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ON THE NUMBER OF NODAL SOLUTIONS FOR A
NONLINEAR ELLIPTIC PROBLEM ON SYMMETRIC
RIEMANNIAN MANIFOLDS

MARCO GHIMENTI, ANNA MARIA MICHELETTI

ABSTRACT. We consider the problem
—2Agu4u = |uP~%u

in a symmetric Riemannian manifold (M, g). We give a multiplicity result for
antisymmetric changing sign solutions.

1. INTRODUCTION

Let (M,g) be a smooth connected compact Riemannian manifold of finite di-
mension n > 2 embedded in RY. We consider the problem
—?Agu+u=|uPuin M, we H(M) (1.1)
where 2 < p < 2% = 2 if N > 3.

N-2’
Here H} (M) is the completion of C> (M) with respect to

Jul2 = /N Vgl + (1.2)

It is well known that the problem has a mountain pass solution u.. In [3]
the authors showed that u. has a spike layer and its peak point converges to the
maximum point of the scalar curvature of M as € goes to 0.

Recently there have been some results on the influence of the topology and the
geometry of M on the number of solutions of the problem. In [I] the authors proved
that, if M has a rich topology, problem has multiple solutions. More precisely
they show that problem has at least cat(M) + 1 positive nontrivial solutions
for & small enough. Here cat(M) is the Lusternik-Schnirelmann category of M. In
[T7] there is the same result for a more general nonlinearity. Furthermore in [9] it
was shown that the number of solution is influenced by the topology of a suitable
subset of M depending on the geometry of M. To point out the role of the geometry
in finding solutions of problem (L.1]), in [13] it was shown that for any stable critical
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point of the scalar curvature it is possible to build positive single peak solutions.
The peak of these solutions approaches such a critical point as € goes to zero.

Successively in [6] the authors build positive k-peak solutions whose peaks col-
lapse to an isolated local minimum point of the scalar curvature as € goes to zero.

The first result on sign changing solution is in [I2] where it is showed the existence
of a solution with one positive peak 7 and one negative peak n§ such that, as e
goes to zero, the scalar curvature Sq(n5) (respectively Sg(n5)) goes to the minimum
(resp. maximum) of the scalar curvature when the scalar curvature of (M, g) is non
constant. Here we give a multiplicity result for changing sign solutions when the
Riemannian manifold (M, g) is symmetric.

We look for solutions of the problem

—&?Agutu=|uP*u ue H(M);

u(rx) = —u(x) Vo e M, (1.3)

where 7 : RY — RY is an orthogonal linear transformation such that 7 # Id,
72 = Id, Id being the identity of RY. Here M is a compact connected Riemannian
manifold of dimension n > 2 and M is a regular submanifold of RN which is
invariant with respect to 7. Let M, := {&# € M : 72 = x} be the set of the fixed
points with respect to the involution 7; in the case M, # () we assume that M, is
a regular submanifold of M.

We obtain the following result.

Theorem 1.1. The pmblem has at least G, — cat(M — M) pairs of solutions
(u, —u) which change sign (exactly once) for € small enough

Here G, — cat is the G -equivariant Lusternik Schnirelmann category for the
group G, = {Id, 7}.
In [4] the authors prove a result of this type for the Dirichlet problem

—Au—du—|u* 2u=0 wue H}Q);

(1.4)
u(rz) = —u(x).
Here  is a bounded smooth domain invariant with respect to 7 and ) is a positive
parameter.

We point out that in the case of the unit sphere S¥~=1 ¢ RY (with the metric g
induced by the metric of RY) the theorem of existence of changing sign solutions
of [12] can not be used because it holds for manifold of non constant curvature.
Instead, we can apply Theorem to obtain sign changing solutions because we
can consider 7 = —Id, and we have G, — cat SV ~1 = N.

Equation like has been extensively studied in a flat bounded domain Q2 C
RY. In particular, we would like to compare problem with the following
Neumann problem

—?Au+u = |uP?u in Q;
9y i o0, (15)
v
Here €2 is a smooth bounded domain of R and v is the unit outer normal to .
Problems and present many similarities. We recall some classical results
about the Neumann problem.

In the fundamental papers [11], (14, [I5], Lin, Ni and Takagi established the exis-

tence of least-energy solution to and showed that for ¢ small enough the least



EJDE-2010/CONF/18/ NODAL SOLUTIONS 17

energy solution has a boundary spike, which approaches the maximum point of the
mean curvature H of 99, as ¢ goes to zero. Later, in [I6], [I8] it was proved that
for any stable critical point of the mean curvature of the boundary it is possible
to construct single boundary spike layer solutions, while in [7, 19} [I0] the authors
construct multiple boundary spike solutions at multiple stable critical points of H.
Finally, in [Bl, 8] the authors proved that for any integer K there exists a boundary
K-peaks solutions, whose peaks collapse to a local minimum point of H.

2. SETTING
We consider the functional defined on Hy (M)

1 1, o 1., 1
1) = o [ (30 + gl = <l )iy (2.1)

It is well known that the critical points of J.(u) constrained on the Nehari manifold

N ={ue H;\ {0} : J.(u)u =0} (2.2)

are non trivial solution of problem (L.1J).
The transformation 7 : M — M induces a transformation on H gl we define the
linear operator 7* as

™ :H;(M) — H;(M)
T (u(z)) = —u(r(z))

and 7* is a selfadjoint operator with respect to the scalar product on Hj (M)

1
(u,v)e = -~/ (e°Vgu- Vv +u-v)dpu,. (2.3)
Moreover, ||[7*u||reary = ||ullLe(ary, and [[7*ulle = [Julle, thus Jo(77u) = Jc(u).

Then, for the Palais principle, the nontrivial solutions of (|L.3)) are the critical points
of the restriction of J. to the m-invariant Nehari manifold

NI ={ueN.:T*u=u}=N.NH". (2.4)

Here H™ = {u € H, : 7*u = u}.
In fact, since J.(7*u) = J-(u) and 7* is a selfadjoint operator we have

(VJe(T*u), 7%¢)e = (VJe(u), ) Vo € Hy(M). (2.5)
Then VJ.(u) = 7*VJ.(7*u) = 7*VJ.(u) if 7%u = u. We set
Moo = inf 1/ |Vul|? +u? — 1/ [ul?; (2.6)
Jon [Vul24u2=fon [up 2 Jpn P JrN

me = inf Jg; (2.7)

uENs
m. = inf J.. (2.8)

ueNT

Remark 2.1. It is easy to verify that J. satisfies the Palais Smale condition on M.
Then there exists v, minimizer of m and v, is a critical point for J, on H;(M).
Thus v and vo belong to A;, then J.(v.) > 2m..
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We recall some facts about equivariant Lusternik-Schnirelmann theory. If G is
a compact Lie group, then a G-space is a topological space X with a continuous
G-action G x X — X, (g,) — gz. A G-map is a continuous function f: X — Y
between G-spaces X and Y which is compatible with the G-actions, i.e. f(gz) =
gf(x) for all x € X, g € G. Two G-maps fo, f1 : X — Y are G-homotopic if
there is a homotopy 6 : X x [0,1] — Y such that 6(z,0) = fo(z), 0(z,1) = fi(x)
and 0(gz,t) = gb(x,t) for allx € X, g € G, t € [0,1]. A subset A of a X is G-
invariant if ga € A for every a € A, g € G. The G-orbit of a point x € X is the set
Gz = {gx : g € G}.
Definition 2.2. The G-category of a G-map f : X — Y is the smallest number
k = G — cat(f) of open G-invariant subsets Xi,..., Xj of X which cover X and
which have the property that, for each ¢ = 1,... k, there is a point y; € Y and a
G-map «; : X; — Gy; C Y such that the restriction of f to X; is G-homotopic to
a;. If no such covering exists we define G — cat(f) = oo.

In our applications, G will be the group with two elements, acting as G, = {Id, 7}
on Q, and as Z/2 = {1,—1} by multiplication on the Nehari manifold N7. We
remark the following result on the equivariant category.

Theorem 2.3. Let ¢ : M — R be an even C1 functional on a complete Ct:!
submanifold M of a Banach space which is symmetric with respect to the origin.
Assume that ¢ is bounded below and satisfies the Palais Smale condition (PS). for
every ¢ < d. Then ¢ has at least /2 — cat(¢?) antipodal pairs {u,—u} of critical
points with critical values ¢(+u) < d.

3. SKETCH OF THE PROOF OF MAIN THEOREM

In our case we consider the even positive C? functional .J. on the C2 Nehari
manifold A7 which is symmetric with respect to the origin. As claimed in Remark
J. satisfies Palais Smale condition on N7. Then we can apply Theorem
and our aim is to get an estimate of this lower bound for the number of solutions.
For d > 0 we consider

My = {z € RY : dist(z, M) < d};
M, ={z € M : dist(x, M;) > d}.
We choose d small enough such that
G, —caty, Mg =G, —catpyr M
G, —caty M, = G — catp (M — M)
Now we build two continuous operator
T : My — NI N JHm=td),
B N7 N J2met0) My,

such that ®I(rq) = —®Z(q), 78(u) = B(—u) and S o ®T is G, homotopic to the
inclusion M; — M.
By equivariant category theory we obtain

G, —caty (M — M;) = G, — cat(M; — Mjy)
=G, —catfo ®] (3.1)
< Zy — cat NT N J2(meet0)
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4. TECHNICAL LEMMAS

First of all, we recall that there exists a unique positive spherically symmetric
function U € H'(R™) such that

~AU+U=UP"inR" (4.1)
It is well known that U.(z) = U (%) is a solution of
—e?AU. +U. = UP™ ! in R™. (4.2)

Secondly, let us introduce the exponential map exp : TM — M defined on
the tangent bundle TM of M which is a C* map. Then, for p sufficiently small
(smaller than the injectivity radius of M and smaller than d/2), the Riemannian
manifold M has a special set of charts {exp, : B(0,p) — M}. Throughout the
paper we will use the following notation: By(x, p) is the open ball in M centered in
x with radius p with respect to the distance given by the metric g. Corresponding
to this chart, by choosing an orthogonal coordinate system (x1,...,z,) C R” and
identifying T, M with R™ for x € M, we can define a system of coordinates called
normal coordinates.

Let x, be a smooth cut off function such that

Xp(2) =1 if z € B(0,p/2);
Xp(2) =0 if zeR"\ B(0,p);
IVx,(2)| <2 forall z.

Fixed a point ¢ € M and € > 0, let us define the function w, 4(z) on M as
wen(z) = {Us(expgl(w))xp(expgl(w)) if 2 € By(q: )
0 otherwise
For each € > 0 we can define a positive number ¢(w; 4) such that
D (q) = t(we g)we,g € Hy (M) NN for g € M. (4.4)
Namely, ¢(w. ) turns out to verify
_ fM 2|V gwe o|* + |we o dpg
a fM |we qlPdpug
Lemma 4.1. Given e > 0 the application ®.(q) : M — Hgl(M)ﬁJ\/‘E 18 continuous.

Moreover, given § > 0 there exists £g = eo(d) such that, if £ < €0(d) then ®.(q) €
N Jmes s,

For the proof see [I, Proposition 4.2]. Now, fixed a point ¢ € M, let us define
the function

t(we,q)p_z

(4.5)

®l(q) = t(waq)w&q - t(wa,fq)wsﬁq (4.6)

Lemma 4.2. Given ¢ > 0 the application ®7(q) : My — H)(M)NNT is contin-
uous. Moreover, given § > 0 there exists eg = €0(d) such that, if ¢ < g9(d) then
d7(q) € N7 J2m=To),

Proof. Since U.(2)x,(2) is radially symmetric we set U.(2)x,(z) = U-(|]z]). We
recall that

|expr) 7@ = dg(T2,7q) = dg(,q) = |exp, " z;

|exp;1 x| =dg¢(rz,q) = dg(z, 7q).
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We have
T*®T(q)(x) = —t(We g)We g (T) + t(We,rq)We rq(T)
= —t(we,)Ue (| expy * (12)]) + t(we, ) Us (| expry (7))
= t(we,rg)Us (| expy H (2)]) = t(we,q)Us (| expy (7))
= t(we,g)Ue(| expy ' (2)]) = t(we,q) Us (| expry (),

because by the definition we have t(w; ¢) = t(we rq)-
Moreover by definition the support of the function ®7 is By(q,p) U By(7q,p),
and By(q, p) N By(7q, p) = 0 because p < d/2 and ¢ € M . Finally, because

/ |We q|“dpig :/ [We 7q|“dpg for a =2, p;
M M

/|sz,q|2dﬂg:/ |sz,~rq‘2d,uga
M M

we have N
r@@) = (- )% [ 197 @Pdn, = 20.2.(0), (4.7)
prEe” Jm
Then by previous lemma we have the claim. [

Lemma 4.3. We have lim._,o mI = 2mq

Proof. By the previous lemma and by Remark 2.1 we have that for any § > 0 there
exists €¢(d) such that, for e < g¢(9)

2m. <m] < 2J.(9.(q)) < 2(moo +9). (4.8)
Since lim._,g me = My (see [, Remark 5.9]) we get the claim. ]
For any function u € N7 we can define a point 3(u) € RY by

Jag lut (@) [Pdpg
Lemma 4.4. There exists §g such that, for any 0 < § < dg and any 0 < € < g¢(9)
(as in Lemma and for any function u € N7 N J2m=0) it holds B(u) € My.

(4.9)

Proof. Since 7*u = u we set
Mt ={zeM: :u(x)>0}, M ={zxeM:u(x)<0}.
It is easy to see that 7M™ = M ~. Then we have

1 1\ 1
- (= - =) — p

(DAL e, ] s

By the assumption J. (u) < 2(moo+9d) we have J.(uh) < mo+4 then by Proposition
5.10 of [I] we get the claim. O

Lemma 4.5. There exists eg > 0 such that for any 0 < € < g9 the composition
I.=B0®l: M; — My CRY (4.10)

is well defined, continuous, homotopic to the identity and I.(tq) = 71.(q).
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Proof. Tt is easy to check that
®I(rq) = —PI(q), B(—u)=78(w).

Moreover, by Lemma and by Lemma for any ¢ € M, we have B0 ®I(q) =
B(®.(q)) € My, and I is well defined.

In order to show that I. is homotopic to identity, we evaluate the difference
between I. and the identity as follows.

f M | dpig
I(q) —q =

) fM |w€7q|pdﬂy

fB(Op) |U( )Xp |2]) | |gq
fB(o 0) ‘U( ) Xo(|2]) |p }gq

_ < S0 AU X122 lgg(e2)]
’1/2

|1/2

’1/2

f B(0,p/¢e) ‘U Xﬂ(|€z|)’p|gq(52)
hence |I.(q) — q| < ec(M) for a constant ¢(M) that does not depend on q. O

Now, by previous lemma and by Theorem we can prove Theorem In
fact, we know that, if ¢ is small enough, there exist G, — cat(M — M) minimizers
which change sign, because they are antisymmetric. We have only to prove that any
minimizer changes sign exactly once. Let us call w = w,. one of these minimizers.
Suppose that the set {x € M : w.(z) > 0} has k connected components My, ..., M.
Set

we(x) =€ M; UTM;y;

w; = (4.11)
0 elsewhere

For all 4, w; € N7. Furthermore we have

w) =3 Je(wi), (4.12)

thus .
ml = J.(w) = Z Jo(wi) > k-mZ, (4.13)
so k = 1, that concludes the proof. -
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