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NONLINEAR STOCHASTIC HEAT EQUATIONS WITH CUBIC
NONLINEARITIES AND ADDITIVE Q-REGULAR NOISE IN R!

HENRI SCHURZ

ABSTRACT. Semilinear stochastic heat equations perturbed by cubic-type non-
linearities and additive space-time noise with homogeneous boundary condi-
tions are discussed in R!. The space-time noise is supposed to be Gaussian
in time and possesses a Fourier expansion in space along the eigenfunctions
of underlying Lapace operators. We follow the concept of approximate strong
(classical) Fourier solutions. The existence of unique continuous L2-bounded
solutions is proved. Furthermore, we present a procedure for its numerical ap-
proximation based on nonstandard methods (linear-implicit) and justify their
stability and consistency. The behavior of related total energy functional turns
out to be crucial in the presented analysis.

1. INTRODUCTION

Consider semilinear stochastic heat equations with cubic-type nonlinearities

du dW (t, )
= ,U2Au+8(u)+G(U)T (1.1)

u=u(t,z), 0<z<L, t>0

perturbed by additive space-time random noise W which is supposed to be Gaussian
in time and possesses a Fourier expansion in terms of the eigenfunctions of the
Laplace operator A in R'. The objective of this paper is to discuss properties of
its strong Fourier-type solutions u = u(t, ) and its numerical approximations by
appropriate truncation of its Fourier series and nonstandard methods to integrate
them numerically in time.

Analytical aspects of solvability of equations with Lipschitz-continuous B
and G are discussed by several authors. For example, see Bensoussan & Temam
(1972), Pardoux (1975/79), Walsh (1984/86), DaPrato & Zabzcyk (1992), Greksch
& Tudor (1996), among many others. Moreover, equations with monotone B are
treated in Pardoux (1979), Bessaih & S. (2005, JCAM), S. (2007, JMAA). Not so
much known is for equations with cubic-type B(u) = u(a1 — as|juf|?.) with real
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parameters as > 0 and a;. Such equations occur in neurophysiological modeling
of large nerve cell systems with action potential B in mathematical biology (see
also remarks in Walsh (1984/86)). For example, there are biochemical models of
the form to calculate the flow of the electric current and voltage along active
neuronal fibres (neurites) in computational neurosciences (Recall that neuronal fi-
bres are composed of segments with dendritic membranes with voltage-dependent
capacitances and resistance, equipped with voltage-gated ion channels). For more
details, see Hodgkin and Rushton (1946), Koch (1999), Koch and Segev (1998),
Stuart and Sakmann (1994), Tuckwell and Walsh (1983). Especially, we shall treat
here the most biologically relevant one-dimensional special case

82
du = [02877; —|—u(a1 —a2||uH%2)]dt+de(t,:1:) (1.2)

where the norm ||u||z> is taken with respect to the L?-space L?(0,L) and b € R! is
an overall noise intensity parameter. Homogenous boundary conditions (BC)

u(t,0) =u(t,L)=0 Vt>0 (1.3)
and L?(0, L)-integrable initial conditions (IC)
w(0,2) = up(x) Va € (0,L) (1.4)

are opposed on the solutions u throughout the paper. Moreover, the equation (|1.2))
is driven by space-time @-regular noise

+oo
W(t,z) =Y anWalt) \/gsin (?) (1.5)

—_——

=en(x)

with i.i.d. Wiener processes W, with W, (¢) € N (0,¢), where

+oo
trace(Q) = Z o? < 4o0. (1.6)
n=1
Note that
2 . nmx
en(z) = \/Esm (T), n>1 (1.7)
are the eigenfunctions of the Laplace operator A in R, Ae,, = —(n?7%/L?)e,, and

they form an orthonormal system in L?(0, L); i.e.,

1 ifn=k
0 ifn#k

where 9y, ;; is the Kronecker symbol. Moreover, it is not too restrictive that the noise
W has an eigenfunction expansion in the separable Hilbert space L?([0, +00) x
[0, L]) with respect to the same eigenfunctions as the underlying Laplace operator
with homogeneous boundary conditions (1.3). This is due to the perturbations
by additive space-time noise (Gaussian in time), the specific Dirichlet boundary
conditions and the other part of the eigenbasis determined by cos(nma/L)
and spanning the space L?(0, L) is orthogonal to e,,n > 1 (while forming together
a complete orthonormal system in L?(0, L)).

The paper is organized as follows. After this introduction, we begin with the
verification of the unique existence of strong global solutions with not more than
exponentially increasing second moments in time in Section 2. Section 3 provides

L
(en,er)r2(0,L) :/ en(z)er(x)dr = 0 = {
0
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a truncation procedure of Fourier series solutions approximating those strong solu-
tions. There a finite-dimensional system of nonlinear stochastic ODEs determining
its Fourier coefficients ¢ (t) is derived. The unique existence of strong solutions
of those systems is justified by estimating the truncated total energy. Section 4
reports on the total expected energy of the original infinite-dimensional stochastic
system (1.2)). We are going to show that the energy functional is linearly bounded
in time in the mean sense, provided that the initial Fourier coefficients ¢ (0) are
mean square summable. In the final Section 5 we suggest 3 numerical methods
(explicit and implicit difference methods) to find those Fourier coefficients.

2. EXISTENCE OF UNIQUE APPROXIMATE STRONG SOLUTIONS

Indeed we may verify the existence of a.s. unique, approximately strong global
solution with finite second moments. For this purpose, we exploit the technique of
monotonicity of semilinearities. Recall the concept of approximate strong solution
from [37].

To be more self-explanatory, we consider the following definition of strong solu-
tion concepts. Let (Q,F, (Fi)o<i<r,P) be a complete probability space equipped
with a nondecreasing filtration (F;)o<i<7). Suppose that H is a Hilbert space and
A a linear operator of H with domain D(A). Then, an H-valued stochastic process
u = (u(t))o<t<r is said to be a strong solution of the SPDE

du = [A(t)u + B(u)]dt + G(u)dW (2.1)
on ([0,T] x H x Q, F,(F)o<i<t,P) if and only if
(a) u is an element of the class of progressively measurable processes with
values in H (which is also closed with respect to progressively measurable
versions),
(b) u(t) € D(A(t)) N D(B(t,-)) N D(G(t,)) (P-almost surely) for all ¢t € [0,T]
(almost everywhere) and A(.)u(.) € LL ([0, T], H),

loc

(c) and, for every 0 < s <t < T, we have (P-almost surely)

u(t) = u(s) + / t [A(r)u(r) + B(r, u)} dr + / t G (r, u)dW ().

Moreover, an H-valued stochastic process u = (u(t))o<i<r is called an approx-
imate strong solution of on ([0,T] x H x Q,F,(Fi)o<t<r,P) if there
is a sequence of stopping times 7,.(t) with lim,_ ;. 7.(t) = ¢ (P-almost surely)
such that u, = (u(7-(t)))o<t<r is a strong solution of on ([0,7-(T)] x H x
O, F, (Ft)o<i<T,P) for all » > 0 and u = lim, 4o u, € H (P-almost surely). Be-
sides, the process u, = (u,(t))o<i<7 is said to be a localized (strong) solution of
(2.1). There are other solution concepts such as mild, weak and evolution solutions.
For more details and relations between those concepts, see Grecksch and Tudor [12].
We shall devote our studies to the concept of approximate strong solutions here.

The existence and uniqueness of strong solutions of is well-known when
all operators are globally Lipschitz-continuous on H. In this case, a stochastic
localization procedure is not needed. For example, see Bensoussan and Temam [4],
Da Prato and Zabzcyk [7, [§], Grecksch and Tudor [I2], Rozovskii [27] or Pardoux
[22, [23]. Their main results imply the existence of local pathwise unique continuous
(strong) solutions u, € H of on balls

K, ={uc H:|ulg <) (2.2)
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Thus, the remaining important question is how we can guarantee that u cannot
explode as r tends to +o0o and stays in H, i.e. our aim is to establish an exis-
tence and uniqueness result of global pathwise unique continuous (strong) solutions
u of under conditions weaker than global Lipschitz-continuity such as local
Lipschitz-continuity of nonlinearities B on the Hilbert-space H = L?([0, T x [0, L]).

Let B(S) be the o-algebra of all Borel sets of inscribed set S and F, = o(W;(s) :
s < t,j7 € N) the naturally generated o-algebra belonging to the Wiener processes
W; and forming the underlying filtration.

Theorem 2.1. Assume that the assumptions in Section [1] are satisfied together
with
E||u(0,)[[7 < +o0

for B(0, L) x Fo-measurable initial data u(0,-) € H, where H = L?([0, L]). Then
the approzimate strong, global solution of (1.2)) exist and has uniformly bounded
second moments on any finite-time interval t € [0, T]. More precisely,

VT < 400 3K, K1 >0Y0 <t <T : Ellu(t,-)||3 < (E||u(0,) ||} + Ko) exp(K,T).
Remark 2.2. In fact, if 0272 > L%a,, we shall be able to improve qualitatively
these estimates of second moments to linearly bounded ones (in time)

VT < 4+003c>0V0 <t <T : Elu(t, )3 <E|u0,)|3% +ct

with universal constant ¢ (depending on diverse parameters) by using the energy
estimates from Section [

Proof. First, note that the unique localized (strong) solution u,. of SPDE with
local Lipschitzian coefficients exists. This fact we know from [7], [5] or [I2]. Now,
apply Lemma from below and check that the conditions of Theorem 3 from [37]
(p. 339) are fulfilled. Thus, the unique, approximate strong, continuous solution u
to SPDE exists and its second moments E||u(t, -)||% are exponentially bounded
in time. This confirms the conclusion. (I

Lemma 2.3. Let H be a Hilbert space equipped with the real-valued scalar product
(., -yu and naturally induced norm ||ullg = /{u,u)mg. Then, for all az > 0, the
mapping u € H — B(u) = (a1 — as||u||})u satisfies the angle condition on H,
i.e., for ally > 0 and all u,v € H, we have

F(u,v) = (B(u) = B(v),u —v)n

ullF + llvll%

< (al—ClQ 2

Yl = vli3r < arllu—oll
and

,u2
(Bl ) < (ar — a0 )y < a

Proof. For u,v € H, define f(u) := ||ul|%u and

2 2
o,0) =< F(u) — f(0),u vy > 1 Wiy e

First, note that the above defined g is symmetric, i.e. g(u,v) = g(v,u) for all
u,v € H. Thus, 2¢g(u,v) = g(u,v) + g(v,u). Second, we find that

g(u,v) = (ullfru — [Jullfro + lullFv = vl Fv,u —v)g

= ulls (= v,u = )a + (Nulld = o) 0,0 = vy
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for all u,v € H. Third, both findings imply that

29(u,0) = (Il + ol ) I = ol + (el — Nl ) - (lelid = ol ).
Note that the last product term is always positive-definite. Consequently, we have

ul|?, + ||v)|?
() > 1 Wiy, e (23)

for all u,v € H. Hence, f is increasing (In fact, g(u,v) = 0 or g(u,v) is equal to
the right side of last inequality if and only if w = v in H). Now, we find that

B(u) = aju — as f(u).
Hence, we have
F(u,v) = (B(u) = B(v),u—v)n = arlu — v|[f — azg(u, v).
Finally, applying the estimate to the above expression of F' confirms that

ul|Z + ||v||?
Flu) < (ar - a0y s <y, )
[l 2 2
(Blu),uw)n < (a1 —ax 5 ) ulfy < aaluly (2:5)
since as > 0. In passing, we note that the relation (2.5 is obtained directly from
(2.4) by setting v = 0. Thus, the proof of Lemma is complete. O

3. FOURIER-SERIES SOLUTIONS

By the principle of linear superposition (LSP), it is clear that the Fourier series
+oo

u(t,z) = ch(t)en(m), t>0,0<z<L (3.1)
n=1

forms a strong solution of (|1.2)), provided that this series converges and ¢, (0) are
chosen such that the initial conditions (IC) are satisfied. This series is truncated

as
N

un(t,z) =Y en(t)en(z), t>0,0<z<L (3.2)

n=1

which also form strong solutions of (|1.2)).

Theorem 3.1. The Fourier coefficients of (3.1) satisfy (P-a.s.) the infinite-di-
mensional system of ordinary SDEs

dck: |:7(')'2 I

k2m2 =3
tai—apy Ci} cpdt + bdWi (3.3)
n=1
for k=1,2,..., where by = bay.
Proof. First, plug the Fourier series (3.1]) into the SPDE (1.2]). So, one arrives at

2.2
onT

du(t,z) = 3 en(t)en() [— o ai—ap Zm@ﬂ dt+5 " anen(z)dW, (1)
n=1 k=1 n=1
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for 0 <t <T,0 <z < L. Second, multiply this differential identity by the

eigenfunctions eg(x). Third, integrate the obtained identity with respect to the
space-coordinate x over [0, L]. Thus, for all k£ € N, we encounter

L
/ du(t, z)eg(x)dx
0
o] L
- ch"(t)/o en(z)eg(z)dr

= den(t)0nk = dex(t)
0 L TL27T2 &
- ;cn(t)/o en(x)ek(x)dx[ —0’ ot —az ;[ck(t)ﬂdt
oo L
+ bnz_:l/o en(x)er(z)dro, dW, (1)
’I’L27T2 s
— o]~ o? - S ler(t))] dt + bW (t)

k=1
for 0 <t < T. Note that we may exchange differentiation and integration in the
above computations since we know that the unique strong solution u of (1.2)) with

o0

lult Mz =D len(D)? < +oo

k=1

and continuous Fourier coefficients ¢ (f) exists for all 0 < ¢ < T (which implies
that all terms are finite and mean square summable). Consequently, Theorem
is proven. O

Remark 3.2. The truncated Fourier solutions u have Fourier coefficients ¢ which
can be approximated by the truncated finite-dimensional system of ordinary SDEs

k2m2 N
de, = [ — o2 5 +a; — as Z ci] crdt + b dWy, (3.4)
n=1
for k = 1,2,..., where by = bay. Notice also that, for stochastic systems with

additive noise, the stochastic integration leads to the same type of stochastic inte-
gral (i.e. It6, Stratonovich, a— and quadrature-integrals are all the same, see [35],
[39]). That is why we have not mentioned earlier in which sense we interpret the
stochastic integration (as it does not matter in our calculations).

4. TorAL ENERGY EVOLUTION

For the case of sufficiently strong diffusion with o272 > L?a;, we investigate the
behavior of related energy functional. The total energy £ of system ((1.2) at time
t > 0 is defined

o? 2 a1 2 a2 4
E(t) = S llua(t, llze — 5 llult, lze + - llult )l ze. (4.1)
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This energy functional is indeed nonnegative and finite (a.s.) as one can see from
the following theorem. For its proof, we express this functional in terms of its
Fourier coefficients ¢ by

+ n2r 00 9

V(t) = V(ew(t) : k € N) Z — a1 + %(Z c;i(t)) (4.2)

n=1 n=1

for t > 0. Note that V' > 0 for all sequences (c(t))ren under o272 > L%a;. More-
over, under 0?72 > a;L? and ay > 0, V acts as a Lyapunov functional. Besides,
E(t) =V (¢) for all t > 0. Furthermore, this energy functional directly relates to the
total temperature distribution absorbed (and stored) by the underlying physical
system over time ¢ € [0, T].

Theorem 4.1. Assume that e(0) = EV(ck(0) : k € N) < 400, o?7% > L%a; and
trace(Q) = Y oo, a2 < +oo. Then, the total expected energy of the original system
(1.2) is linearly bounded in time by

e(t) = EV(ex(t) : k € N)
2,22

[ Z (U nT_ a1) +a2(b252)3/2(121a2>1/22}t

n=1

where
o0
= E aZ +2maxa?.
neN
n=1

Remark 4.2. Therefore, the quadratic magnitude of the temperature u averaged
in space cannot grow faster than a linear curve in time ¢.

Proof of Theorem[/.1. Consider the energy of the truncated system ([3.4) given by

1 N n2n? ag
Vir() = Viv(en(t) 1 k= 0,1, ,N) = 23 [0 - —aie (Zc )

n=1
(4.3)
for ¢ > 0. Now, apply Dynkin formula (see [9], [I8], cf. also It6 Formula in [2])
to the functional ey(t) = E[Vn(t)] with coefficients ¢, satisfying (3.4). For this
purpose, compute its infinitesimal generator

ol 02n27r2 2
o = (S [- D e Y dlel s 5 3t Zya
Thus, one arrives at the estimate
> Zn?n2 1 1725
< B2 2(071” ) b232,)3/2 2
L < 8> o~ +a2(0n) " (5,0)

n=1

where

N
2 2 2
= E o +2 max af.
6N n n=1.2,. N n



228 H. SCHURZ EJDE/CONF/19

Consequently, Dynkin formula says that
en(t) =E[Vn(cx(t) : k=1,2,...,N)]
t
— E[Vi(cs(0): k=1,2,...,N)] + E[/ LVn(cn(s)  k=1,2,... ,N)ds]
0
2,2 2

N o'n°m 1 1/2 5
<0+ [Pt (T o) vt () 3l

n=1

for t > 0. Since ey > 0 is increasing in N and uniformly bounded in time ¢ for any
€ [0,T], we know that the limit imyn_, 4o en(t) exists, e(t) = Imy_ oo en(t)

and
2,22 1

0<e(t) <e(0)+ [bQ i ai(a Z;T - al) +as (b5 (

1/25
12a2) E}t

for t € [0, 7], as long as e(0) < +o0, 7% > L%ay, and trace(Q) = Y oo a2 < 400.
This completes the proof of Theorem [4.1] O

5. NUMERICAL METHODS FOR FOURIER COEFFICIENTS cj

Recall the form of Fourier solutions u and its approximate Fourier solutions u

given by
ch (1) Zsin (1)
L

with its coefficients ¢y, satisfying (3 (see Remark [3.2)). An explicit solution of the
system of nonlinear equations for ¢ is not known under the presence of nonlinear-
ities with as > 0. Thus, one has to resort to numerical approximations. For k € N,
set
bk = bOék.
Along partitions
lo=0<t1 <to<: - <tp, =T
of time-intervals [0,7] with current step sizes h, = t,4+1 — t, > 0, consider the
forward Euler method (FEM) for ¢y,
k272 N
cp(n+1) = cx(n) +hnck(n)<—a ta— Z )+bkAW;§ (5.1)

where
AWE = Wi (tps1) — Wiltn) EN(0, hy),  hy =t —tn.
An alternative to is given by the backward Euler method (BEM)

k272 N
ck(n+1) = cx(n)+hper(n+1) <_02TZ+G1 —as Z[cl (n+1)]2) +br AWE (5.2)

where
AWE = Wi (tns1) — Wi(tn) €EN(0,hy),  hy =t —ty.
Our favorite choice is the linear-implicit Euler-type method (LIM)

ck(n+1) =cg(n) +hnpep(n+1) ( — a2 kn? +a1 —asy Z[cl(n)]2> + bkAWTlf (5.3)
=1

L2
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where
AWE = Witns1) = Wiltn) € N0, ha), o = tagr — ta.

The disadvantage of FEM is their lack of stability (in fact substability) (see
[28, 29| [30, BT], B2]) and monotonicity deficits. Moreover, global convergence and
its rates have not been shown for nonlinear equations with nonLipschitzian coef-
ficients. The advantage of methods and is seen with respect to their
good stability and moment dissipativity behavior, and they keep some monotonic-
ity properties (see [28], 29, B0] [3T) [32]). Besides, convergence has been shown for
some nonlinear equations with nonLipschitzian coefficients (e.g. see [I5, 34]). A
slight disadvantage of methods is given by their superstable behavior and by
the necessity to solve locally implicit algebraic equations at each iteration step n.
The latter problem is more computationally efficiently solved by our methods
where no implicit algebraic equations need to be solved due to their linear-implicit
character which can be naturally managed in explicit representation form. Note
that the local solvability of those implicit algebraic equations exhibited by methods
needs to be discussed and it would lead to additional computational errors
which could impact significantly the accuracy of approximations in the course of
numerical integration.

Theorem 5.1 (Explicit Representation + Stability of Methods (LIM)). Suppose
that

as >0, VYneN: (a; —o?n*/L*)h, < 1.

Then the method (LIM) governed by (5.3)) has the nonexploding explicit represen-
tation

ck(n) + bkAWT]f
1+h, (02 k?f —a1 +ag Zl]i1[cl(n)]2>

where n € N, by = bay and AWF € N(0,h,). Moreover, if o?x% > a1 L2, their
second moments are linearly bounded in time t; i.e.,

ck(n + ].) = (54)

Elex(n + 1)]* < Elex(n)]* + (0k)*hn < Elex(0)]* + (0)* tnsa (5-5)

forallk =1,2,...,N, where n € N. Hence, we have in the limit (as both N — +o0o
and h, — 0+)

Elluta, Wil = Y Eler(n)]® < > Elex ()] + 67 Y ai t, (5.6)
k=1 k=1 k=1

which replicates the consistent estimate of second moments of underlying exact so-
lution u in the course of integration, provided that

7o > ar, E[[u(0,)l|F] = Y Elek(0)]° < +oo, Y af < +oo.
k=1

Proof. Suppose that 1 + h,,(0?7%/L* — a1) > 0. The explicit representation (5.4)
is finite and a rather obvious result due to the linear-implicit character of method
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. It remains to consider the second moments
Elex(n + 1))2 = E| c(n) + AW, r
11 (28 o+ D (n)]?)
& r [er(n)]? 4 2¢k(n)AWE + bi(AWff)Q 2}
[ k(0255 — a4 e D))
gl () + B, ]
1 k(0255 - a4 e D))

since the increments AWF = Wy (t, 1)~ Wi (tn) € N(0, h,,) are independent (Here,
note that we exploited a tower property of conditional expectations). Now, suppose
that o272 > L2a; . In this case one can estimate these second moments as stated

by (5.5). Finally, the relation (5.5)) is summed over k to verify the claim (5.6) of
Theorem [E.11 O

Recall the following definition (e.g. see [32, 34]). Let ¢} denote the numerical
approximation of the k-th Fourier coefficients c; along partitions of fixed time-
intervals [0,77] of the form

0:t0<t1<t2<"'<tn<"'<tnT:T.

Then the numerical approximation ¢ = (CZ)]C:LZ___7N is said to be mean consis-
tent with rate r( iff there are a constant Cy = Cy(T") and a positive continuous
function V' (or functional) such that

Vn=0,1,2,...,n7 — 1: |E[c(n + 1)] — E[c"(n + 1)]||xy < CoV (c(n))hr

along any (nonrandom) partitions with sufficiently small step sizes h, < § < 1,
where || || is the Euclidean vector norm in RY, provided that one has nonrandom
data c(n) = c¢(n). Moreover, the numerical approximation (cZ)k:1727___7N is said
to be p-th mean consistent with rate r, if and only if there are a constant
Cp, = Cp(T) and a positive continuous function V' (or functional) such that

h P 1/p T
Yn=0,1,2,...,n0 —1: (E[\|c(tn+1) —chn+ 1)||ND < O,V (c(tn))hi

along any (nonrandom) partitions with sufficiently small step sizes h, < § < 1,
where || || is the Euclidean vector norm in RY, provided that one has nonrandom
data c(t,) = c"(n). Note that the choice of vector norm || - ||x in RY is not so
essential for the qualitative property of consistency due to the equivalence of all
vector norms in RY (only the constants C), and functional V' could differ for different
norms).

Theorem 5.2. The method (LIM) governed by (5.3)) is mean consistent with rate
ro = 1.5 and p-th mean consistent with rate r, = 1.0, where p > 1.

Proof. Let ¢ be governed by the method (5.3]). Suppose that we have nonrandom
local initial data satisfying

c(tn) = c(n)
along partitions (¢, )nen of time-intervals [0, 7] with current step sizes hy, = t, 41 —
tn, < 1. Let a = diag(ai,as,...,ay) be the diagonal matrix in RY*YN with
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diagonal entries o and W the N-dimensional vector of the Wiener processes W.
Furthermore, define

—o? M ta—ap Y [ ()
Lt (07550 — a1+ as DL el (0)])
gn(c(n)) = ba

where ¢(n) is the vector of Fourier coefficients cx(n) for all n € N. Besides, note
that the method ([5.3]) poessesses the explicit one-step representation

A'(n+1) = c"(n) + fr("(n)hn + gn(c"(n))AW,.
Consider the property of mean consistency by estimating
IElc(tnr1) = c"(n+ 1)]l|lv

= ||Efe(ta) + / " fe(s))ds

fu(ch(n)) = ding ( )<ch<n> L AW,),

n

+ha [ AW (8) — ) — Fuleh (1) — ()AL
[ tetsds — et (snee &) = et)
= =] [ 1)~ sutetmtas] I
1 [ ELf(els)) — faleta))ldsll  (for nonrandom partitions (t,)ner)
<k[ [ " es)) — Fulclta)llvds]  (due to A -imequality)

< E[/tw 1 (e(3)) = F(eltn) ] +E[/tt"+1 1F(e(t)) — Fue(ta) s

< Co(1+ [V(c(ta))*)h/?
where V' is the Lyapunov functional (4.2)) with appropriate constant Cy and
2 k%n? N 2
_ — — tn
Jule(tn) = dng (7 st i ),
L (025555 = a1+ aa o [a(ta)]2)

and
2

. k2r al
Fle(s)) = diag ( — 0> 5 + a1 — a2 Y[ (s))? ) els).
=1
Thus, the method (5.3) has at least a mean consistency rate ro > 1.5. Similarly,
one may establish an estimation of the rate 7, = 1.0 of p-th mean consistency for
p > 1. Consequently, the proof of Theorem can be completed. O

Anyway, a detailed simulation study using those methods and comparing them
to others with respect to their performance should follow. An overview of stan-
dard numerical methods for SDEs can be found in [I}, [6, 10, 17, 24 B2] B6] 42]
among others. For SPDEs with Lipschitzian coefficients, direct standard differ-
ence methods and finite element techniques have also been investigated, e.g. see
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131,126, [40, 451, [46]. It can be shown that some nonstandard methods such as the

linear-implicit method possess an expected total energy which is linearly bounded
in time (a fact which shows its dynamical consistency with the estimates from Sec-
tion [4)). However, this requires much more explanations and space, and hence it is
beyond of the scope of this paper.

(1
2]
(3]
[4]
(5]

[16]
(17)

(18]
[19]
20]
21]
(22]
(23]
24]

[25]

REFERENCES

E. Allen; Modeling with It6 Stochastic Differential Equations, Springer, New York, 2008.

L. Arnold; Stochastic Differential Equations, John Wiley & Sons, Inc., New York, 1974.

B. Belinskiy and H. Schurz; Undamped nonlinear beam excited by additive L?-regular noise,
Revised Preprint M-04-004, p. 1-17, Department of Mathematics, Southern Illinois University,
Carbondale, 2006.

A. Bensoussan and R. Temam; Equations aux dérivées partielles stochastiques non linéaires.
I. (in French), Israel J. Math. 11 (1972) 95-129.

A. Bensoussan; Some existence results for stochastic partial differential equations. Stochastic
partial differential equations and applications (Trento, 1990), p. 37-53, Pitman Res. Notes
Math. Ser., 268, Longman Sci. Tech., Harlow, 1992.

N. Bouleau and D. Lépingle; Numerical Methods for Stochastic Processes, John Wiley &
Sons, Inc., New York, 1993.

G. Da Prato, J. Zabzcyk; Stochastic Equations in Infinite Dimensions, Cambridge University
Press, Cambridge, 1992.

G. Da Prato, J. Zabzcyk; Ergodicity for Infinite Dimensional Systems, London Math. Soc.
Lect. Note Series 229, Cambridge University Press, Cambridge, 1996.

E. B. Dynkin; Markov Processes I411, Springer-Verlag, New York, 1965.

T. C. Gard; Introduction to Stochastic Differential Equations, Marcel Dekker, Basel, 1988.
I. Gyongy, I. and D. Nualart; Implicit schemes for quasi-linear parabolic partial differential
equations perturbed by space-time white noise, Stochastic Process. Appl. 58 (1995) 57-72.
W. Grecksch, C. Tudor; Stochastic Evolution Equations: A Hilbert Space Approach,
Akademie-Verlag, Berlin, 1995.

E. Hausenblas; Approximation for semilinear stochastic evolution equations, Potential Anal.
18 (2003), no. 2, 141-186.

A. L. Hodgkin and W. A. H. Rushton, The electrical constants of a crustacean nerve fibre,
Proc. Roy. Soc. London. B 133 (1946) 444-479.

Yaozhong Hu; Semi-implicit Euler-Maruyama scheme for stiff stochastic equations, in Sto-
chastic Analysis and Related Topics, V (Silivri, 1994), 183-202, in Progr. Probab. 38,
Birkhauser Boston, Boston, MA, 1996.

K. It6; Stochastic integral, Proc. Imp. Acad. Tokyo 20 (1944) 519-524.

S. Kanagawa and S. Ogawa, Numerical solution of stochastic differential equations and their
applications, Sugaku Expositions 18 (2005), no. 1, 75-99.

R. Z. Khas’minskii, Stochastic Stability of Differential Equations, Sijthoff & Noordhoff,
Alphen aan den Rijn, 1980.

C. Koch; Biophysics of Computation: Information Processing in Single Neurons, Oxford U.
Press, Oxford, 1999.

C. Koch and I. Segev; Methods in Neuronal Modeling: From Ions to Networks (2-nd edition),
MIT Press, Cambridge, MA, 1998.

X. Mao; Stochastic Differential Equations & Applications, Horwood Publishing, Chichester,
1997.

E. Pardoux; Equations aux dérivées partielles stochastiques non linéaires monotones, PhD.
Thesis, U. Paris XI, 1975.

E. Pardoux; Stochastic partial differential equations and filtering of diffusion processes,
Stochastics 3 (1979), no. 2, 127-167.

E. Pardoux and D. Talay; Discretization and simulation of stochastic differential equations,
Acta Applicandae Math. 3 (1985) 23-47.

P. Protter; Stochastic Integration and Differential Equations, Springer-Verlag, New York,
1990.



EJDE-2010/CONF/19/ NONLINEAR STOCHASTIC HEAT EQUATIONS 233

[26] Ch. Roth; Difference methods for stochastic partial differential equations, Z. Angew. Math.
Mech. 82 (2002), no. 11-12, 821-830.

[27] B. L. Rozovskii, Stochastic Evolution Systems, Kluwer, Dordrecht, 1990.

[28] H. Schurz; Asymptotical mean square stability of an equilibrium point of some linear numer-
ical solutions with multiplicative noise. Stochastic Anal. Appl. 14 (1996), no. 3, 313-354.

[29] H. Schurz; Stability, Stationarity, and Boundedness of Some Implicit Numerical Methods for
Stochastic Differential Equations and Applications, Logos-Verlag, Berlin, 1997.

[30] H. Schurz; Preservation of asymptotical laws through Euler methods for Ornstein-Uhlenbeck
process, Stochastic Anal. Appl. 17 (1999), no. 3, 463-486.

[31] H. Schurz; The invariance of asymptotic laws of linear stochastic systems under discretization,
Z. Angew. Math. Mech. 79 (1999), no. 6, 375-382.

[32] H. Schurz; Numerical analysis of SDEs without tears. In Handbook of Stochastic Analysis
and Applications (Eds. D. Kannan and V. Lakshmikantham), p. 237-359, Marcel Dekker,
Basel, 2002.

[33] H. Schurz; Stability of numerical methods for ordinary SDEs along Lyapunov-type and other
functions with variable step sizes, Electron. Trans. Numer. Anal. 20 (2005) 27-49.

[34] H. Schurz; An axiomatic approach to numerical approximations of stochastic processes, Int.
J. Numer. Anal. Model. 3 (2006), no. 4., 459-480.

[35] H. Schurz; Stochastic a-calculus, a fundamental theorem and Burkholder-Davis-Gundy-type
estimates, Dynam. Syst. Applic. 15 (2) (2006) 241-268.

[36] H. Schurz; Applications of numerical methods and its analysis for systems of stochastic dif-
ferential equations, Bull. Karela Math. Soc. 4 (1) (2007) 1-85.

[37] H. Schurz; Existence and uniqueness of solutions of semilinear stochastic infinite-dimensional
differential systems with H-regular noise, J. Math. Anal. Appl. 332 (1) (2007) 334-345.

[38] H. Schurz; Analysis and discretization of semi-linear stochastic wave equations with cubic
nonlinearity and additive space-time noise, Discrete Cont. Dyn. Syst. Ser. S 1 (2) (2008)
353-363.

[39] H. Schurz; New stochastic integrals, oscillation theorems and energy identities, Commun.
Appl. Anal. 13 (2009), No. 2, 181-194.

[40] T. Shardlow; Numerical methods for stochastic parabolic PDEs, Numer. Fund. Anal. Optim.
20 (1999) 121-145.

[41] G.J. Stuart and B. Sakmann; Active propagation of somatic action potentials into neocortical
pyramidal cell dendrites, Nature 367 (1994) 69-72.

[42] D. Talay; Simulation of stochastic differential systems. In Probabilistic Methods in Applied
Physics (Eds. P. Krée and W. Wedig), Springer Lecture Notes in Physics, Vol. 451, p. 54-96,
Springer-Verlag, Berlin, 1995.

[43] H.C. Tuckwell and J.B. Walsh; Random currents through nerve membranes. I. Uniform pois-
son or white noise current in one-dimensional cables, Biol. Cybern. 49 (1983), no. 2, 99-110.

[44] J. B. Walsh; An introduction to stochastic partial differential equations, Ecole d’été de prob-
abilités de Saint-Flour, XIV—1984, 265-439, Lecture Notes in Math. 1180, Springer, Berlin,
1986.

[45] J. B. Walsh; Finite element methods for parabolic stochastic PDE’s, Potential Anal. 23
(2005), no. 1, 1-43.

[46] H. Yoo; Semi-discretization of stochastic partial differential equations on R! by a finite-
difference method, Math. Comput. 69 (2000) 653-666.

HENRI SCHURZ
DEPARTMENT OF MATHEMATICS, SOUTHERN ILLINOIS UNIVERSITY, CARBONDALE (SIUC), CARBON-
DALE, IL 62901-4408, USA

E-mazil address: hschurz@math.siu.edu



	1. Introduction
	2. Existence of Unique Approximate Strong Solutions
	3. Fourier-Series Solutions
	4. Total Energy Evolution
	5. Numerical Methods for Fourier Coefficients ck
	References

