr .

2k 2k

and hence
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Then for k > ko,

Y 3 . _ r%2k+1
|2 (vak42)| < | (uak+1)| = | (uak)|e™ J2k a(s) ds

< | (ugp)|e =0 Fusn 7 als) ds
proving the claim.

Claim 3.4. If the set T is unbounded, there must exist a constant C, depending
on T and on x(0),£(0) such that for allt >0

i(t)] < Ce0Joals)ds, (3.4)

By making sure that C' is sufficiently large, we only have to prove the estimate
for t > usg,. First assume that usp <t < ugg41 for some k. Then from (3.2))

(0] < Jian) €™ Foan 0% < [iugp)] e o

Using induction, we deduce from Claim [3.3] that

-0 [t a(s)ds

Uk =0 6—9 fot a(s)ds

|2(t)] < | (uzk, )| €
with C = |2 (uag, )| €’ Jo 0 as) s Next consider the case where ugg1 < t < Ugpyo

for some k. Then
Uk 42

|2(t)| < |2 (ugk1)| < Cre™? Jo ¥+ a(s) ds < Oy Juanin AT =0 [y als)ds
Due to Claim 0 Jusiil a(mydr < Cy for all k, for some constant Cy. Estimate
(3.4) now follows for ¢ > gy, with C = C1Cs. By enlarging C' further, the estimate
follows for all £ > 0.
Let us now conclude the proof of the theorem. From assumption (3.1)) and esti-

mate (3.4), we derive that # € L'(0,00). Hence lim;_, 2(t) exists, contradicting
the initial assumption. Therefore lim;_, o, x(¢) exists after all, and the theorem has

been proved. 0
Remark 3.5. Note that the map t — 7 with ¢ > 1 satisfies condition (3.1) for
every 6 € (%, 1). In fact, if merely a(t) > ¢f5 for t large enough for some ¢ > 1,

then condition is satisfied. Consider next the family of maps a : Ry — Ry
defined by
p = 1 n d
W=t i me 2

for some d > 0. It is immediate to check that condition holds if and only
if d € (0,1]. Thus non-stationary trajectories of do not converge when d €
(0,1]. But condition is never satisfied, for any 8 € (0,1) and d > 0, and
the convergence of trajectories remains an open question. Thus there remains a
“logarithmic” gap between the criteria for existence and non-existence of limits.

We conclude with some remarks on convergence results in dimension n > 1. It is
possible to extend the non-convergence result given at the beginning of this section
to the case where the differential equation is given in a Hilbert space H, see [3].
However, it is not clear how to prove that lim;_, . x(t) exists, in a general Hilbert
space ‘H and for the case where G is convex and argmin G is not a singleton. Since
in this case |(t)] < \/2&(t), it appears natural to derive convergence results from
suitable estimates for £(t). In [3], we give conditions that imply £(t) < Da(t)
for all ¢, for some constant D > 0. However, since we must also assume that
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fooo a(s)ds = oo, these estimates are not strong enough to guarantee the convergence
of trajectories.

One could try to extend the proof of Theorem [3.1} Set a1 (t) = a(t) - xs(x(t)),
where yg is the characteristic function of § = argmin G, then 4 €(t) < —2a,(t)&(2),
and hence £(t) < £(0)e™2 Jo ar(®)ds 1f the function t — e~ Jo 91()4s can be shown
to be in L(0,00), it would follow that |#| is integrable, implying the convergence
of trajectories. This works in the one-dimensional case since the behavior of trajec-
tories is quite simple. However, if dim’H > 1, it is difficult to satisfy this property,
since trajectories corresponding to can be expected to behave like trajectories
of a billiard problem in S = argmin G for large times.

When the map a is constant and positive, it is established in [Il [2] that the
trajectories of are weakly convergent if the potential G : H — R is convex
and argmin G # (), in an arbitrary Hilbert space H. The key ingredient of the
proof is the Opial lemma [4], which allows the authors of these papers to prove
convergence even if |@(-)| is only in L?(0,00) and not in L(0,00). However, if e.g.
a(t) = {7, then Opial’s lemma requires that we show S (t+1)|2()]? dt < oo, while
implies only fooo H%|x(t)|2 dt < co. Hence there remains a gap if arguments
similar to those in [I] or [2] are to be used. It is unclear how this gap can be closed.
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