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CONTINUOUS DEPENDENCE OF SOLUTIONS FOR ILL-POSED
EVOLUTION PROBLEMS

MATTHEW FURY, RHONDA J. HUGHES

ABSTRACT. We prove Hélder-continuous dependence results for the difference
between certain ill-posed and well-posed evolution problems in a Hilbert space.
Specifically, given a positive self-adjoint operator D in a Hilbert space, we
consider the ill-posed evolution problem

du(t

%%J:A@DM@)O§t<T

u(0) = x.

We determine functions f : [0,7] x [0,00) — R for which solutions of the
well-posed problem

du(t)

dt

= f(t,D)o(t) 0<t<T

v(0) = x
approximate known solutions of the original ill-posed problem, thereby estab-
lishing continuous dependence on modelling for the problems under consider-
ation.

1. INTRODUCTION
Let D be a positive self-adjoint operator in a Hilbert space H, and consider the
evolution problem
du(t)
dt

= A(t,Dyu(t) 0<t<T
u(0) = x

where x is an arbitrary element of H and

(1.1)

k
A(t,D) =) a;(t)D7,
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with a; : [0,7] — R continuous and nonnegative for each 1 < j < k. In general,
(1.1) is ill-posed with formal solution given by

k t
u(t) = exp{ Z (/0 aj(s)ds>Dj}X.
j=1

Now let f :[0,7] x [0,00) — R be a function continuous in ¢ and Borel in A, and
consider the evolution problem
dv(t)

dt

=ft,Dw(t) 0<t<T
v(0) = x,

where for each t € [0,T], f(¢,D) is defined by means of the functional calculus
for self-adjoint operators in H. In particular, since D is positive, self-adjoint, the
spectrum o (D) of D is contained in [0, 00) and for each ¢t € [0, T],

(1.2)

F(t, D)z = /O BV,

for x € Dom(f(¢t,D)) = {x € H : fooo |f(t, N)|?d(E(X\)z,x) < oo}, where {E()}
denotes the resolution of the identity for the self-adjoint operator D.

We determine conditions on f so that (|1.2)) is well-posed and such that solutions
of approximate known solutions of. In this way, we illustrate how we
might stabilize problems against errors that arise when formulating mathematical
models such as in attempts to describe some physical process. Ames and
Hughes [3] established such structural stability results for the problem in the au-
tonomous case, that is when A(t) = A is a positive self-adjoint operator in H,
independent of ¢. This paper generalizes such work and yields a comparable result
in the time-dependent case. Namely, if u(t) and v(t) are solutions of and
respectively, we prove the Holder-continuous approximation

lu(t) = v(t)]| < CB* T MYT,

where 0 < 3 < 1, and C and M are constants independent of 3. Our approximation
establishes continuous dependence on modelling, meaning “small” changes to our
model yield a “small” change in the corresponding solution.

In Section 2, we establish conditions under which is well-posed using stable
families of generators of semigroups and Kato’s stability conditions [8, [TI]; our
work also utilizes Tanaka’s results on evolution problems [I4]. In Section 3, we
present our approximation theorem which achieves Holder-continuous dependence
on modelling. Finally, Section 4 demonstrates our theorem with examples.

Below, for a closed operator A in a Banach space X, p(A) will denote the re-
solvent set of A, and for A € p(A), R(\; A) will denote the resolvent operator
R\ A) = (M —A)"1in X.

2. THE WELL-POSED EVOLUTION PROBLEM

We first clarify what we mean by solutions of evolution problems as well as the
notions of ill-posed and well-posed evolution problems.
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Definition 2.1 ([11]). Let X be a Banach space and for every ¢ € [0,T], let A(t)
be a linear operator in X. The initial value problem

dz;i” —A(tu(t) 0<s<t<T

(2.1)
u(s) =z

is called an evolution problem. An X-valued function u : [s,T] — X is a classical
solution of (2.1)) if w is continuous on [s,T], u(t) € Dom(A(t)) for s <t < T, u is
continuously differentiable on (s,T), and wu satisfies (2.1).

Theorem 2.2 ([1I, Theorem 5.1.1]). Let X be a Banach space and for every

€ [0,T), let A(t) be a bounded linear operator on X. If the function t — A(t) is
continuous in the uniform operator topology then for every x € X, the initial value
problem has a unique classical solution u.

The proof of Theorem (cf. [l Theorem 5.1.1]) shows that the mapping
S:C([s,T): X) — C([s,T] : X) defined by

(Su)(t) ==« +/ A(T)u(r)dr

is a well-defined mapping with a unique fixed point w. It is easily shown that wu is
then a unique classical solution of (2.1)). In this case we define the solution operator
of (2.1) by

U(t,s)x =u(t) for0<s<t<T.

Theorem 2.3 ([11], Theorem 5.1.2]). Let U(t, s) be the solution operator associated
with where A(t) is a bounded linear operator on X for eacht € [0,T] and t —
A(t) is continuous in the uniform operator topology. Then for every 0 < s <t <T,
U(t,s) is a bounded linear operator such that

() U, s)| < efi 1ADldr,

)
(i) U(t,t) =1, U(t,s) =U(t,r)U(r,s) for0 < s<r<t<T.
(iii) (¢,s) — U(t,s) is continuous in the uniform operator topology for 0 < s <
t<T.
(iv) 2903 — A(D)U(t,s) for 0 < s <t <T.

(v) 2909 — _U(t,5)A(s) for 0< s <t <T.

We now turn to the notions of well-posedness and ill-posedness for evolution
problems.

Definition 2.4 ([0, Definition 7.1]). The evolution problem ({2.1)) is called well-
posed in 0 <t < T if the following two assumptions are satisfied:

(i) (Existence of solutions for sufficiently many initial data) There exists a
dense subspace Y of X such that for every s € [0,7) and every x € Y,
there exists a classical solution u(t) of (2.1)).

(ii) (Continuous dependence of solutions on their initial data) There exists a
strongly continuous B(X)-valued function U(t, s) defined in 0 < s <t <T
such that if u(t) is a classical solution of (2.1)), then

u(t) =U(t, s)x.
Equation (2.1)) is called ill-posed if it is not well-posed.
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It is clear that under the hypotheses of Theorem [2.2] that Equation is well-
posed with unique classical solution given by u(t) = U(t,s)x where U(t,s),0 <
s <t < T, is the solution operator given by Theorem Otherwise, we use the
construction of an evolution system and the theory of stable families of operators
to obtain well-posedness of . We explore stability conditions for first
developed by Kato [8, [I1], and later by Tanaka [14].

Definition 2.5 ([I1} Definition 5.1.3]). A two parameter family of bounded linear
operators U(t,s), 0 < s <t < T, on a Banach space X is called an evolution system
if the following two conditions are satisfied:

(i) U(s,s) =1, U(t,r)U(r,s) =U(t,s) for 0 < s<r<t<T.

(i) (t,s) — U(t,s) is strongly continuous for 0 < s <¢ < T.

Definition 2.6 ([LI], Def. 5.2.1]). Let X be a Banach space. A family { A() }+e[0,1)
of infinitesimal generators of Cy semigroups on X is called stable if there are con-
stants M > 1 and w (called the stability constants) such that

p(A(t)) 2 (w,00) fort e[0,T]

and
k
ITIRN A< MOA—w)™F for A>w
j=1
and every finite sequence 0 <t <to,...,.tx <T, k=1,2,....

Remark. If for t € [0,T], A(t) is the infinitesimal generator of a Cy semigroup
{5:(s)}s>0 satisfying ||S¢(s)|| < e“®, then by the Hille-Yosida theorem (cf. [I1]),
the family {A(t)};c[o,r is stable with constants M = 1 and w.

We now use the theory of stable families of operators to gain well-posedness of
in the following way. Let X and Y be Banach spaces with norms || - || and
I |ly respectively. Assume that Y is densely and continuously imbedded in X, that
is Y is a dense subspace of X and there is a constant C' such that

Iyl < Cllylly  fory €Y.

For each t € [0,T], let A(t) be the infinitesimal generator of a Cy semigroup
{S:(s)}s>0 on X. Assume the following conditions (cf. [8 [I1]):
(H1) {A(t)}ieo,1) s a stable family with stability constants M, w.
(H2) Foreacht € [0,7T],Y is an invariant subspace of S¢(s), s > 0, the restriction
Sy(s) of Si(s) to Y is a C semigroup in Y, and the family {fl(t)}te[oj] of
parts A(t) of A(t) in Y, is a stable family in Y.
(H3) For t € [0,T], Dom(A(t)) DY, A(t) is a bounded operator from Y into X,
and ¢ — A(t) is continuous in the B(Y, X) norm | - |ly—x.

Theorem 2.7 ([8, Theorem 4.1], [11, Theorem 5.3.1]). For each t € [0,T), let A(t)
be the infinitesimal generator of a Coy semigroup {S;(s)}s>0 on X. If the family
{A(t)}eejo, ) satisfies conditions (H1)—-(H3), then there ewists a unique evolution
system U(t,s), 0 < s <t <T, in X satisfying

(E1) ||U(t,8)]| < Met=%) for0<s<t<T.

(E2) %U(f,s)yh:s =A(s)y foryeY,0<s<T.

(E3) 2U(t,s)y=—U(t,s)A(s)y fory €Y, 0<s<t<T,
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where the derivative from the right in (E2) and the derivative in (E3) are in the
strong sense in X.

This theorem will help in obtaining a certain kind of classical solution of (2.1]) in
the case where the family {A(t)}¢cjo, 7] of infinitesimal generators of Cy semigroups
on X satisfies conditions (H1)—(H3).

Definition 2.8 ([I1l Definition 5.4.1]). Let X and Y be Banach spaces such that
Y is densely and continuously imbedded in X and let {A(t)}e[0,r) be a family of
infinitesimal generators of Cy semigroups on X satisfying the assumptions (H1)-
(H3). A function u € C([s,T] :Y) is a Y-valued solution of ifueC((s,T):
X) and u satisfies in X.

Remark. A Y-valued solution w of (2.1)) is a classical solution of (2.1)) such that
u(t) € Y C Dom(A(t)) for t € [s,T] and wu(t) is continuous in the stronger Y-norm
rather than merely in the X-norm.

Theorem 2.9 ([I1, Thm. 5.4.3]). Let {A(t)}icjo,r) satisfy the conditions of The-
orem and let U(t,s), 0 < s <t < T be the evolution system given in Theorem
24 If

(E4) U(t,s)Y CY for0<s<t<T and

(E5) Forz €Y, U(t,s)x is continuous in'Y for 0 <s <t <T,
then for every x € Y, U(t, s)x is the unique Y -valued solution of .

We now use the above theory of stable families of generators to give criteria for

well-posedness of the evolution problem (1.2)). Let (2.2 denote the initial value
problem ([1.2]) with 0 replaced by s for s € [0,T); i.e.,

do(t)
dt

= f(tDylt) 0<s<t<T (2:2)

v(s) = x.
We determine conditions on f so that the family of operators {f(t, D)}icpo,r7 is
stable and such that (2.2]) is well-posed.

Proposition 2.10. Let f : [0,T] x [0,00) — R be continuous in t and Borel in \.
Assume there exist w € R such that f(t,\) < w for all (t,\) € [0,T] x [0,00) and
a Borel function r: [0,00) — [0,00) such that |f(t,\)| < r(X) and Dom(f(t,D)) =
Dom(r(D)) for all t € [0,T]. Set Y = Dom(r(D)) and let || - ||y denote the graph
norm associated with the operator r(D). Further, assume t — f(t, D) is continuous
in the B(Y,H) norm || ||ly—m. Then is well-posed and for x €Y, V(t,s)x =
el F(mD)Ty s o unique Y -valued solution of .

Proof. By [0, Theorem XII.2.6], r(D) is a closed operator in H with dense domain.
Set Y = Dom(r(D)) and endow Y with the graph norm | - |y given by

Iylly = llyll + [Ir(D)yll

for all y € Y. Since r(D) is a closed operator, it follows that (Y,| - |y) is a
Banach space. It is also clear that Y is densely and continuously imbedded in H.
Since f(t,\) < w for all (¢,A) € [0,T] x [0,00), we have that for each t € [0,7],
f(t, D) is the infinitesimal generator of the Cy semigroup {S;(s)}s>0 on H given
by Si(s) = esf*P). We show that the family {f(t, D)}epo,) satisfies conditions
(H1)-(H3).
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Let t € [0,T], x € H. Then
Jes Dl = [ e TN Pa B2, 2) < )2 [ dE00) = (e)P]e]
0 0

showing that ||S;(s)|| = [les/&P)|| < es. Thus, {f(t, D)}iepo,r) is a stable family
with stability constants M = 1 and w, and so (H1) is satisfied.
Next, let t € [0,T], y € Y. For any s > 0, since y € Y = Dom(r(D)), we have

| e N B0 < @ [ IrPaE).) < s
0 0

Thus, S;(s)y € Dom(r(D)) and so Y is an invariant subspace of Sy(s). Let S;(s)
be the restriction of S¢(s) to Y. For any positive constant ¢, for 0 < s < ¢,

(e TN =12 < [r(V)P(e + 1) € LY(E()y, y).

Therefore, by Lebesgue’s Dominated Convergence Theorem,

lim_[|Ir(D)(Se(s) — Dy||* = lim OOIT(/\)(esf(t’” — DIPd(EN)y,y)

s—0+ s—0% Jo
_ / lim [r(A) (e — 1)2d(E(\)y, ) =0,
0 $—>0+
and so

15:(s)y — ylly = 19e(s)y — yll + [Ir(D)(Se(s)y — v)
= [[Se(s)y — yll + Ir(D)(Se(s) — Dyl
—0 ass—0T.

Thus, S(s) is a Cy semigroup onY. )
Next, consider the family {f(t, D)}ieo,1) of parts f(t, D) of f(t,D) in Y. For

each t € [0,T], f(t, D) is defined by

Dom(f (¢, D)) = {x € Dom(f(¢t,D))NY : f(t,D)x €Y}

and

f(t,D)x = f(t,D)x for x € Dom(f(t,D)).
It is seen [II, Theorem 4.5.5] that f(t, D) is the infinitesimal generator of the Cj
semigroup S;(s). Moreover, for y € Y,

I1Se(s)ylly = 1Se(s)yll + [Ir(D)Se(s)y]
= [ISe(s)yll + lI7(D)Se(s)yll
< eyl + e (D)yll
= e™Ilylly-

Thus, ||Sy(s)||y < e¥* for all ¢ € [0,T] and so the family {f(t;D)}tE[O,T] is stable
with stability constants M = 1 and w. We have shown that (H2) is satisfied.
Finally, let t € [0,T]. Since |f(t,A\)| < r()), we have for y € Y,

/0 (6 N PA(EN)y, y) < / (V) FA(E(N)y, y) < .
Thus Dom(f(¢t,D)) 2 Y. Also, fory €Y,
1£(6, DYyl < Iyl + 1 Dyl < ol + (DYl = lylly
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showing that f(¢, D) is a bounded operator from Y into H. By assumption, ¢ —
f(t, D) is continuous in the B(Y, H) norm || - ||y—pg and so (H3) is satisfied. By
Theorem there exists a unique evolution system V(t,s), 0 < s <t <T,in H
satisfying conditions (E1)-(E3) with the operators f(¢,D), t € [0,T], and M =1 in
the condition (E1); that is we have

IV (t, )| < =5 for0<s<t< T,

+
%V(t,s)y‘t:s = f(s,D)y foryeY, 0<s<T,
gV(t,s)y =-V(¢t,s)f(s,D)y foryeY, 0<s<t<T,
s

where the derivatives are in the strong sense in H. It can be shown using the
Spectral Theorem that el f(m.D)AT is quch an evolution system, and so by uniqueness
we must have V (¢, s) = e/i 7(mD)™ Tt is also readily seen that V (¢, s) = e/ F(mD)dr
satisfies (E4) and (E5). Therefore, by Theorem for every x € Y, V(t,s)x =

eld f(r.D )47 is the unique Y-valued solution of (12.2)).

Finally, suppose v is a classical solution of Then v1(q) € Dom(f(q, D)) =
Dom(r(D)) for g € (s,T). As V(t,s), 0 < s <t <T, satisfies condition (E3) with
the operators f(t, D), t € [0,T], the function ¢ — V (¢, q)v1(q) is then differentiable
and

SV (@ (a) = =V (606 D) +V(t.0) o)
= =V(t,9)f(a, D)vi(q) + V(t,9) f (g, D)vi(q) = 0.
Thus V(t,q)v1(q) is constant for ¢ € (s,t). Since vy is a classical solution, the
function V' (¢, ¢)v1(q) is also continuous for g € [s,t]. Thus we have
v1(t) = V(t, )1 (t) = V(¢E, s)vi(s) = V(¢,8)x.

Thus condition (ii) of Definition is satisfied and we see that (2.2)) is well-posed
with unique classical solution given by v(t) = V (¢, s)x. O

3. THE APPROXIMATION THEOREM

In order that solutions of approximate known solutions of , we will
require additional conditions on f. The following definition is inspired by results
obtained by Ames and Hughes [3] Definition 1] for continuous dependence on mod-
elling in the autonomous case, that is when A(t) = A is independent of ¢.

Definition 3.1. Let f : [0,T] x [0,00) — R be a function continuous in ¢ and Borel
in A and assume the hypotheses of Proposition Then f is said to satisfy the
approzimation condition with polynomial p or simply Condition (A, p) if there exist
a constant 3, with 0 < 3 < 1, and a nonzero polynomial p(\) independent of (
such that for each ¢ € [0,T], Dom(p(D)) C Dom(A(¢, D)) N Dom(f(t, D)), and

(=A(t, D) + f(t, D)b| < Blp(D)¢ |,
for all ¢ € Dom(p(D)).
Now assume f satisfies Condition (A, p). For each t € [0,T7], set
g(t, A) = —A(t, A) + f(t, A),
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and for each n > |wl|, set

= : < .
en ={A €[0,00) o, lg(t, A)] < n}

Then

<
A€ e, = tg%g%] lg(t, )| <n

= lg(t,\)]<n Vtel0,T]
= A(t,\) <n+ f(t,\) Vtel0,T].
Since A(t,A) > 0 and f(¢,A) < w for all (¢,\) € [0,T] x [0, 00), we have that on e,

max |A(t, \)] <n+ w.
te[0,T7]

Since f(t,\) = A(t,A) + g(t, A), it then follows that on e,

max |f(t,A)] < 2n + w.
t€[0,T]

Set E,, = E(e,,) and let 1) € H be arbitrary. Consider the following three evolution
problems:

duy, (t)
G =ALD)Eun(t) 0<s<t<T (3.1)
Un(s) =,
dvy, (t)
b = [t D)Eyn(t) 0<s<t<T (3.2)
'Un(s) =1,
Wolll — gt D)Bwun(t) 05 <t<T (33

Problems ([3.1)—(3.3)), as we will see, are well-posed due to the action of F,, and
their solutions will aid in approximating known solutions of the ill-posed problem

).
Lemma 3.2. For eacht € [0,T], A(t,D)E,, is a bounded operator on H such that
[A(t, D)En | <1+ w,

and (3.1)) has a unique classical solution u,(t) = Uy(t, s)y. The solution operator
U, (t,s) is a bounded operator on H with

[Un(t, )| < Tt
for all s,t such that 0 < s <t <T. Furthermore, if ¥ is replaced by ¥, = E,¢ in

(3.1), then
Un(tv S)’t/}n = ef: A(T,D)de]'rr

Proof. Fix t € [0,T]. For all z € H, by [5, Theorem XII.2.6],

|A(t, D)E,x|* = /Ooo |A(t, \)|?d(E(\)E,x, E,x)
— [ 1A@NPAEN )
< (n+w)? / d(E(\)z,2)

n
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< (n+w)? /0 " BN, )
= (n+w)?||z|”%,

showing that A(t, D)E, is a bounded operator on H with ||A(t, D)E,| <n + w.

Next, let ¢y € [0,T]. Since e, is a bounded subset of [0,00), we have that
DJE, € B(H) for each 1 < j < k. Then by continuity of a; for each 1 < j < k, we
have

=

I A(t, D)E, = Alto, D)Ew| = | Y (a5(t) — a(to)) DI En|
k

<D lag(t) = a;(to)| ID'Ey| — 0 as t — to,
j=1
showing that ¢t — A(t, D) E,, is continuous in the uniform operator topology. It fol-
lows from Theorem [2.2| that has a unique classical solution u, (t) = U, (t, s)v.
That
Ut 5)|| < T+
follows directly from Theorem [2.3| (i) and the fact that ||A(t, D)E,| < n+w for all
tel[0,T].
l\gext,] set ¥, = En,y and let denote the evolution problem with
replaced by ,; i.e.,
duy,(t)
dt

= A(t,D)E un(t) 0<s<t<T,
un(s) = Un.

Using the Spectral Theorem it can be shown that eld A(r.D)dry, is a classical so-
lution of (3.4). In particular, using properties of the projection operator E,, we
have

(3.4)

%ef; A(T,D)d‘rwn _ A(t, D)ef; A(T,D)d‘rwn

= A(t, D)Eyel: APy,

and )
efs A(T’D)d‘rdjn _ T,ZJn

Therefore, by uniqueness guaranteed by Theorem we have
Up(t, $)thn = els A(T,D)dT,I/Jn.
(I

Lemma 3.3. For each t € [0,T], f(t,D)E, is a bounded operator on H such that

1t D)Enl| < 2n + w,
and (3.2) has a unique classical solution v, (t) = V,(t,s)1. The solution operator
Vi (t,s) is a bounded operator on H with

IVa(t, s)|| < e te)
for all s,t such that 0 < s <t <T. Furthermore, if ¥ is replaced by v, = E,¢ in

13.2), then
Vi (t, $)thn = efs FD)dTy,



108 M. FURY, R. J. HUGHES EJDE/CONF/19

Proof. Using the fact that on e,,, maxycjo, 77 | f(t, \)| < 2n+w, it is easily shown that
for each t € [0,T], f(t, D)E, is a bounded operator on H such that ||f(¢, D)E,| <
2n + w. Next, let o € [0,7]. Since E,H C Dom(f(t, D)) = Dom(r(D)) for all
t € [0,T], we have r(D)E,, € B(H), and so

1f (¢, D)Ey — f(to, D) En||

= sup |[(f(¢,D) — f(to, D)) Enz|

z€H, ||z[|<1

< sup ||f(t, D) — f(to, D)lly—ull Enz|y
z€H, ||z||<1

= sup ||f(t,D)— f(to, D)lly—u(|Enz| + ||[r(D)E,x||)
z€H, ||z]|<1

< |[If (8 D) = f(to, D)lly —u([[Enll + [[r(D)En]) — 0 as t — to

by the assumption that ¢ — f(¢, D) is continuous in the B(Y, H) norm || - ||y —x-

Therefore, t — f(t, D)E, is continuous in the uniform operator topology. It follows

from Theorem [2.2)that (3.2)) has a unique classical solution vy, (t) = V;, (¢, s)1. That
IVa(t, 5)|| < eTCr+e)

follows directly from Theorem (i) and the fact that || f(t, D)E,| < 2n + w for

all t € [0,T]. The rest of the proof is similar to that of Lemma O

Lemma 3.4. For each t € [0,T], g(t, D)E, is a bounded operator on H such that
lg(t, D)Ey|| < mn,
and has a unique classical solution w,(t) = W, (¢, s)w. The solution operator
W(t, s) is a bounded operator on H with
[Wa(t, s)|| < e
for all s,t such that 0 < s <t <T. Furthermore, if 1 is replaced by 1, = E 1 in

(13.3), then
W, (ta 8)/(/)774 = ef: g(T7D)dT¢n~

Proof. Using the fact that on e,, max;c(o, 71 |9(t, A)| < n, it is easily shown that for
each t € [0,T], g(t, D)E,, is a bounded operator on H such that ||g(t, D)E,| < n.
Also, by the relation ¢(t, D)E, = —A(t,D)E, + f(t,D)E,, it follows that t —
g(t, D)E,, is continuous in the uniform operator topology. Therefore, by Theorem
has a unique classical solution w,(t) = W, (t, s)y. That

[Walt,s)| < e

follows directly from Theorem [2.3] (i) and the fact that ||g(t, D)E,| < n for all
t € [0,T]. The rest of the proof is similar to that of Lemma [3.2} O
Corollary 3.5. Let ¢ € H and v, = Ept. Then
Un (tv S)Wn (tv 3)1/171 =V, (tv 8)1/)71 =W, (t» S)Un (ta s)'l/}n

forall0<s<t<T.

The corollary above follows immediately from Lemmas and and
from properties of the functional calculus for unbounded self-adjoint operators [5]
Corollary XI1.2.7].

We now have all the necessary machinery to prove our approximation theorem.
Our strategy will be to extend the solutions w, (t) of (3.1]) with 1 = xy, and v, ()
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of with ¥ = x,,, into the complex strip S = {t +in : t € [0,T], n € R}, and
eventually employ Hadamard’s Three Lines Theorem (cf. [12]). To make use of
such extensions we will need the following results. Our approach is motivated by
work of Agmon and Nirenberg [I].

Definition 3.6 ([I2, Definition 11.1]). Let ¢(a) be a complex function defined in
a plane open set 2. Assume all partial derivatives of ¢ exist and are continuous.
Define the Cauchy-Riemann operator O as

J= ;(ﬁﬂ'é),

where o =t + in.

Theorem 3.7 ([I2, Theorem 11.2]). Suppose ¢(«) is a complex function in Q such
that all partial derivatives of ¢ exist and are continuous. Then ¢ is analytic in )
if and only if the Cauchy-Riemann equation

9p(a) =0
holds for every a € €.

Lemma 3.8 ([1]). Let ¢(z) be a complex function with z = x +iy. Assume ¢(z) is
continuous and bounded on S = {z =x+iy:z € [0,T),y € R}. Fora=t+ine€ S,

define
1
__7//(ZS Z—a+z+1+ )dxdy

Then ®(a) is absolutely convergent, O®(a) = ¢(a), and there exists a constant K

such that
° 1 1 1
d <K(1 1 )
/ P S L g

—00

if v £ t.
We now state and prove our approximation theorem.

Theorem 3.9. Let D be a positive self-adjoint operator acting on H and let A(t, D)
be defined as above for allt € [0,T]. Let f satisfy Condition (A, p), and assume that
there exists a constant v, independent of 3, w, and t such that g(t, ) < =y, for all
(t,A) € [0,T]x[0,00). Then ifu(t) and v(t) are classical solutions of (1.1} and
respectively, and if there exist constants M', M", M"" > 0 such that ||[u(T)|| < M’,
lp(D)x|| < M", and ||[p(D)A(t, D)u(T)|| < M" for all t € [0,T], then there exist
constants C and M independent of 3 such that for 0 <t < T,

lut) = v(t)|| < CB—T MY,
Proof. Let x, = Epx and set S ={t+in:t € [0,T], n € R}. Letting ¢» = x,, and
s=01n (3.1) and (3.2)), we extend the solutions u,(t) and v, (t) into the complex

strip S in the following way. Since A(0,D) and f(0, D) are self-adjoint, ¢74(0-D)
and ™7 (0:P) are bounded operators on H for all n € R, and so we define

Un () = eMODIT(#,0) Xy,
vp (@) = e OPIY. (£ 0)xy,
for a =t +in € S. Finally define ¢,, : S — H by
Pn(a) = un(a) — vp(a).
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We first determine 0¢, (a). Since e”4(0:P) and ¢1f(0:P) are bounded operators on
H, and A(t,D) and f(t, D) are bounded when acting on E, H, we have
0 0

‘ o .
a‘ﬁn(a) = aemA(QD)Un(t»O)Xn - aemf(o’D)Vn(t»O)Xn

, d , d
— ,imA(0,D) & t _ »inf(0,D) & t

e dtUn( 70)Xn € dtvn( 70)Xn
= eMAOD) A(t, DYU,, (t,0)xn — €™ OD) (¢, DYV, (£, 0)xn
= A(t, D)un(a) — f(t, D)v, ().

Next, by standard properties of semigroups of linear operators (cf. [I1, Theorem
1.2.4 (c)]), since Uy (t,0)xn € Dom(A(0,D)), and V,,(¢,0)x, € Dom(f(0,D)), we
have

2¢n(oz> = 9 gimaon)y (t,0)xn — ;emﬂovf’)wu 0)Xn

(3’[7 8’]7 n
=i A(0, D)D), (t,0)x, — i f(0, D)™ LIV, (2, 0)x,
= i(A(0, D)un(e) — £(0, D)vn(ar)).
Therefore,
_ 0 0
Gone) = 5 gron(@) + i0,(@)

[(A(t, D)un(c) = f(t, D)vn(@)) = (A(0, D)un(a) = f(0, D)vn(a))]

[(A(t, D) = A(0, D))un () — (f(t, D) = (0, D))vn(a)].

N =N = N

(3.5)
Since, in general, this quantity is not identically zero, ¢, is not analytic and so
we cannot apply the Three Lines Theorem to ¢,. To amend this, we introduce a
related function. Define

1 s 1 1
@n(a):—;//se 8¢n(z)(z_a—|—2+1+a>da:dy,

where z = x + iy and a = t + iny are in S. To apply Lemma [3.8] we show that
e’ O¢rn(2z) is bounded and continuous on S. Let z = x + iy € S be arbitrary. We

have from ([3.5)),
2 —
l[e* O¢n ()]

%IBZQI I(A(z, D) = A0, D))un(2) = (f(z, D) = f(0, D))va(2)]|

IN

L (A, D)un (2)]| + A, Dy (2)]
+ [If Gz, D)on(2)[| + [1£(0, D)vn(2)])-
Since [|e¥A(:P)|| = 1, we have by Lemma [3.2{ and properties of E,,,
1A(z, Dyun (2)|| = || Az, D) O PIU, (2,0)x |
— [ A(z, D) Bne#AOLIT, (2, 0) x|
(n+w) ||V DI, (2, 0)xn|
(n 4+ w)[|Un (2, 0)xn||
< (n+w)e" x|

<
<
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Note that since x € [0,T] is arbitrary, the same bound holds for ||A(0, D)u,(z)]|.
Similarly, [|e®/(®P)|| = 1, and using Lemma
1 (2, Dyon (2)]| = [|f (w, D)e™ PV, (2, 0)xa |
= || f(z, D) Ene PV, (2,0) x4
< (2n+w) e OV, (2, 0) x4
< (2n 4 w)|[Va (@, 0)xa|
< (2n+w)e" I x, |

Again, since x € [0,T] is arbitrary, the same bound holds for || f(0, D)v,(2)]|. Set-
ting
Cr = (n4w)eT ) (2 4 w)eT Gt

we have

[ 0¢n ()l < € Callxall, (3.6)
showing that e 0¢n(z) is indeed bounded on S. It can also easily be shown using
continuity of A(¢,D)E,, and f(t,D)E, in the B(H) norm, continuity of U,(t,s)
and V,,(t,s) in the B(H) norm (Theorem (iii)), and strong continuity of the
groups {40 g and {e¥f(0D)}, g, that ¢*’ B¢ (2) is continuous on S. Hav-
ing satisfied the hypotheses of Lemma it follows that

@n(a):—%//se'z?é(bn(z)(zia—i—2+i+a)da?dy

is absolutely convergent,

09, (a) = e 0¢n (),

and there exists a constant K such that

° 1 1 1
dy < K (1+log —)
/ }z—a—’_é—l-l—&—oz‘y_ +0g|x—t|

— 00

for z # t.
We now construct a candidate for the Three Lines Theorem. Define ¥,, : S — H
by

2
U, (o) =e* ¢dn(a) — Pp(a).
For « in the interior of S, using the product rule and results from Lemma [3.8]

OV, () = De® dp(a)] — OB, (cv)
= [(0e™)pu (@) + € pn ()] — BP,, ()
= [(0)¢pn(a) + 0P, ()] — 0P, () = 0.

Therefore, by Theorem ¥, is analytic on the interior of S. Next, for a =
t+in € S, from (3.6) and the results from Lemma

1 2= 1 1
o, () = - = S _ dz d
@n(@)l =15 [ [ e 00,) (-5 + s el
1~ (T e 1 1
— Cp dxd
7T/m/o e Calballls=5 + s3ggldody

Yl [ ([T 1 sl
7& oniXn 0 o Z2—a Z+14a v)er

IN
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K e T
<SGl [ (14 log ) da
0

b
|z — 1
Also, using Lemmas and

pn (@) = e OPIT,, (E,0)xn — € OPIV, (£,0) x|
< ([1Un @ 0)[] + Vi (&, 0) [ [Ixn |
< (eT(n+w) + eT(2n+w))||Xn||_

Therefore,

12 ()] = e 6n(e) = @ ()]
< e | lon (@)l + [@n(e)]

2 nr+w nr+w
< e (T 4 T CrH) x|

+53TQC [Xnll{ max /T (1+1log ! )dz}
7 A 0,11 Sy |z — | ’

proving that ¥,, is bounded on S. From and the results from Lemma it
follows via a dominated convergence argument that ®,, is continuous on S. It is
also easily shown that ¢,, is continuous on S, and therefore V¥,, is continuous on S.

We have shown that ¥, is bounded and continuous on S, and analytic on the
interior of S. It follows from the Cauchy-Schwarz Inequality that for arbitrary
h € H, the mapping

a— (Un(a), h)

from S into C, where (-, -) denotes the inner product in H, has the same properties.
Therefore, by the Three Lines Theorem,

(W), )| < M(0)' T M(T),
for t € [0,T], where o = t + in and
M(t) = max |(U,,(t + in), h)|.
nekR

We aim to find bounds on M (0) and M (T). First, for n € R,

(i), )] < (% Cim) 1]
=l (M4OPI, (0,0)x, — ™ OPIV, (0,0)x,) — @alin) 1]

2 . . .
= [l (ALY, — IO Y — @ i) |
< (7 e = T OL x|+ @ (in)]]) |1

Now, since [|e?40-D)|| =1,

”einA(O,D)Xn _ z17f (0,D) X ” ”emA (0, D)Xn _ einA(07D) ing(0,D) X ”

= [[eAO R (1 — D)y, |

< = e OP)x).
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For ¢ € Dom(g(0,D)) and n € R, we have by standard properties of semigroups
(cf. [IIl Theorem 1.2.4]) that

A n
(I = e OPNy|| = || — Z/o ¢'*90P)g(0, D)ypds|| < [n]]lg(0, D).

Note x,, € Dom(A(0, D))NDom(f(0, D)) C Dom(g(0, D)) and since e,, is a bounded
subset of [0,00), x» € Dom(p(D)). Thus we have by Condition (A, p) and the above
inequality that

nAOD) i, — M OPY | < Blnlllp(D)xnll-

Next we would like a bound on ||®,(in)|| in terms of 8. Let z = x + iy € S. Then

from ,
2H5¢n(z)” = H(A(me) - A(OﬂD))un(Z) - (f(an) - f(07D))Un(z)
< [A(z, D)un(2) — f(z, D)vn(2)[| + [[A(0, D)un(z) = f(0, D)vn(2)]-

le

Now,
[A(z, D)un(z) — f(z, D)oy (2)]|
= ||A(z, D)eVAODPIT, (2,0)x, — f(x, D) ODIV, (2,0)x, ||
< | A(z, D) AP, (2, 0)xs — Az, D) OPIT, (2, 0) x| (3.7)
+ |A(z, D) O, (2,0)xn — Az, D)e¥f OPIV (2,0) x| (3.8)
+ || A=, D)eiyf(o’D)Vn(x, 0)xn — f (=, D)eiyf(o’D)Vn(x, 0)xnll- (3.9)

Set ¢, = A(x, D)U,(x,0)x,. We note that 1, € Dom(A(t, D)) N Dom(f(¢t, D)) C
Dom(g(¢, D)) for all ¢ € [0,T], and v, € Dom(p(D)). Then expression (3.7) is
equal to
AP g, — I OP1y || < Blylllp(D)hnl,
as above.
Next, using Theorem Lemma and the assumption that g(¢,\) < ~ for
all (t,\) € [0,T] x [0,00), we have

(1 = Wa(z,0)nl = [(Wa(z,z) = Wa(z,0)) Y
- ||/ W, 5) s
— 1| [ Wale.s)als, DB s

< / Wiz, 5)g(s, D)o s
< / (1+ 7Tl (s, D)ip|lds.

0

It then follows from Corollary and Condition (A,p) that expression (3.8)) is
equal to

e OPY (U, (,0) — Vi (,0)) A, D) x|

< [(Un(z,0) = Va(z,0)) Az, D) x|
= [[(Un(x,0) = Wy (z,0)Un(, 0)) A(z, D) x|l
= [|(1 = Wa(2,0))¢n]|
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sl/'<1+—e7Tnuxer>wnuds
0

S(/1(1+—éﬂ35Hp(D)¢an8
0

< BT+ )lp(D)n]-

Finally, since Uy, (z,0)x, € Dom(p(D)), Corollary and Condition (A, p) imply
that expression (3.9) is equal to

I PV, (2, 0) (= A(x, D) + f(x, D)) xnll
< [Va(z,0)(=A(z, D) + f(z, D)) xall
= [Wa(z,0)Un(z,0)(=A(z, D) + f(z, D)) xnl
< 1+ N)|[(=A(z, D) + f(x, D))Un(z,0)xx|
< B+ ) [p(D)Un (@, 0)xnll-
Therefore, we have shown
[A(z, D)un(2) — f(z, D)on(2)]|
< B+ ((lyl + T)lIp(D)A(z, D)Upn(z, 0)xnl| + lp(D)Up (2, 0)xall) -
Since z is arbitrary, it follows similarly that
[[A(0, D)un(z) = f(0, D)vn(2)]|
< B(L+ ) ((Jyl + T)[[p(D)A(0, D)Un (, 0)xn | + [P(D)Un (i, 0)xnl]) -
<

From the assumptions ||u(T)| < M’ and ||[p(D)A(t, D)u(T)|| < M" for all ¢t €
[0,T7, it follows that ||p(D)u(T)|| < N’ for some constant N’ > 0. It then follows
from these estimates that for z =z 4+ iy € S,

106, (2)|| < B(1L+eT) (ly| + T)M" + N'),
so that by Lemma [3.§
1@ (in)

1 s 1 1
N ||—;//Se a¢n(z)<z—i77+ 5+1+i17) dx dy|
Lot 1 1
<7 z
<[ [ s, = + e

1 o0 T
<[ et e o) (ol + T 4 N
—o0 JO

1 1
— + = -
z—1in zZ4+1+1in

1 oo T
== / / e B(1 +e7) ((\wa +Te*y2)M"’+e*fN')

T J—ccJo
1

— 4 - —|
z—1in Z+1+41in
1 Trore 1 1
Sﬂ{;eTz(lJre“’T) ((1+T)M"’+N’)/ (/ | + |dy>d:1:]
0

feo 22—t ZH+1414n

X | x dy

K 52
™

IN

1+ (1+T)M" + N') /T (1+1log 1)dx]
0

xT

9l
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Therefore,

M (0)

= U, (in), h
max | (Un (i), )|

< mae (&7 APy, — G IOD)y | 4 2 (i) 1]

ner (3.10)

< -’ :
< max (ﬂ\??le Ip(D)xnll + H‘Pn(m)H) 5]

" K T " ’ 4 1
<B(M"+ [ZeT (1 +T) (L+T)M” +N') [ (1+1og—)da] ) IA].
o 0 X
Next, for n € R,
[(Un(T +in), h)|
< [ n(T + )|
= He(T-i_m)Z (einA(O’D)Un(T» 0)xn — einf(07D)Vn(T7 O)Xn) = @, (T +in)|/|| ]|

< (A OPIT (T, 0)x — € OPIV, (T, 0) x| + @ (T + im)] ) |11

Using the assumption that ||u(T)|| < M/,
HeinA(O’D)Un (T,0)xn — einf(O’D)Vn(Ta 0)xxl|
S NU(T,0)xn [l + VA (T, 0)xal
= [|[Un(T,0)xn || + [Wa(T,0)Upn (T, 0)xn |
< @+ @+ ) Un(T, 0)xa
<@2+eT)M.
Next, the assumptions ||u(T)|| < M’ and ||p(D)A(t, D)u(T)| < M for all ¢t € [0,T]

imply that ||A(t, D)u(T)|| < N” for all ¢t € [0, T, for some constant N” > 0. Thus,
for z = x +1iy € S, we have

[[(A(z, D) — A(0, D))un(2)||
< || OPY Az, DYU,(2,0)xn]| + (|4 P)A(0, D)Un (, 0) x|
< [[A(z, D)Un (2, 0)xn || + A0, D)Un (2, 0)xa|l
< 2N".
Meanwhile, using Condition (A, p) and the fact that 0 < 8 < 1,
[(f(z, D) — £(0,D))vn(z)]
< eI OB f (@, DYV (2, 0)xnl| + €72 £(0, D) Vi (2, 0) x|
< |If (@, D)Vo(z, 0)xnll + [ £ (0, D)Vn (2, 0)xn |
< [ A(z, D)Vi(z,0)xnll + [(=A(z, D) + f(2, D))V (x,0)xnl
+ [[A(0, D)V (, 0)xnll + [[(=A(0, D) + f(0, D)) Va2, 0)xn |
< [Va(z, 0)A(z, D)xn || + [[Va (2, 0) A0, D)xnll + 26(p(D)Va (2, 0) x|l
< (1+ ) (| Az, D)U(,0)xn | + [| A0, D)Un (@, 0)xnl| + 2[|p(D)Un (, 0) xnl|)
<2(1+ ) (N" + N).
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Therefore, for z = x + iy € S, from ,
10¢n ()|l < 5 (H( (2, D) — A0, D))un(2)|| + I(f(z, D) = f(0, D))vn(2)]])
S N”—l— (1+€’YT)(NN—|—N/)
so that by Lemma
(@5 (T" + in)||

1 s 1 1
:H_E//Se 8¢"(z)(z—(T+in)+z+l+(T+ 77)) de dy|
1

1 o T . 1
<2 [ 00O + e e
/ / (N + (L + TN+ NY))

1
+ -
|z—(T+z77) z+1+(T+zn)|

1
= (N (1L TN V)

T oo 1 1
X/o (/_oo}zf(Tﬂ'n) +2+1+(T+m)|dy)dx

K T 1
< feTz(NN—l—(1+€7T)(N”+N/)>/ (1+log| T|)
0 _

™

dx dy

Thus,
M(T)

= U,,(T +in), h
max |(Un (T + ), h)|

K
< max (777 24 T)M! + ZT (N + (14 T) (N + N'))
ne s

T 1
x/ (1+log —— )d:z:)||h||
0 |z — T

K
< <€T2(2+€’YT)M/+ 76T2(N//+ (1—|—€’YT)(N//—|—NI))
T

T 1
x [ (1+1log d;z:) I1Al].

f; 0ios =)
It follows from (3.10) and (3.11) that there exist constants C’ and M, independent
of 3, such that for 0 <t < T,

|(Wa(8), B)] < ("Bl (M|RI)"T = (C'8)' =7 MY/ |
Taking the supremum over all h € H with ||h|| < 1, we have constants C' and M,
independent of 3, such that for 0 <t < T,

1%, (1)) < Co* T MY

(3.11)

Consequently,
[un(t) — v ()] = (|0 @)
e[ Wn(t) + u (1)
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< T @) + [ @a(®)]]
< ORI MYT 4 || @,(1)]].

It follows from an earlier estimate on ||®,,(in)||, that

K 2 T 1
H‘I)n(t)H <p ;6T (1 +€’YT) ((1 —I—T)MW —|—N’)/ (1 + log |:U t|)d$}
0 _
Setting

K = EQTQ(:[ +eMY (1 4+T)M" + N') { max /T (14 log #)dx},
T t€[0,7] Jo |z — |
we have
lun (t) = va(B)]] < CB =T MYT + @, (1)
< Cﬂlf%Mt/T —l—ﬁK’
_ (O+ ﬁt/TK’M*%) Bl At/ T
<cprMT,

for a possibly different constant C. Letting n — oo, we have found constants C'
and M, independent of 3, such that for 0 <t < T,

lu(t) — ()| < OB~ T M7,
as desired. O

4. EXAMPLES

Below, we give examples illustrating our approximation theorem. FEach is a
general case of the following universal example. Let H = L?*(R") and D = —A
where A denotes the Laplacian defined by

" 9%h

Ah = —.
Ox?

i=1

The operator —A is a positive self-adjoint operator on L?(R™) and so we compare
the ill-posed evolution problem

gu(t,:v) = A(t,—A)u(t,z), (t,xz)€[0,T)xR"

ot (4.1)
u(0,x) = h(z), zeR"
in L2(R") to the well-posed approximate problem
%v(t,m) = f(t,—A)v(t,z), (t,x)€[0,T)xR" (4.2)

v(0,2) = h(z), = €R™
Example 4.1. As initially defined, let

k
A(t,D) =Y _a;(t)D7.
j=1
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Let 0 < e < 1 and set B; = maxcjo,7 |a;(t)| for each 1 < j < k. Consider the
problem

%v(t x) = A(t, =A)(t,z) — e(=A) ot z), (t,z) €[0,T) x R"
v(0,2z) = h(x), x€R".

Motivated by approximations used by Lattes and Lions, Miller, and Ames and
Hughes [2, 3, [0, [10], we define f : [0,T] x [0,00) — R by

k
A) =) a; (N — bt
j=1

Then for each (¢, ) € [0,7] x [0, c0),
k
FEA) <) =D BN —eA't
j=1

The polynomial h(A) has at most k + 1 real roots. If h(A) has no real roots on
[0,00), then h(A) < 0 for all A > 0. Otherwise, let R be the maximum of all such
roots of h(A) on [0,00). Then h(A) is bounded above on [0, R] and is negative on
(R, 00). Therefore, in any case, there exists w € R such that h(A) < w for all A > 0.
Consequently,

ft,A) <w
for all (t,A) € [0,T] x [0,00). Also
k
£t N)] <r(N) == ZBW +eftt
j=1

for all (t,\) € [0,T] x [0,00). We set Y = Dom(r(D)) and let || - |y denote the
graph norm associated with the operator r(D). We note that Y = Dom(r(D)) =
Dom(f(t, D)) for all t € [0,T], and that Y is the Sobolev space W?2(*+1):2(R"),
consisting of functions h € L?(R™) whose derivatives, in the sense of distributions,
of order j < 2(k + 1) are in L?(R"™) (cf. [I1, Chapter 7.1]).

Now, let tq € [0,T]. It follows from the definition of 7(D) that D/ € B(Y, H)
for each 1 < j < k. Then since a; is continuous for each 1 < j <k,

1£(t, D) = f(to, D)y —u = [[(A(t, D) — eD**1) — (A(to, D) — D" V)lly~n
= ||A(t, D) — A(to, D)|ly -u

k
= Z a;(t) = a;(t0)) D |y~ mr

1

IA

k
Z t) —a;(to)| |1 DY |ly i — 0 ast— to,

showing that ¢ — f(¢, D) is continuous in the B(Y, H) norm || - ||y —x-
Next, set
p()\) — )\k+1'
Then Dom(p(D)) € Dom(D7) for all 1 < j < k+ 1 so that
Dom(p(D)) € Dom(A(t, D)) N Dom(f(¢, D)) = Dom(f(t, D))
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for each t € [0,T]. Furthermore, for v € Dom(p(D)) and t € [0, T],
I(=A(t, D) + f(t, D))y|| = [|(=eD* )y = | D**14]|.

Thus f satisfies Condition (A,p) with r(\) = Z;f:l BiN + el B = ¢, and
p(A) = AL Moreover, g(t,\) = —eA*+1 < 0 for all (¢,\) € [0,T] x [0,00), so we
may choose v = 0. Theorem [3.9] then yields the result

lu(t) = v(t)]| < CB* T M7
for 0 <t < T, where u(t) and v(t) are solutions of (4.1)) and (4.2)) respectively.
Example 4.2. As in Example let

k
D) = Zaj(t)D]

Let 0 < e < 1 and set B; = maxcjo,7 |a;(t)| for each 1 < j < k. Consider the
problem

%v(t z) — A(t, —A)(t,z) + e(=A)* Zwv(t,2) =0, (t,x) €[0,T) x R"

v(0,x) = h(z), z€R"™
Motivated by work of Showalter [13], we define f : [0,T] x [0,00) — R by
> as (N

Then for each (¢, A) € [0,7T] x [0, c0),
5 .
1 BN
f(t,)\) < 23—#
14 eXk
k J
221 B2 4 continuous on [0,00) and tends to

The rational function r(\) = =255~
as A — o0o. Therefore, there exists w € R such that r(A\) < w for all A > 0.
Consequently,

By
€

fE, N <w
for all (t,A) € [0,T] x [0,00). As r(\) is a bounded Borel function on [0, c0), the
Spectral Theorem yields that r(D) is a bounded everywhere-defined operator on
H. Thus, we may choose Y = Dom(r(D)) = H.
Now, let to € [0, T]. It follows from the definition of r(D) that DI (I +eD¥)~1
B(H) for each 1 < j < k. Then since a; is continuous for each 1 < j <k,

1£(t, D) = f(to, D)|| = | A(t, D)(I +€D*)™" = A(to, D)(I + eD") ™|

k
= 11> (aj(t) — a;(t0)) D’ (I + eD*) 7|

IN

J
k
Z £) = a(to)] [DI(I+eDF) 1| =0 ast — to,

showing that ¢ — f(¢, D) is continuous in the B(H) norm.
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Next, set
k
_ k+j
p(A) = E B "I,
j=1

Then for each t € [0,7], Dom(p(D)) € Dom(A(t, D)). Next, note D* is positive
since D is, and so 1 € p(—DF¥). Therefore, in view of the fact that
1 /1
(I +€eD*)~' = —R(=;—-D"),
€

€
we see that for each ¢ € [0,T],
Dom(f(t, D)) = Dom(A(t, D)(I + eD*)™') = H D Dom(A(t, D)).
Therefore,
Dom(p(D)) € Dom(A(t, D)) N Dom(f(t, D))
for all ¢t € [0, T]. Next, fix t € [0,7] and assume 1) € Dom(p(D)). Set
y = A(t, D)(I + eD*) 1o
Since —D* generates a Cy semigroup of contractions, we have by the Hille-Yosida
Theorem [11, Theorem 1.3.1] that
1 1 1,1
I+eDM)7Y = |=R(=;-D*)|| < =) =1
I+ DY =120l < < (57,)
Thus,
I(=A(t, D) + f(t, D))¢|| = [(=A(t, D) + A(t, D)(I + eD*) ")y
= | — D"y

- e||(zk:aj(t)pk+j)(l +eD") 1yl
< ell(iaj(t)D’““)wU
j=1

k
< el (> B0 )yl
j=1
. . . Sk BN
Then f satisfies Condition (A,p) with r(\) = =EoF— B =€ and p(A) =
Z§:1 BjAFi . Moreover, g(t,\) = —A(t,\) + A(t,A\)(1 + eX*)~1 < 0 for all
(t,\) € [0,T] x [0,00), so we may choose v = 0. Again, Theorem yields the
result

lu(t) = o(®)] < CB* T MYT
for 0 <t < T, where u(t) and v(t) are solutions of (4.1) and (4.2)) respectively.
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