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BOUNDED SOLUTIONS: DIFFERENTIAL VS DIFFERENCE
EQUATIONS

JEAN MAWHIN

ABSTRACT. We compare some recent results on bounded solutions (over Z) of
nonlinear difference equations and systems to corresponding ones for nonlinear
differential equations. Bounded input-bounded output problems, lower and
upper solutions, Landesman-Lazer conditions and guiding functions techniques
are considered.

1. INTRODUCTION

In this paper, we survey some recent results on bounded solutions (over Z) of
nonlinear difference equations or systems, and compare them to the correspond-
ing situations for bounded solutions (over R) of nonlinear differential equations or

systems.
We first give some maximum and anti-maximum principles for bounded solutions
of linear differential equations of the form

u'(t) + Au(t) = f(t)
and of corresponding linear difference equations of the form
At + My, = frn (M € Z).

Then we compare Landesman-Lazer conditions for bounded solutions of Duffing’s
differential equations
2"+ ca’ + g(x) = p(t),
with those for bounded solutions of Duffing’s difference equations
A2, 1+ Az + 9(Tm) = pm (M € Z)

or
A2 1+ Az 1+ g(z0) = pm (M € Z).
Finally, we compare the method of guiding functions for systems of ordinary
differential equations

' = f(t,z)
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and for systems of difference equations

Az, = fm(-rm)v

or corresponding discrete dynamical systems

Tm+1 = gm(xm)

2. BOUNDED INPUT-BOUNDED OUTPUT PROBLEM FOR FIRST ORDER LINEAR
EQUATIONS

2.1. Bounded solutions of linear ordinary differential equations. The
bounded input-bounded output (BIBO) problem for the linear ordinary differential
equation
u'(t) + du(t) = f(t) (2.1)
consists in finding conditions upon A under which, for each f € L>*(R), (2.1 has
a unique solution u € AC(R) N L>°(R). We denote the usual norm of v € L= (R)
by |t|se. Such a solution is simply called a bounded solution of (2.1). The BIBO
problem was essentially solved as follows by Perron in 1930 [I4]. If A = 0, we have
no uniqueness for f = 0, and no existence for f(t) = 1. If A # 0, the homogeneous
problem
u'(t) + du(t) =0 (2.2)

only has the trivial bounded solution. For A > 0,

u(t) = / e M9 f(s) ds (2.3)

— 00

is a bounded solution of (2.1f), and hence the unique one. For A < 0,

+oo
u(t) = — /t e N9 f(s) ds (2.4)

is a bounded solution of ([2.1]), and hence the unique one. We summarize the results
in the following

Proposition 2.1. Equation (2.1) has a unique solution u € AC(R) N L>®(R) for
each f € L*(R) if and only if A € R\ {0}.

2.2. A maximum principle for bounded solutions of differential equations.
The following definition is modelled upon the one given in [5] in a different context.

Definition 2.2. Given A € R\ {0}, the linear operator d/dt + AI : AC(R) N
L>®(R) — L*(R) satisfies a mazimum principle (MP) if, for each f € L>=(R), (2.1)
has a unique solution uw and if f(t) > 0 (¢t € R) implies that Au(t) > 0 (t € R). The
MP is strong if, furthermore, f(t) > 0 (t € R) and [; f > 0 imply that Au(t) > 0
(t € R)).

A direct consideration of formulas (2.3)) and (2.4) immediately implies the fol-
lowing

Proposition 2.3. If f € L>®(R), the BIBO problem for (2.1) has a MP if and
only if A €] —00,0[U]0, +00[, and the MP is not strong.
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2.3. Bounded solutions of linear difference equations. Let [*°(Z) = {u =
(Um)mez © SUPyez [Um| < oo}. Endowed with the norm |u|s = sup,,cz |tml,
[°(Z) is a Banach space. We denote by Aty = tUmt1 — U, (M € Z) the forward
difference operator acting on sequences (U, )mez. The bounded input-bounded
output (BIBO) problem we address is to find the values of A such that, for each
(fm)mez € 1°°(Z), the linear difference equation

Aty + Mgy, = frn (M € Z) (2.5)

has a unique solution (um)mez € 1°°(Z). We refer those solutions as bounded
solutions.

Fasy computations show that, for A = 0, existence or uniqueness may fail.
Namely, for f,, = 0 (m € Z), any constant sequence is a solution in [*°(Z), and,
for fn, = 1 (m € Z), the solutions given by u,, = ug +m (m € Z) are all un-
bounded. Similarly, for A = 2, any alternating sequence (—1)"c is a solution of
with f,, =0 (m € Z), and, for f,, = (—1)™ (m € Z) none of the solutions
Um = (=1)™ug +m(=1)"*! (m € Z) is bounded.

Now, for A € R\ {0, 2}, it is easy to see that the homogeneous difference equation

Ay, + My, =0 (2.6)
only has the trivial solution in [°°(Z). On the other hand, if A €]0, 2],
m—1
Um = > (1=X" 1 (meZ) (2.7)
k=—oc0

is a solution of (2.5) belonging to [°°(Z), and hence the unique one. Similarly, if
A €] —00,0[U]2, +o0],
U =— Y _(1=N)""f (mez) (2.8)
k=m
is the unique solution of (2.5 belonging to [°°(Z). We summarize the results in the
following proposition.

Proposition 2.4. Equation (2.5) has a unique solution (um)mez € 1°°(Z) for each
(fm)mez € 1°(Z) if and only if X € R\ {0,2}.

2.4. A maximum principle for bounded solutions of difference equations.
The following definition is modelled upon the one given in [5] in a different context.

Definition 2.5. Given A € R\ {0}, the linear operator A + A : I*°(Z) — [*°(Z)
satisfies a mazimum principle (MP) if for each (fn)mez € 1°°(Z), the equation
has a unique solution and if f,, > 0 (m € Z) implies that Au,, > 0 (m € Z).
The maximum principle is said to be strong if, in addition, f,, > 0 (m € Z), and
SUp,, ez fm > 0 imply that Au,, >0 (m € Z)).

Notice that, in the more classical terminology modelled on the one for second
order elliptic operators, the above definition corresponds to a maximum principle
when A < 0, and to an anti-maximum principle in the sense of Clément-Pelletier
[6] when A > 0. The following result can be read directly upon formulas and

23).

Proposition 2.6. The BIBO problem for (2.5) has a MP if and only if X € ] —
00,0[U]0,1], and this MP is not strong;
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2.5. BIBO problem: linear differential vs linear difference equations. It
follows from Propositions and [2.6]that the ranges of values for which a maximum
principle hold are different in the differential and the difference cases. The following
simple propositions help to understand the reason of this difference. Given a linear
operator L between Banach spaces, let (L) denotes its (complex) spectrum and
R(L) = C\ o(L) denote its resolvent set. The following propositions are analogous
to those proved in [5] is a different context.

Proposition 2.7. If the BIBO problem for L + \I, with L = A or d/dt has a MP
for some A # 0, then

uloo < |J|;T° (2.9)

Proof. If uw € L*°(R) is the solution of and v = % € L*(R) the solution of
Lo+ 2 = |f] oo,
then v —u € L*°(R) is the solution of
Lo —u)+ A(v =) = |floe — f
and the MP implies that \(v —u) > 0, i.e. that
Xt < [floo:

Similarly, we have
L(v+u) + AMv+u) = |fle + f
and hence, by the MP, A(v +u) > 0, i.e. Au > —|f]co- O

In the ordinary differential equation case, the estimate (2.9]) can also be obtained
directly for any A € R\ {0}. Indeed, it follows from (2.3) that if A > 0, then

Mmsvu/

— 0o

t

1
—A(t—s) ds = — ]
A ds = 11|
Similarly, if A < 0, we get

+o0 1
O < [floe [ €N ds = =1
t

In the DE case, the following estimates can be obtained directly from the formulas

D wd @3

< = < = .
|u|oo*2_ if1 <A<z, |u|°°*/\—2 if2<X

Proposition 2.8. If the BIBO problem for L + \I, with L = A or d/dt has a MP
for some X\ # 0, then

R(L) D{peC: |u— A <|A\} (2.10)
Proof. We have, for u € C,
Lu+pu=f< Lu+du+ (p—Nu=f
Sut(p—NL+N" u= L+,
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and, using Proposition 2.7]

_ U|co
(1= N+ N oo < [ — A|'|L,

so that, for “LIXIM < 1, equation Lu + pu = f has a unique bounded solution. [
It is easy to check that, for the BIBO problem in the ordinary differential equa-
tion case, the spectrum o(L) of L : AC(R) N L*°(R) — L*>(R) is equal to iR.

ofd/dt)

AMP MpP

FIGURE 1. ODE spectrum

Therefore, for any A € R, the set {y € C: |p — A| < |A|} is always contained in
the resolvent set R(L).

Similarly, for the BIBO problem in the difference equation case, the spectrum
o(L) of L : 1%°(Z) — 1°°(Z) is the circle {1+¢ : § € [0, 27]}. Hence, for any A < 0,
the set {u € C: |p—A| < |A|} is contained in R(L), but, for A\ > 0, this is only true
for A €]0,1]. This, together with Proposition sheds some light on the fact that
the maximum principle for the BIBO problem in the difference case only holds for
A €] —00,0[U]0,1]. Notice also that the estimate |u|o < 212 only holds for those

RY

values of \.

FIGURE 2. DE spectrum

3. BOUNDED INPUT-BOUNDED OUTPUT PROBLEMS FOR SOME DUFFING’S
EQUATIONS

3.1. Linear equations. It is a standard result that the second order linear ordi-
nary differential equation

2" +cx’' +ax = f(t) (3.1)
has a unique solution z € AC'(R)N L% (R) for any f € L>(R) if and only if a < 0.
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3.2. Duffing’s equations. Duffing’s differential equations are nonlinear second
order differential equations of the form
a4 ca’ + g(x) = p(t), (3.2)
where c € R, g: R — R and p: R — R are continuous.
Correspondingly, we call Duffing difference equations the second order nonlinear
difference equations of the form
A2, 1+ Az + 9(Tm) = pm (M € Z) (3.3)
or
A2 1+ Az 1+ g(Tm) = pm (M € Z) (3.4)
where
A2 1 = Tyl — 2% + Ty (M € Z),
g€ C(R,R), and c € R.
The bounded input-bounded output (BIBO) problem for (3.2)) consists, for given
g, in determining the inputs p € L*°(R) for which equation (3.2)) has at least one
solution v € AC*(R) N L>°(R). This problem was first considered by Ahmad [I],
and then by Ortega [12], Ortega-Tineo [13], and Mawhin-Ward [10].
Similarly, the bounded input-bounded output (BIBO) problem for or (3.4

consists, for given g, in determining the inputs (py, )mez € (°°(Z) for wh1ch (3.3l ) or
(3.4) has at least one solution (zy,)mez € [*°(Z). See [3, Q).

3.3. Bounded lower and upper solutions. We develop a method of lower and
upper solutions for the bounded solutions of (3.3)) and (3.4]). We first need a limiting
lemma [9].

Lemma 3.1. Let f,, € C(R,R) (m € Z), ¢ € R Assume that, for each n € N*,
there exists (x]))—n—1<m<n+1 Such that

A%l 4 cAxl + fn(zl) =0 (—n<m<n)

and such that o, <z < By (Im] < n+1) for some (m)mez € I°(Z), (Bm)mez €
[°(Z). Then there exists (T )mez € 1°°(Z) such that

AT 1+ ATy + (@) =0, O < Tpn < B (M € Z).
The same result for
ATy 1+ ATy 1 4 [ (@) =0 (m € Z).

The proof is based upon Borel-Lebesgue lemma and Cantor diagonalization process.

We now define the concept of bounded lower and upper solutions for second
order difference equations [9]. Let f,, € C(R,R) (m € Z), c € R.

Definition 3.2. (au)mez € I°(Z) (resp. (Bm)mez € I°°(Z)) is a bounded lower
solution (resp. upper solution) for
A2 1 4 Az + fro(Tm) =0 (m € Z)
if
A0y, 1 + A + fnlam) >0

(resp. A?Bp_1+ cABm + fm(Bm) <0) (m € Z)
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A similar definition holds for
A2 1 4 ATy + fn(2m) =0 (m € Z).
We have the associated existence theorem.
Theorem 3.3. If ¢ >0 (resp. ¢ <0) and
A2 1+ Az + frn(2m) =0 (m € 7)
(resp. Az, 1+ Az 1+ fr(zm) =0 (m € 7))

has o lower solution (cum)mez € 1°°(Z) and an upper solution (Bm)mez € 1°°(Z)
such that o, < By (m € Z), then it has a solution (Tm)mez such that o, < T, <
Bm(m € Z)

Proof. The proof is based upon the existence theorem for lower and upper solutions
for the Dirichlet problem

A2y 1+ Az + frn(zm) =0 (=1 <m < n)
Top-1=C0-n-1, Tntl = Apy1
for each n and the limiting Lemma |3.1 (]
An important special case is that of constant lower and upper solutions.

Corollary 3.4. If ¢ > 0 and if 3a < 8 such that f,(8) < 0 < fi(a) (m € Z),
then
A2 1 + ATy + fro(zm) =0 (M € Z)
has a solution (Tm)mez such that & < x,, < B (m € Z).
Example 3.5. If ¢ > 0 and a > 0, then for each (py)mez € 1*°(Z)
A2, 1+ Az — axy = pr (M € 7Z)
has a unique solution (um,)mez € 1°°(Z).
Similar results hold if ¢ < 0 for the equations
A%z 1+ ATy + fm(zm) =0 (meZ)
A2 1+ ATy — ATy = Py (M EZ).

In the ordinary differential equation case, a similar result holds for all ¢ € R for the
equations

2+’ + f(t,x) =0
2" +ci' —ax=pt) (a>0, peL®R))
(see [4 [I]).
3.4. Second order linear equations. The following result can be proved like
Proposition [2.4]
Proposition 3.6. Ifc ¢ {—2,0}
Axp—1+ Xy = hy, (M € Z)
has a unique solution (T, )mez € I°(Z) for each (hm)mez € 1°°(Z).

Before dealing with second order difference equations, we introduce some notions
and results for sequences with bounded primitive. The corresponding concepts for
functions upon R were introduced in [12].
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Definition 3.7. The A-primitive (H2)mez of (hy)mez is any sequence (H2) ez
such that AHS = h,, (m € 7).
Such a A-primitive is for example given by
Pl e ifm>1
H5 =10 ifm=0 (meZ)
St by ifm<—1

k=m

We define the space BP(Z) as the set

{(hm)mez : (Hip)mez € I™(Z)}.

It is easy to check that BP(Z) C [°°(Z). The situation is different in the continuous
case, where BP(R) ¢ BC(R), and BC(R) ¢ BP(R).

We have now the following result for the BIBO problem for some linear second
order difference equations.

Proposition 3.8. Ifc ¢ {—2,0},

A2z, 1+ cAzy, = h,, (M € 7Z)
has a solution (Tm)mez € 1°°(Z) if and only if h € BP(Z).
Proposition 3.9. If c ¢ {0,2},

A%z 1+ cAZpy1 = hp, (meZ)
has a solution (xm)mez € 1°°(Z) if and only if h € BP(Z).

The corresponding results for ordinary differential equations were proved by
Ortega in [12].

Proposition 3.10. If ¢ # 0, equation
' +cx’ = h(t)
has a solution x € AC(R) N L*>(R) if and only if h € BP(R).
We now introduce concepts of generalized mean values to bounded sequences.

Definition 3.11. The lower (resp. upper) mean value of (p;)jcz € 1°°(Z) is the
real number defined by

~ . . 1
pe=lim il (= 37 b))

(resp. p:= lim sup (ﬁz Pj))

=0 m—k>n

Lemma 3.12. The following statements are equivalent :

(i) a<p<p<p
(i) there exists (pk,)mez € BP(Z), (¥ )mez € I°°(Z) such that pn, = pl, +pir
(m € Z) and o < infrez pp* < supgez pi* < .

Corollary 3.13. Ifp = p =0, then, for each ¢ > 0 there exists (pl,)mez € BP(Z),
(P Jmez € 1°°(Z) such that pm = p;, + Py (m € Z), supyey [pi| < e.

In the continuous case those results and concepts are due to Ortega-Tineo [13].
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3.5. Duffing difference equations. We can now prove the following result for
the existence of bounded solutions of Duffing difference equations.
Theorem 3.14. Assume that the following conditions hold.

(1) ¢>0, g€ C(R,R), (pm)mez € 1°(Z)

(2) There exists 1o > 0 and d_ < d4 such that

g(y) = o1 fory<-—ro, gly) <d-  fory=ro.

(3) - <p<p<i;.

Then
A%z 1 + cAzy, + 9(xm) =pm (MmeEZ)
has at least one solution (T, )mez € I°(Z).
Proof. Write p,, = pk, + pif (m € Z) with (p},)mez € BP(Z), (0} )mez € 1°(Z)
and 0_ < infrez pi* < suppczpi” < 0+. By Proposition
A%z, 1+ cAz,, = pr, (m€Z)

has a solution (um)mez € [°°(Z). Letting ., = tm + 2m (M € Z), we obtain the
equivalent problem

A2Zm—l + Az + g(Um + 2m) — Py =0 (m € Z). (3.5)
Then o = —rg — supycz uk is a lower solution and 8 = ro — infrez upr an upper
solution for (3.5)), and we conclude using Corollary O

3.6. Landesman-Lazer condition. Theorem [3.14] gives existence conditions of
the Landesman-Lazer type.

Corollary 3.15. If¢> 0, g € C(R,R), (pm)mez € I*°(Z), and

(
imy 1 0g(y) <P<p<lim, gy (3.6)
then
A%z + cAxy + g(T) = pm (M € Z)

has a solution (Tm)mez € 1°°(Z).
Remark 3.16. If, for all x € R,
—00 < limy . 4oog(y) < g(z) <lim, . g(y) < o0
then (pp, )mez € 1°°(Z) and is necessary for the existence of a bounded solution.
Similar results hold for
A2 1+ Az 1 + (@) = pm (c<0) (m€EZ)
In the ordinary differential equation case, similar results hold for
o +ca' +g(x) = p(t) (c#0)
(see [10]).
Example 3.17. 1. If ¢ > 0, b > 0,

Ty
L+ |2m|
has a solution (x,,)mez € [°°(Z) if and only if (py)mez € [°(Z) and —b<p < p <
b.

A%z 1+ cAzy, — b Pm (M EZ)
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2.Ifc>0,b>0,and 0 < a < 1,

LTm

Az, AL, —b———
Tm—1 + CAZy, 1_’_|$m|a

=pm (MmEZ)

has a solution (%, )mez € I°°(Z) if and only if (py)mez € 1°°(Z).
It remains an open problem to prove or disprove that if ¢ > 0 and b > 0,

bx,,

A% 1+ Az + — 2 =
L+ |z

pm (M EZ)

has a solution (z,,)mez € [°°(Z) if and only if (P )mez € I°(Z) and —b<p <p <
b.

Similarly it is an open problem to prove or disprove that if ¢ > 0, b > 0, and
0<a<,

b'r’"b

A2z, 1+ cAxy, - ——
L+ [zm|*

= Pm (mEZ)

has a solution (n,)mez € {°°(Z) if and only if (P )mez € 1°(Z).
The corresponding results are true in the ordinary differential equation case
[T, 12, 13].

4. GUIDING FUNCTIONS FOR BOUNDED SOLUTIONS OF SYSTEMS OF DIFFERENCE
EQUATIONS

4.1. Guiding functions for ordinary differential equations. Consider the sys-
tem

¥ = f(t,) (4.1)
where f € C(R x R",R™).

Definition 4.1. A guiding function for (4.1) is a function V € C!'(R",R) such
that, for some py > 0,

(VV (@), f(t2)) <0
when [l2]] > po.

The following theorem was first proved by Krasnosel’skii-Perov in 1958 [§]. A
simpler proof has been given by Alonso-Ortega in 1995 [2].

Theorem 4.2. If has a guiding function V' such that lim|,| . V (x) = +00,
then has a solution x bounded over R.

A natural question is to know if a corresponding result holds for a difference
system

Tn+1 — Tn = fn(‘rn) (n € Z)

or, equivalently for a discrete dynamical system

Tn41 = gn(wn) (n € Z)
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4.2. Guiding function for difference equations. Let us consider the system

Tmt1 = gm(Tm) (M EZ) (4.2)
where g, € C(R",R") (m € Z).

Definition 4.3. A guiding function for (4.2) is a function V € C(R™,R), such
that, for some pg > 0, V(gm(z)) < V(z) when ||z|| > po (m € Z).

The result corresponding to Theorem [4.2] would be : if z,,41 = gm(Tm) (M € Z)
has a guiding function V' such that lim| ;| V(2) = 400, then it has a bounded
solution.

The following example, given in [3], shows that this result is false. Consider the
maps g,, € C(R,R) defined by

1 ifr < -2,

mx +2m+1 if —2<a<-1,
gm(z)=(¢m+1 if —1<z<1, (meZz)
—mr+2m+1 ifl<z<2,

1 if z > 2.

m+1

FIGURE 3. Graph of g, (x)

Notice that go(x) = 1 (z € R), and hence 1 = go(zg) = 1, 22 = ¢1(1) = 2,
xr3 = g2(3) =124 = 93(1) =4, ..., 21 =1, xop, = 2k (k € Ny, g € R) Hence,
all the solutions of

st = Gm(wm) (m € Z) (4.3)
are unbounded in the future, and no bounded solution exists. On the other hand,
V(z) = |z| with pg = 3 is a coercive guiding function for (4.3).

But the following existence theorem can be proved [3]. It uses another limiting
lemma, due, for ordinary differential equations, to Krasnosel’skii [7], and whose
proof is similar to that of Lemma 3.1

Lemma 4.4. Assume that g,, € C(R",R™) (m € Z) and that there exists p > 0
such that, for each k € N*

Tl = Gm(Tm) (= <m < k)
has a solution (xF,) _r<m<k+1, satisfying

k
< p.
_pmmax lzmll < p

Then there exists a solution (Tm)mez of (4.2) such that sup,,cz [|Zm] < p.
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Theorem 4.5. Let g, € C(R*,R") (m € Z). If (4.2) has a guiding function V
with constant py such that lim) ;| V (z) = +o0 and such that

sup max ||gm(z)| < oo, (4.4)
meZz =zl <po

then (4.2) has a solution (xm)mez € (I°°(Z))"
Proof. Take p1 > max{po, Sup,,cz Max|z|<p, [|[gm(2)| }. Define
Vi = max V(z).

[lz]| <p1
Take py > p1 such that
B,, CB,, CS1:={zeR":V(z) <Vi} C B,,.

Then it is easy to show that S; is positively invariant under the flow (4.2)). For
n € N fixed and (2™),,>_n the solution such that ™, = 0 is such that

z,, €51 CB,, (m>-n, neN).
Finally, use Lemma [4.4] to obtain a solution (2,)mez € (I°°(Z))". O
Remark 4.6. Inequality (4.4) trivially holds if ¢,, = g (m € Z).
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