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FINITE DIFFERENCE METHODS FOR COUPLED FLOW
INTERACTION TRANSPORT MODELS

SHELLY MCGEE, PADMANABHAN SESHAIYER

ABSTRACT. Understanding chemical transport in blood flow involves coupling
the chemical transport process with flow equations describing the blood and
plasma in the membrane wall. In this work, we consider a coupled two-
dimensional model with transient Navier-Stokes equation to model the blood
flow in the vessel and Darcy’s flow to model the plasma flow through the
vessel wall. The advection-diffusion equation is coupled with the velocities
from the flows in the vessel and wall, respectively to model the transport of
the chemical. The coupled chemical transport equations are discretized by
the finite difference method and the resulting system is solved using the ad-
ditive Schwarz method. Development of the model and related analytical and
numerical results are presented in this work.

1. INTRODUCTION

Mathematical modelling of blood flow in the small vessels is a challenging prob-
lem and has been of great interest to many researchers. This problem coupled with
models for the transport of chemicals in the blood stream brings new challenges
in the solution methodology. In this paper, we present and analyze a model that
couples blood flow and chemical transport where a discontinuous solution in the
chemical concentration along one boundary is allowed.

Specifically, we consider a mathematical model for coupling blood flow and chem-
ical transport in the arteries. The Navier-Stokes equation in two-dimensions is used
to model the blood flow in an artery and Darcy’s flow is used to model the plasma
flow through the arterial wall. These respective flow equations are coupled at the
arterial wall boundary through appropriate interface conditions. For the chemi-
cal transport model, the advection-diffusion equation is employed both inside the
artery and the arterial wall, and the velocities are coupled at the arterial wall.
The coupled model is discretized via the finite difference method. In particular,
we employ an explicit finite difference method for the blood flow and an implicit
finite difference method for the advection-diffusion equation. Note that it is also
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important to take into account that the concentration across the boundary from the
vessel to the wall does not have to be continuous; we employ an iterative Schwarz
type algorithm to accomplish this.

2. BACKGROUND, MODELS, AND METHODS

In this section, we will describe the models that are employed for the blood flow,
plasma flow and chemical transport on a two dimensional domain (figure )
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FIGURE 1. The domain partitioned into the two domains Q0 and €,,.

Consider figure E where the geometry is partitioned into two subdomains, £
and €2, where Qf denotes the domain for the blood flow and €2, denotes the
domain for the flow of plasma in the vessel wall. The interface between 2y and €,
is I', where the two velocities are coupled as well as the chemical concentrations
from the respective advection-diffusion equatons. Next, we describe the equations
in the respective subdomains.

2.1. Model for blood flow. The Navier-Stokes Equation in two-dimensions that
is employed to model the blood flow can be expressed as

p%tl +pu-Viu—vAu+Vp="1 (2.1)

V-u=0. (2.2)

where u = u(x,t) = (u(z,y,t),v(z,y,t))T where u(z,y,t) (cm/sec) is the velocity
in the z direction at the point (x,y) at time ¢ and v(x,y,t) (cm/sec) is the velocity
in the y direction at the point (z,y) at time ¢, p is the density of the fluid (g/cm?),
v is the viscosity of the fluid (g/(cm?- sec)), p = p(z,y,t) is the pressure at the
point (x,y) at time t (g/(cm-sec?)), and f is any external forces acting on the fluid
at point (z,y) at time t (g/(cm?sec?)). Equation is called the momentum
equation and is derived from the conservation of momentum which describes the
motion of the particles in the fluid. Equation is called the continuity equation
which is derived from the conservation of mass.
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Note that (2.1)-(2.2) can be written in component form as

ou a(u?)  O(uw) Pu  0%u op
oot (T oy ) Gt ag) T = 23)
ov A(uv)  O(v?) v 9% Op
_ J— R — — .4
p8t+p< ox * Oy v 3x2+8y2 +6‘y f2 (2:4)
Oou  Ov
P T 2.
o + 3y 0 (2.5)
where f = (fi(z,y,1), f2(z,y,1))"
We solve 1D on Q¢ with boundary conditions
u = uin(0,y,t) = U(t)(R* —y?) on Qf.up (2.6)
Ju
% =0 on Qf,dw (27)
v(z,0) =0 on 9Qy (2.8)
ou(0, z)
u=0 onTl (2.10)

where u;,, (0, y, t) is the prescribed inflow velocity upstream on €y ,,,, R is the width
of the domain in the y direction, and U(t) = (1 — cos((2nt + 7)/T}))/2 or U(t) is
a constant depending on whether the inflow is time varying or constant [2] [3] [7].
T, is the pulse period. Equation is the inflow boundary condition, and
is the outflow boundary condition downstream. Equations and are free
slip boundary conditions. These boundary conditions allow the original domain to
be cut in half during the computations since the flow will be symmetric about 9€2y.
Equation is the no slip boundary condition. An initial condition u(x,0) is
also prescribed along with the boundary conditions.

2.2. Model for plasma flow. Since the blood vessel wall is porous as in saturated
ground water flow, we employ Darcy’s Law to describe the flow of plasma through
the vessel wall [3]. This is written as

ugy = —KVp (2.11)

V- ug, =0 (2.12)

where ug); is the filtration velocity of the fluid (cm/sec), K is the conductivity
of the porous media (cm3sec/g), and p is the pressure. Equation (2.12) can be
interpreted as the filtration velocity is equal over the domain. This is a result of

the porous media being saturated. Applying the gradient operator to (2.11)), the
equation becomes [3]

V- -ugy =V- (KVp) (2.13)
which yields
0= Ap, (2.14)
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if K is considered to be a constant. Equation (2.14) is solved on Q, with the
boundary conditions given by

p=po(x) onT (2.15)
p=pi1(x) on Iy, (2.16)

op
e 0 on 04y up and 02y dw (2.17)

and then use the solution p in (2.11)) to solve ugy; for a known K.

2.3. Chemical transport in blood flow. The chemical transport for a flow sys-
tem such as blood flow is modelled by the advection-diffusion equation

aa—f—DAC—i—u-VC:S (2.18)

with appropriate boundary conditions where C' is the concentration at (z,y) in
(g/cm?), D is the diffusivity in (cm?/sec), u is the velocity of the fluid in (cm/sec),
and s is a source term in (g/(cm3sec)). For the flow structure system described
previously, two advection-diffusion equations are needed, one to describe concen-
tration Cy in the fluid domain, Q¢, and the other for the concentration C, in the
structure domain, €2,,. Since the interface I' represents a physical barrier that is a
selectively permeable membrane (the blood vessel wall) the concentrations C'y and
Cy, do not have to match at I" (see figure(l)). The rate at which the chemical crosses
the membrane is proportional to the gradient between the two concentrations at
the barrier I' [7]. The resulting system then becomes:

% —DyACy +uy-VCOy = sy in Qf
aC (2.19)

a—tw — Dy,ACy, +uy, - VO, = 54, in Q,,

with boundary conditions

Dfaa—?Jrg(Cf—Cw) =0 onTl (2.20)
Dw% +((Cy—Cf)=0 onT (2.21)
Cy=Cy on Q. (2.22)
Df% =0 on Q¢ 4w (2.23)
Cw=Co on 0y up (2.24)
Dw% =0 on 0. du, (2.25)

where Dy is the diffusivity in Q¢, D,, is the diffusivity in €2, ¢ is the permeability
of the membrane that I' represents, and is calculated from a function of the shear
stress ¢ exerted by the blood on the wall. Initial conditions are Cy = Cfg and
Cw = CUwo at t = 0.

Remark 2.1. The boundary conditions in (2.20]) and (2.21)), when added together
yield

D;—L - _p,=~, (2.26)
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which says that the flux out of {1y is equal to the flux into ,,, and indeed this
makes sense physically.

3. FINITE DIFFERENCE METHODS

Next, we describe the discretized equations for the respective models using the
finite difference methods. First, we will present the details of the discretization
and implementation for the flow equations. Then we will present the discretization
of the advection-diffusion equation and details for implementing the discontinuity
in the concetrations at the arterial wall via an Addivite Schwarz type iterative
method.

3.1. Discretization of the flow equations. In this work, an explicit finite differ-
ence method |2 [5] is employed to solve the Navier-Stokes equation. The discretized

system for (2.3)-(2.4]) becomes

untt —u v 0% 0Pt A((u™)?)  O(uv)™ 1opntt

At _;(az‘z + 8y2>_< or oy )‘; o T (31)
L VL VIV S G Vi A(uv)™  9((v™)?) 1opntt

At _;(81:2 + 8y2>_< ox T oy )_; gy T B2

where g" = %fl(u",v",tn) and go = %fg(u”,v",tn). Here u™ = u(x,t,), v" =
v(X,ty), tn = to + nAt, to is the initial time, n is the number of time steps from
the initial time to t,, and At is the size of the time step. Solving for unt!
and for v™*1! gives the equations

1 9pntt

ntl— o A= 3.3
u > or (3.3)

1 n+1
ot = g - A
p Oy

(3.4)

where
F" =F(u",v",t,)

—u" + At{:(a(;;‘: n 3;;:) _ (5((U")2) 8(u"v”)> . 9?}’ (3.5)
and
G" =Gu",v"ty,)

o2 %" Aumo™)  A((v™)?) n (3.6)
O0x? + 8y2)_( Oz + Ay )+92:|-
Substituting u" ! and v from (3.3))-(3.4)) into the discretized continuity equation
(2.5) we get
n+1 n+1 Fn At 2, n+1 n At 2, n+1
ou +av _OF"  Atdp +é)G _ Atdp —0 (3.7)
Ox Oy Ox p 02 Oy>? p  Oy?

which reduces to

:v”—i—At[%(

(3.8)

82pn+1 N 82pn+1 _ i((8F'n + aGn)

Oz? oy2  At\' Oz oy /)
Since an initial condition is required, u(z,y,0) = u°, v(z,y,0) = v°, and p(x,y,0) =
p° are known, hence F° and G° can be calculated. Thus, the right hand side of
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FIGURE 2. Staggered grid for the Navier-Stokes discretization.

(3.8) is known, and p"** can be calculated. Using (3.3)) -(3.4) one can then compute
u" Tt and vt
Now the spatial derivatives are discretized also using finite differences. Central

. . . . n+1 n+1 n

differences are used to approximate first derivative terms 9p 9p OF" " and
ox Oy ' Oz’

OG™

oy " A staggered grid, shown in figure [2| is used to calculate v and v because
oscillations can occur in grids where u and v are calculated at the same point [2].
Bilinear interpolation is used to calculate u, v, and p at points other than node
points [6]. Notice that 8’”;;1 is used in to calculate u(x;, y;j41/2, tnt1), Where
v =x0+iAx,i=0,1,2,.... 1, and yj 110 = yo + (j +1/2)Ay, j =0,1,2,...,J,
o and yo are the smallest values in the domain, Az and Ay are the step sizes in
the x and y direction, respectively, and I and J are the number of steps in the
x and y directions, respectively, and must be integers. The half steps are due to
the staggered grid (see figure . Let us use the notation u}'; = u(xi,yj41/2,tn)
and uy; ; = u(Tit1,Yj41/2, tn) from now on. Simple central differences on convec-
tion terms can cause oscillations in the numerical solution that are not physically
occurring [2, 5]. The solution methodology used here employs a donor-cell scheme.

Now the boundary conditions in — for the staggered grid will be for-
mulated as follows. The inflow condition given in for the velocity in the x
direction is

ui; = Ul(tn)(R? — yj2-+1/2), forie=0and j=1,...,J. (3.9)
The inflow in the y direction is zero so
v(0,y,t) =0,

but since v is evaluated at the points (z_1/2,¥;,tn) and (z1/2,%;,%n), v on the
boundary is calculated by

v((),yjat) = U(x—l/%yj?tn) +U(x1/23yj7tn) =0

leading to the boundary condition for the method formulated as

vi;=-vi,,; fori=0and j=0,...,J
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using the numbering scheme shown on the grid in figure [2] The outflow condition
given in (2.7)) is

ul; =wu;y; fori=Tlandj=0,...,J+1,

and

vy =vi,,; fori=I+1andj=0,...,J.
The no slip and free slip boundary conditions on the remaining two sides, I and
0y, respectively, (see figure [1)) are

ul; =—ui;_y fori=0,....,land j=J+1, (3.10)
vi; =0 fori=0,...,]+1andj=J, (3.11)
ui; = —ui; .y fori=0,...,7and j =0, (3.12)
vi'; =0 fori=0,...,]+1andj=0. (3.13)

Solving the system starts with the initial condition for u, v, and p, supplied by
the user. Since this is an explicit finite difference scheme, stability conditions must
be met. These conditions can be derived to be

2UAL 1 1 4
p (Ax2 + Ay2)
|Umax| At < Az
|vmax | At < Ay,

where Uy, = max|u2j| and Upax = max |v;fj . The last two conditions are the
Courant-Friedrichs-Lewy (CFL) conditions and they guarantee that no fluid particle
will travel more than Az or Ay in a single time step At. To ensure that all the
stability conditions are met, At should be chosen so that

o/ p s 1 1\ Az Ay
At < min (—( + ) , , )
2v \ Ax? Ay2 ‘umax| |Umax|

After checking the stability condition and adjusting At if needed, F© and G° are
calculated from u® and v°. The parameter vy should be chosen as [2]
(| uszt | | ’UgfjAt |>

Az "' Ay
Using FY and G, equation (3.8 is solved using the iterative method, successive
over-relazation (SOR). The latter is used because the operations can be performed
cell wise without ever having to creating a matrix, but other methods to solve
this Poisson equation can also be used. The boundary conditions on p are no
flux boundary conditions except at the downstream boundary €¢ 4,, which has a
Dirichlet boundary condition in order to avoid problems with uniqueness. Now
p" 1 is used in equations (3.3) and (3.4)) to calculate u and v for the next time
step. Then all the boundary conditions are updated and the processes is repeated.

On Q,, (see figure [1)) the equation for the pressure Ap =0 or

?p 0%p B
0x? = oy?
is solved for p with Dirichlet boundary conditions on the upper and lower boundaries

and no flux boundary conditions on the sides. Using a finite difference discretization
via central differences this equation can be transformed into a matrix system that

(3.14)

(3.15)

Y = max
,J

0 (3.16)
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can be solved using several efficient matrix solver routines. Then p is used to solve
for v and v with

_ o
dp
V=K. (3.18)

where % and %Z use central differences for first order derivatives.

Remark 3.1. In the coupled system consisting of {2y and €, shown in figure
matching flow velocities and pressure at the interface I' is required. This is
accomplished by using the pressure at I' from {2y as the boundary condition at I
on 2,. Then after u and v are calculated for €2,,, v and v at I are used for the
boundary conditions at I' in 2 as

Ui = Uy 0ATp —ui,_q fori=0,....,land j=J +1, (3.19)
Vi =V fori=0,....]+1andj=J, (3.20)

where ;0 and v, 4,0 is velocity from Q,, (which may be interpolated values if the
grids are non-matching) and Az is the step size in the z direction on Q.

3.2. Discretization of the coupled problem. The time discretized system for
the advection-diffusion equation system (2.19)-(2.25) can be written using an im-
plicit scheme in time and employing an additive Schwarz technique [8] as:

ORI AL (CFFIRTY) = AR 4 o (3.21)

CrALRRL L AL, (CrFLRFLY = AggntLEHL 4 om (3:22)
P eiantias!

foaiy + CCerl,kJrl — (OnHLE (3.23)
80n+1,k+1

D, way n CC$+1,I¢+1 _ CC}H_L]C (3.24)

Bf(C;cL+Lk+1) _ g?+17k+1 (325)

By (ClHLk+1) = gnetlit1 (3.26)

where n and n + 1 are the time steps, and k and k + 1 are the iteration number.

C} and (7, are known from the previous time step, C}Hl’k and CFLF are known

L . 1k+1
from the previous iteration, and C} ™ **1 and C7+1F+1 are the unknown values

for which the system will be solved. By and B,, are the boundary functions for the
boundaries of {1y and £1,,, respectively. They do not contain information about the
interface I" shared by both domains.

Remark 3.2. The additive Schwarz method is a domain decomposition method
that allows the problem on each domain to be solved independently, then the values
common to both domains are exchanged and the solution is calculated again. This
is repeated until the change in the solution in successive iterations is smaller than
a user supplied tolerance [§]. The additive Schwarz method can have a region of
overlap that in two dimensions has a positive area. In these cases the solution on the
two domains is continuous, and in fact, the two domains could quite naturally be
computed as a single domain, but are divided to solve each domain simultaneously
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on separate processors. In the case discussed here, the overlap is only the interface
.

Applying discretizations, the above system can be written in the matrix form
Alc}k‘rl,k-‘rl _ f1n+17k+1 +BIC7Z+1’k
k _ +1,k+1 +1,k
ApCntbirl — fn +BQC’?
where fpHhATL = s}LH’kH +C7%, Ay is the matrix associated €2¢ and the boundaries

of £y, By is associated with the interface I' on the Q2 side, and the second equation
is analogous for 2.

Remark 3.3. One can check that that finite difference scheme presented for the
coupled problem is consistent and stable [4]. One can also derive the following error
estimate: The [ error for the two domain system (3.21)-(3.26) can be shown to
be [4]

K
EP 4 Ept < nAtl K(Tf + Tw) (3.27)

where
1
E}LJrl = zr]n?s}z(f |Cf:l,;r = Cp(@i, Y5, tng)|
1 +1
E$+ = ig?é(w |Cw?,j = Cu(Ti, Y5, tnt1)|
are the respective errors between the exact solution and the finite difference solution
at the time level ¢,1 and Ty and T, are the respective truncation errors in the
fluid and the wall respectively. One can show that [4], as At, Az, and Ay go to
zero, K goes to one and K goes to zero, so that the coefficient in front of the
truncation errors is going to one, and as the truncation errors go the zero the
method is convergent. The details of the proof can be found in [4].

4. NUMERICAL RESULTS AND DISCUSSION

In this section, we present numerical experiments that models the methods de-
veloped in earlier sections. The method is validated by employing exact solutions
to known boundary conditions and evaluating the magnitude of the truncation er-
rors. Several exact solutions are tested and the calculated finite difference solution
is compared with the exact solution. It is shown that the error in the method is
less than the truncation error.

Consider the exact solutions

Cy(z,y,t) = —tx(2 —2)y? om0<z<1,0<y<l1
Cu(z,y,t) =te(2—2)yd—y) on0<zx <1, 1<y<2
that satisfy the advection-diffusion equation
2 2
% D(%+%)7u%w%w (4.1)
where f is a source term. Here, D, u, and v are all set to one (for simplicity), and
the source term on Q¢ can be calculated as

fr=—2ty* +2tx(2 — ) — t(2 — 22)y* — 2tz(2 — )y — x(2 — )y, (4.2)
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and the source term on €2, can be calculated as

fw=2ty(d—y)+2tx(2—xz)+t(2—2z)y(d—y)+tz(2—xz)(4—2y)+x(2—x)y(4—y).

(4.3)
The boundary conditions for Cy are given by
Cr(0,y,t) =0 (4.4)
9Cs(1,y,t)
———— =0 4.5
o (4.5)
0Cy (2,0,t)
—— =0 4.6
o (46)
oC 1,t
f(;y”) + (Cf(z,1,t) = (Cy(z,1,t) (4.7)
with the initial condition
Cy¢(z,y,0) =0,
and the boundary conditions for C,, are given by
Cw(0,y,t) =0
acw(la Y, t) _
Ox N
0Cy (x,2,1)
WA
dy
0Cy,(x,1,t
L + ch(xv 17t) = CCf(IE, lat)
dy
with the initial condition
Cu(x,y,0) =0. (4.8)
To satisfy the boundary conditions for Cy and C, on y = 1, the function ( is chosen
as ¢ = —1/2. One can show that the truncation error for the advection-diffusion
equation is bounded as [4]
Ax? Az? Ay? Ay? At

For the exact solution considered, the truncation error is zero. One therefore expects
that the difference between the exact and calculated solution will be small enough
to attribute to round off error. After setting the code parameters to those values
specified above, the maximum absolute error between the exact solution and the
calculated solution was found to be 5.5022 x 107!, which is indeed small enough
to attribute to round off error.

Next, we consider the exact solution

Ci(z,y,t) = —t2x(2—-x)y®> on0<z<1,0<y<l1
Co(z,y,t) =t?z(2—2)y(d—7y) on0<x<1, 1<y<2,

with the boundary and initial conditions shown in (4.4)-(4.8)). The parameters D,
u, and v are one, and ( = —1/2. The source term fy in Qy is

fr=—2t%% +2t%2(2 — ) — t3(2 — 22)y* — 2t*2(2 — z)y — 2tz(2 — 2)y* (4.10)
and the source term in 2, is

fu = 262y(4—y)+26%2(2—2) +12(2—22)y(4—y) +22(2—2) (4—2y) +2tx(2—1)y(4—y).
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n At | max |C — Cexact] T
5

1 1 .8224
10 1 .0988 .5
100 .01 .0100 .05
1000 | .001 .0010 .005
10000 | .0001 .0001 .0005

TABLE 1. Relationship between At, maximum and truncation error

The maximum truncation in 25 is bounded by

At 0*C
|T¢] < -5 max | 8t2f | = Atmax |z(2 — 2)y?| = At = Ty
and the maximum truncation in £2,, is bounded by
0%C

|Tw| < 715 max ’W;ﬂ = Atmax |z(2 — 2)y(4 — y)| = 4At = Ty,
So the calculated solution should be bounded by T = Ty + T3, = 5At. Table
shows how the error decreased as At decreased and also shows that the error is less
than the maximum truncation error 7. Other test cases have been considered in
[]. The experiments clearly suggested that the maximum error in the calculated
solution compared to the exact solution was less than the sum of the maximum
truncation errors on each domain as predicted theoretically.

Next, we demonstrate the performance of the numerical method for the coupled
problem. The velocities needed for the advection-diffusion equation are obtained by
solving the fluid equations as described earlier. These equations are run until the
steady-state solution is reached. Then the w and v values at the (z,y) points used
by the advection-diffusion equation are calculated. The diffusivity Dy and D,, is
set to 1 x 1072 as in [7]. The domain on which the chemical transport is calculated
is3<zx<10and 0 <y < .31 for 2y and 3 <z <10 and .31 < y < .3414 for Q,,.
The initial concentration is zero everywhere except at Qf ,, and €2y, ,p, Where it is
set to 100 g/em?®. The parameter ( is calculated by

¢=10"*(1+|5|) (4.11)
where & is the stress tensor and is calculated as in [7], with
& =pl+v[Vu+ (Vu)] (4.12)

as in [I] where p is the pressure, I is the 2 x 2 identity matrix, u is the velocity, and
v is the viscosity calculated on the boundary I'. Figures [3| and [5| are the chemical
concentrations on {1 and €2, respectively, at final time. The pressure and velocities
used in the chemical transport equations were the solutions to the Navier-Stokes
equation and Darcy’s Law. The initial concentration was set uniformly to zero and
the chemical concentration on 9y ,, and 9, ., was set to one hundred g/cm?>.
Then to illustrate the role of pressure in allowing the chemical to cross the arterial
wall, the pressure was set to zero and the velocities at the final time remained the
same. Figures [] and [6] suggest that significantly more chemical has entered the
arterial wall in the same amount of time.
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FIGURE 4. Concentration on € at final time for pressure uni-
formly zero.

5. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, chemical transport was coupled with Navier-Stokes and Darcy’s
Law and analyzed computationally. The solution methodology involved an iterative
algorithm that employed the additive Schwarz method applied to two domains
where the interface had mixed boundary conditions and discontinuity in the solution
at the interface was allowed. A numerical software to simulate the coupled process
was developed that employed the finite difference method and several numerical
experiments were performed to validate the method presented herein.

The next step in modelling the chemical transport in blood flow is to allow the
pressure in the vessel to move and change the thickness of the wall. We are cur-
rently studying the coupled system involving the flow and concentration equations
described in this paper in the cylindrical coordinate system. To these we plan to
add equations that model the visco-elastic nature of the arterial wall and study the
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FIGURE 6. Concentration on €2, at final time for pressure uni-
formly zero.

associated fluid-structure interaction problem. This will help us to understand the
effects of the moving wall on the diffusion of chemicals from the blood stream into
the wall. The problem over other geometeries will also be investigated. Also, we
have considered here that the chemical concentration does not change the proper-
ties of the blood and therefore does not change the velocity. We hope to consider
this effect. Finally, we plan to use the model developed in conjunction with exper-
imental data to estimate parameters. The current model provides a good insight
and motivation to consider all these aspects and study the coupled fluid-structure-
concentration problem which will be the focus of our forthcoming paper.
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